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1  INTRODUCTION 


Over  the  past  three  years,  extensive  theoretical,  numerical,  and  experimental  ef¬ 
forts  have  been  devoted  to  the  understanding  of  the  polarimetric  response  of  ter¬ 
rain  at  millimeter  wavelengths.  Our  experimental  efforts  were  directed  at:  (1) 
enhancement  of  the  capabilities  of  our  millimeter- wave  scatterometer  systems,  (2) 
development  of  algorithms  for  accurate  measurement  of  the  polaximetric  response 
of  terrain,  (3)  development  of  sensors  for  “ground-truth”  measurements,  and  (4) 
measurements  and  the  development  of  semi-empirical  models  for  various  types  of 
terrain  types.  We  also  have  been  able  to  advance  our  understanding  of  electro¬ 
magnetic  scattering  by  random  media  and  rough  surfaces  through  theoretical  and 
numerical  analyses.  Much  of  our  theoretical  developments  pertain  to  the  statistical 
analysis  of  the  Mueller  matrices  of  distributed  targets.  Detection  algorithms  were 
also  developed  to  demonstrate  the  feasibility  and  applicability  of  the  developed  the¬ 
ories.  A  considerable  amount  of  time  and  effort  were  devoted  to  the  development 
of  numerical  techniques  for  characterizing  propagation  through  and  scattering  by 
random  media  and  bistatic  scattering  by  rough  surfaces. 

This  report  provides  a  summary  of  the  significant  results  that  were  realized  in 
the  past  three  years  under  this  program.  The  details  of  the  procedures  and  algo¬ 
rithms  are  provided  in  the  form  of  reprints  in  Appendix  A.  Apart  from  the  reprints 
provided  in  this  report,  a  rather  lengthy  two-volume  polarimetric  data  handbook 
[24,  25]  was  published  in  collaboration  with  The  University  of  Massachusetts.  The 
references  cited  in  the  body  of  this  report  refer  to  the  publication  list  given  in 
Section  3. 

2  SUMMARY  OF  RESULTS 

2.1  Hardware  Development  and  Measurement  Algorithms 

2.1.1  U-M  Millimeter-Wave  Measurement  System 

This  section  provides  a  summary  of  the  capabilities  and  characteristics  of  the 
University  of  Michigan  millimeter  wave  scatterometer  systems.  These  systems 
consist  of  four  operational  scatterometers  with  center  frequencies  at  35,  94,  140, 
and  215  GHz.  The  first  three  are  fully  polarimetric,  and  the  215-GHz  channel  is 
capable  of  measuring  only  the  magnitudes  of  the  scattering  matrix  elements.  A 
simplified  block  diagram  of  the  radar  system  is  shown  in  Fig.  1,  and  a  more  detailed 
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Figure  1:  Millimeter- wave  polarimetric  radar  system. 


block  diagram  of  one  of  the  radar  channels  is  shown  in  Fig.  2.  The  core  of  this 
system  is  the  vector  network  analyzer  where  most  of  the  signal  processing  takes 
place.  An  HP  8753C  network  analyzer  was  chosen  for  this  purpose,  and  it  includes 
a  microwave  synthesizer  that  covers  the  range  from  0.3-3  GHz.  The  network 
analyzer  is  the  base  transmit  and  receive  unit  with  up-  and  down-conversion  used 
to  provide  the  desired  center  frequencies. 

The  antennas  and  other  RF  equipment  are  mounted  on  a  platform  atop  an  ar¬ 
ticulating  boom,  and  the  control  and  processing  equipment  is  housed  in  a  control 
room  on  the  truck  bed.  The  scatterometers  operate  in  high  PRF  chirped  pulse 
mode  to  permit  rejection  of  short  range  returns  using  the  hardware  gating  unit. 
The  PRF  is  chosen  to  be  higher  than  the  network-analyzer  receiver’s  bandwidth 
and  therefore  the  network  analyzer  operation  is  not  affected  by  pulsing  the  chirped 
signal.  An  HP  3488  Switch/Control  System  with  HP-Basic  Language  Processor 
was  purchased  and  integrated  with  the  radar  system  to  provide  control  and  feed¬ 
back  for  many  parts  of  the  four  frequency  radar  system,  including  polarization 
control  and  antenna  pointing.  The  HP-Basic  Language  Processor  provides  control 
for  numerous  HP-IB  instruments  in  an  IBM  compatible  computer.  The  truck  is  a 
Ford  F-800,  and  the  boom  can  lift  the  antenna  platform  to  a  height  of  56  feet. 

Each  of  the  radar  units  in  the  MMW  scatterometer  system  can  be  operated 
in  a  number  of  measurement  modes  as  indicated  in  Table  1.  In  this  table  the 
term  “power  only”  refers  to  the  capability  of  the  radar  unit  for  measuring  the 
magnitudes  of  the  scattering  matrix  elements.  The  term  “coherent”  indicates 
that  the  radar  unit  can  measure  the  scattering  matrix  of  a  target  by  operating 
in  single-  or  dual-antenna  mode.  Coherent-on-receive  mode  is  a  configuration 
wherein  instead  of  measuring  the  scattering  matrix  of  a  target  and  then  converting 
it  into  the  Mueller  matrix,  the  Mueller  matrix  is  measured  directly.  This  mode 
of  operation  is  necessary  in  measurements  of  targets  under  field  conditions  when 
the  fluctuation  of  the  radar  platform  or  the  target  does  not  permit  phase-coherent 
measurements  of  all  scattering  matrix  elements.  In  the  bistatic  mode,  the  radar 
unit  operates  in  a  dual-antenna  mode,  and  depending  on  the  capability  of  the  radar 
unit  the  measurement  can  be  performed  in  coherent,  coherent-on-receive,  or  both 
modes. 


2.1.2  Calibration  Algorithm 

A  convenient  and  accurate  polarimetric  calibration  technique  was  developed  for 
coherent-on-receive  radar  systems  [15].  In  this  algorithm,  only  the  combination 
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Figure  2:  Block  diagram  of  University  of  Michigan  35  GHz  polarimetric 
scatterometer  system. 
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■ 

Power  Only 

Coherent 

Coherent-on-  Receive 

Bistatic 

1-Antenna 

2-Antenna 

35 

V 

v/ 

V 

n/ 

94 

v/ 

v/ 

V 

V 

140 

V 

v/ 

v/ 

215 

Table  1;  MMW  Scatterometer  System  modes  of  operation  for  each  frequency. 

of  a  metallic  sphere  and  any  depolarizing  target  (whose  scattering  matrix  need 
not  be  known)  are  required  as  external  calibration  targets.  With  this  technique, 
the  difficulties  and  uncertainties  associated  with  the  standard  calibration  method 
based  on  wire-grid  polarizers  are  completely  circumvented. 

2.1.3  Measurement  Algorithm  for  Distributed  Targets 

An  accurate  algorithm  was  developed  for  measuring  the  differential  Mueller  matrix 
of  distributed  targets  [1].  The  distortion  parameters  of  a  polarimetric  radar  have 
significant  variations  over  the  antenna  radiation  pattern.  In  this  algorithm  the 
polarimetric  distortion  parameters  of  a  scatterometer  system  are  characterized  over 
the  entire  mainlobe  of  its  antenna  using  a  metallic  sphere.  Then  the  calibrated 
differential  Mueller  matrix  of  the  distributed  target  is  obtained  by  removing  the 
systematic  errors. 

2.1.4  Waveguide  Polarizer 

A  new  millimeter- wave  waveguide  polarizer  was  invented.  This  waveguide  polarizer 
does  not  require  rotary  joints  and  its  operation  frequency  can  easily  be  adjusted 
using  a  number  of  set  screws.  The  principle  of  operation  of  this  device  is  based  on 
separating  the  degenerate  modes  of  a  circular  waveguide  by  deforming  the  circular 
cross  section.  The  theoretical  and  experimental  analysis  of  the  device  is  given  in 
reference  [12,  20]. 
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2.1.5  Snow  Probe 


We  developed  a  snow  probe  capable  of  characterizing  the  liquid  water  content 
and  density  of  a  snowpack  with  high  spatial  resolution.  The  probe  is  basically 
an  air-filled  transmission  line  resonator  that  can  be  inserted  into  a  snow  medium. 
By  measuring  the  change  in  the  resonant  frequency  and  the  quality  factor  of  the 
resonator,  the  complex  permittivity  of  the  snow  medium  can  be  measured.  The 
theory  of  operation  and  measurement  procedure  are  described  in  reference  [11]. 
This  device  is  used  to  gather  ground-truth  data  fast  and  accurately. 


2.2  Modeling  Backscatter  From  Terrain 

A  hybrid  surface/volume  scattering  model  was  developed  for  bare  soil  surfaces 
at  millimeter  wave  frequencies  [2].  The  scattering  model  was  constructed  on  the 
basis  of  an  extensive  set  of  backscatter  measurements  of  bare  soil  surfaces  with 
different  rms  heights  and  moisture  contents.  Simple  empirical  expressions  for  the 
backscattering  coefficients  were  developed  and  their  accuracies  were  tested  using 
independent  backscatter  measurements.  For  dry  soil  surfaces  at  94  GHz,  volume 
scattering  becomes  important.  For  these  cases  radiative  transfer  theory  is  used  to 
calculate  the  volume  scattering  contribution. 


2.3  Radar  Polarimetry  And  Detection  Algorithms 

A  number  of  fundamental  contributions  were  made  in  the  field  of  radar  polarime¬ 
try.  In  particlar,  a  technique  was  developed  for  extracting  the  polarization  phase 
difference  statistics  from  measurements  of  the  Mueller  matrix  [4,  5].  The  technique 
assumes  that  the  matrix  elements  have  Gaussian  joint  distribution  functions.  In 
another  study,  the  enhancement  provided  by  polarimetric  radar  in  detecting  hard 
targets  was  demonstrated  by  an  algorithm  developed  for  detecting  power  lines  in 
a  SAR  image  [6].  The  technique  relies  on  the  property  that  the  co-polarized  and 
cross-polarized  components  of  the  scattering  matrix  are  uncorrelated  for  a  dis¬ 
tributed  target,  such  as  terrain,  but  are  at  least  partially  correlated  for  a  power 
line.  In  a  third  study,  a  hybrid  electromagnetic/statistical  scattering  model  was 
developed  for  MMW  scattering  by  terrain  [23]. 
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2.4  Millimeter- Wave  Polarimetric  Data  Base 


A  two- volume  handbook  containing  a  comprehensive  set  of  polarimetric  backscat- 
ter  data  for  terrain  was  assembled  and  published  in  collaboration  with  the  Uni¬ 
versity  of  Massachusetts  [24,  25].  This  handbook  contains  a  compilation  of  the 
polarimetric  radar  response  for  various  types  of  terrain,  together  with  the  perti¬ 
nent  ground-truth  data  measured  at  35,  94,  140,  and  225  GHz.  For  each  terrain 
surface  and  condition  considered  in  these  reports,  the  presented  data  contains  (a) 
the  measured  values  of  the  elements  of  the  Mueller  matrix  and  (b)  values  of  certain 
attributes  derived  from  the  Mueller  matrix  such  as  the  degree  of  polarization  and 
the  depolarization  ratios. 

2.5  Numerical  Analysis  For  Characterization  Of  Volume 
Scattering  In  Dense  Bandom  Media 

Propagation  and  scattering  in  dense  random  media  at  millimeter  wavelengths  are 
important  for  a  number  practical  applications  such  as  the  evaluation  of  detectabil¬ 
ity  of  a  hard  target  in  a  snow  background.  Existing  analytical  theories  are  not 
capable  of  accurately  predicting  the  scattering  and  propagation  of  electromagnetic 
waves  in  dense  random  media,  especially  when  the  size  of  the  constituent  parti¬ 
cles  becomes  comparable  with  the  wavelength.  Numerical  techniques  such  as  the 
T-matrix  approach  or  the  method  of  moments,  in  conjunction  with  Monte  Carlo 
simulation,  provide  an  alternative  method  for  the  study  of  electromagnetic  waves 
and  dense  random  media  interactions.  For  this  purpose,  we  developed  packing 
algorithms  [7]  and  numerical  methods  to  characterize  the  extinction  and  phase 
function  of  dense  random  media  [8,  9]. 

Scattering  from  random  rough  surfaces  are  often  encountered  in  the  study  of 
radar  backscatter  from  terrain.  Theoretical  scattering  formulations  for  rough  sur¬ 
faces  are  limited  to  surfaces  with  homogeneous  dielectrics  and  when  the  surface 
roughness  is  either  very  small  or  very  large  compared  with  the  wavelength.  Soil 
surfaces  are  usually  inhomogeneous  both  laterally  and  vertically.  To  analyze  the 
scattering  behavior  of  soil  surfaces,  a  numerical  scattering  algorithm  was  developed 
for  inhomogeneous  random  surfaces  [10] . 
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Degrees:  M.S.  (Electrical  Engineering),  December  1991;  Ph.D.  (Electrical 
Engineering),  August  1995. 

Dissertation  Title:  Remote  Sensing  of  Snow:  An  Empirical/Theoretical 
Scattering  Model  for  Dense  Random  Media 

Dissertation  Abstract: 

It  is  generally  recognized  that  microwaves,  due  to  their  penetrating  abil¬ 
ity,  represent  the  best  tool  for  inferring  snowpack  properties  remotely.  The 
challenge  is  how  to  unravel  the  information  that  the  microwave  radar  or  ra¬ 
diometric  response  carries  regarding  snowpack  properties.  Such  properties 
can  be  used  for  such  diverse  applications  as  hydrology-related  modeling,  cli¬ 
mate  modeling,  flood  and  avalanche  prediction  and  missile  guidance  system 
design.  The  study  of  microwave  interaction  with  snow  is  in  itself  very  im¬ 
portant  for  the  fact  that  snow  occurs  in  many  remote  sensing  problems  even 
when  it  is  not  the  principal  target.  This  dissertation  focuses  on  assessing 
current  capability  with  respect  to  modeling  the  active  radar  backscatter  re¬ 
sponse  of  snow  at  microwave  frequencies.  A  field  experiment  is  described 
in  which  backscatter  data  was  collected  on  artificial  snowpacks  of  varying 
depths.  In  this  carefully  controlled  experiment  the  ground  truth  effort  was 
aided  by  the  use  of  a  device,the  Snow  Probe,  which  was  developed  to  measure 
snow  density  and  liquid  water  content  quickly  and  accurately.  The  results  of 
this  experiment  raise  serious  questions  about  the  accuracy  of  existing  theo¬ 
retical  techniques  for  representing  volume  scatter.  An  effort  to  address  this 
problem  and  to  provide  a  practical  recourse  for  modeling  dense  media  is 
introduced.  This  hybrid  experimental/ theoretical  approach  uses  the  frame¬ 
work  of  radiative  transfer  but  empirically  determines  the  defining  quantities 
of  that  framework  (the  extinction  and  the  scattering  phase  function)  through 
an  inversion  involving  controlled  polarimetric  backscatter  measurements  on 
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the  test  material.  Results  of  the  application  of  this  technique  to  two  dif¬ 
ferent  test  materials  indicate  that  (1)  a  simple  hybrid  model  can  provide  a 
comprehensive  polarimetric  description  of  dense  media  scattering,  and  (2) 
material  characterization  required  for  parameterizing  the  hybrid  model  can 
be  accomplished  with  a  limited  number  of  backscatter  measurents. 

(b)  Name:  Mr.  Adib  Nashashibi 

Degree:  Ph.D.  (Electrical  Engineering),  August  1995. 

Dissertation  Title:  Wave  Propagation  and  Scattering  in  Dense  Random 
Media  with  Application  to  Bare  Soil  Surfaces  at  Millimeter- Wave  Frequencies 

Dissertation  Abstract: 

Millimeter-wave  (MMW)  radars  possess  the  inherent  advantages  of  high  res¬ 
olution,  large  bandwidth,  and  small  antenna  size  over  microwave  radars. 
Hence,  millimeter- wave  systems  are,  in  general,  more  suitable  for  the  appli¬ 
cations  of  hard  target  detection  and  for  search  of  buried  bodies.  To  success¬ 
fully  design  millimeter-wave  systems  tailored  to  these  applications,  the  radar 
response  of  natural  terrain  must  be  known.  In  recent  years,  significant  effort 
has  been  directed  towards  modeling  the  polarimetric  radar  response  from 
natural  terrain  at  MMW  frequencies.  For  dry  bare  soils,  the  backscatter  re¬ 
sponse  is,  in  general,  the  sum  of  two  scattering  contributions:  one  is  due  to 
surface  roughness  and  the  other  is  due  to  dielectric  inhomogeneity  within  the 
volume.  At  MMW  frequencies,  the  volume  scattering  contribution  is  signifi¬ 
cant  and  must  be  included  in  any  modeling  effort.  Two  problems  have  thus 
far  limited  the  successful  modeling  of  the  MMW  response  from  soils,  namely, 
the  incapability  of  existing  theoretical  surface  scattering  models  in  predict¬ 
ing  the  backscatter  response  consistently  and  the  lack  of  proven  models  that 
predict  the  effective  propagation  constant  in  dense  random  medium. 

In  this  thesis,  a  semi-empirical  surface  scattering  model  is  developed  based 
on  backscatter  measurements  of  wet  soil  surfaces  using  two  polarimetric 
coherent-on-receive  radars  operating  at  35  and  94  GHz.  Towards  this  end,  a 
new  calibration  technique  for  polarimetric  coherent-on-receive  radars  is  de¬ 
veloped.  The  new  calibration  technique  overcomes  the  difficulties  associated 
with  the  traditional  technique  and  require  the  polarimetric  measurement 
of  only  a  sphere  and  any  depolarizing  target  with  unknown  scattering  ma¬ 
trix.  Volume  scattering  contribution  is  modeled  using  the  radiative  transfer 
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theory  and  the  combined  contribution  of  the  surface  and  volume  scattering 
models  agrees  well  with  measured  backscatter  response  from  dry  soil  sur¬ 
faces.  The  effective  propagation  constant  of  dense  random  media,  such  cis 
soil,  is  an  essential  ingredient  in  both  surface  and  volume  scattering  models. 
To  determine  which  of  the  existing  models  are  capable  of  predicting  the  ef¬ 
fective  propagation  constant,  a  set  of  controlled  indoor  experiments  where 
conducted  on  a  dense  collection  of  dielectric  spheres  over  a  wide  range  of 
volume  fractions  and  compared  to  theoretical  predictions.  Towards  this  end, 
a  novel  technique  for  measuring  the  effective  propagation  constant  of  dense 
random  media  is  developed.  In  this  technique,  the  mean  bistatic  scattered 
fields  of  a  cluster  of  the  random  medium  confined  in  a  spherical  boundary  is 
measured  using  only  a  monostatic  radar  and  a  rotatable  ground  plane.  The 
effective  propagation  constant  of  the  random  medium  is  determined  by  fit¬ 
ting  the  mean  bistatic  scattered  fields  to  the  theoretically  computed  bistatic 
scattered  fields  of  a  homogeneous  dielectric  sphere.  With  this  technique, 
the  difficulties  associated  with  the  traditional  free  space  transmission  mea¬ 
surement  technique  are  circumvented.  In  addition,  the  accuracy  of  this  new 
technique  is  verified  experimentally. 

(c)  Name:  Mr.  Paul  Siqueira 

Degree:  Ph.D.  (Electrical  Engineering),  December  1995. 

Dissertation  Title:  Determination  of  Effective  Permittivity  for  Very  Dense 
Random  Media 

Dissertation  Abstract: 

The  purpose  of  this  dissertation  is  to  address  the  physical  problem  of  how 
electromagnetic  waves  propagate  through  very  dense  random  media  when 
the  inhomogeneities  may  be  considered  as  being  neither  tenous  nor  at  one 
extreme  of  the  frequency  spectrum.  The  embodiment  of  how  coherent  fields 
travel  through  random  media  is  found  in  the  complex  constant  of  effective 
permittivity.  The  real  part  of  this  constant  characterizes  the  phase  veloc¬ 
ity  of  the  field  while  the  incoherent  part  results  from  the  power  losses  of 
the  coherent  field  into  a  combination  of  dielectric  losses  (absorption)  and 
scattering  losses.  To  deal  with  this  problem,  a  number  of  theoretical  meth¬ 
ods  exist,  the  application  of  which  is  dependent  on  the  assumptions  made. 
The  theoretical  methods  however  may  become  very  complicated  and  difficult 
to  test  in  regions  where  individual  inhomogeneities  (particles  or  grains  for 
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instance)  begin  to  interact  with  one  another.  Often,  the  existence  of  a  the¬ 
oretical  model  for  a  problem  will  guarantee  its  use  because  there  simply  is 
no  other  way  to  characterize  this  constant  which  is  of  such  physical  impor¬ 
tance.  Notable  theories  in  this  area  are  the  Effective  Field  Approximation, 
the  Quasi-Crystalline  Approximation  and  the  Quasi-Crystalline  Approxima¬ 
tion  with  Coherent  Potential. 

In  this  dissertation  we  develop  an  alternate,  rigorous  numerical  solution  to 
the  problem  of  determining  the  effective  permittivity  for  dense  random  me¬ 
dia.  Utilization  of  numerical  methods  (T-Matrix  and  the  Method  of  Mo¬ 
ments)  allows  for  the  direct  solution  of  Maxwell’s  equations,  thus  shifting 
the  burden  of  theoretical  approximation  to  one  of  numerical  complexity  and 
computational  resources.  In  this  manner  it  is  possible  to  provide  detailed 
analysis  of  the  effective  permittivity  as  a  function  of  particle  size,  particle 
permittivity,  particle  distribution  and  incident  field  polarization  where  no 
previous  analysis  was  available  before.  Thus,  independent  comparisons  may 
be  made  between  commonly  used  theoretical  methods  and  the  numerical 
methods  presented  here.  From  this  analysis,  we  may  demarcate  the  regions 
of  validity  for  the  theoretical  methods  or  develop  empirical  models  and  hy¬ 
brid  theoretical/numerical  models  for  determining  effective  permittivity.  The 
impact  of  this  treatment  will  be  to  provide  insight  about  the  interaction  of 
electromagnetic  waves  with  natural  media  such  as  snow,  sand  and  soils,  the 
uses  of  which  can  be  directly  applied  to  the  field  of  remote  sensing  of  the 
environment. 

In  the  development  of  this  work,  a  number  of  new  tools  were  implemented  to 
achieve  the  modeling  of  dense  natural  media.  Central  to  this  problem  was  the 
creation  of  a  packing  algorithm  which  is  capable  of  simulating  arrangements 
of  arbitrarily  shaped  particles  in  a  two-  or  three-dimensional  volume.  This 
simulation  is  used  to  mimick  natural  media  such  as  snow,  sand  and  soils,  from 
which  it  is  possible  to  determine  the  aggregate  pair  distribution  function  and 
the  correlation  function.  It  is  also  possible  to  use  the  packing  algorithm 
as  the  first  step  in  the  numerical  solution  of  Maxwell’s  equations.  To  this 
end,  in  two  dimensions,  we  have  developed  a  unique  method  of  determining 
permittivity  for  a  fixed  geometry  bosed  on  an  eigenvector  docomposition 
of  the  impedance  matrix  for  use  with  the  Method  of  Moments.  The  more 
complicated  three-dimensional  problem  is  currently  being  studied  with  the 
aid  of  a  recursive  T-matrix  algorithm.  The  well  developed  two-dimensional 
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analysis  studied  thus  far  will  be  used  as  a  guide  in  finalizing  the  work  of  this 
dissertation  on  the  three-dimensional  problem. 
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ABSTRACT 

The  millimeter- wave  (MMW)  backscatter  response  of  bare-soil  was  examined  by  conducting 
experimental  measurements  at  35  and  94  GHz  using  a  truck-mounted  polarimetric  scatterometer 
and  by  developing  appropriate  models  to  relate  the  backscattering  coefficient  to  the  soil’s  surface 
and  volume  properties.  The  experimental  measurements  were  conducted  for  three  soil  surfaces  with 
different  roughnesses  under  both  dry  and  wet  conditions.  The  experimental  measurements  indicate 
that  in  general  the  backscattering  coefficient  is  comprised  of  a  surface  scattering  component 
and  a  volume  scattering  component  a”.  For  wet  soil  conditions,  the  backscatter  is  dominated 
by  surface  scattering,  while  for  dry  conditions  both  surface  and  volume  scattering  are  significant, 
particularly  at  94  GHz.  Because  theoretical  surface  scattering  models  were  found  incapable  of 
predicting  the  measured  backscatter,  a  semi-empirical  surface  scattering  model  was  developed  that 
relates  the  surface  scattering  component  of  the  total  backscatter  to  the  roughness  parameter  /cs, 
where  k  =  27r/A  and  s  is  the  rms  height,  and  the  dielectric  constant  of  the  soil  surface.  Volume 
scattering  wets  modeled  using  radiative  transfer  theory  with  the  packed  soil  particles  acting  as  the 
host  material  and  the  air  voids  as  the  scattering  particles.  The  combined  contribution  of  surface 
and  volume  scattering  was  found  to  provide  good  agreement  between  the  model  calculations  and 
the  experimental  observations. 


1  INTRODUCTION 


An  extensive  experimental  investigation  was  conducted  over  the  past  three  years  to  examine  the 
polarimetric  backscatter  behavior  of  bare  soil  surfaces  in  the  1-10  GHz  frequency  range  [1].  Using 


1 


a  set  of  truck  mounted  coherent  |)olarinietric  scatterometers  with  center  frequencies  at  1.25.  -1.75 
and  9.5  GHz.  measurements  were  made  of  the  .Mueller  matrix  as  a  function  of  incidence  angle  for 
soil  surfaces  covering  wide  ranges  of  surface  roughness  and  moisture  content.  Using  the  relations 
outlined  in  [Ij  and  [2].  the  measured  Mueller  matrices  were  then  used  to  compute  the  co- polarized 
backscattering  coefficients  and  <7^^,  the  cross- polarized  backscattering  coefficient  and  the 
probability  density  functions  of  the  co-polarized  and  cross- polarized  phase  differences.  Comparison 
of  the  measured  data  with  calculations  based  on  the  physical  optics  model,  the  geometric  optics 
model,  and  the  small  perturbation  method  revealed  that  all  three  models  are  incapable  of  correctly 
predicting  the  backscatter  response  of  random  rough  surfaces,  even  when  applied  within  their  pre¬ 
sumed  ranges  of  validity.  This  realization  led  Oh  et  al.  [1]  to  develop  a  semi-empirical  model  that 
relates  <7°,  for  i,j  =  horv.  to  the  incidence  angle  9  and  the  surface  parameters  ks  and  Cr,  where 
k  =  2n/\,  s  is  the  rms  height  and  Cr  is  the  complex  relative  dielectric  constant.  The  semi-empirical 
model,  which  was  developed  on  the  basis  of  meeisurements  made  during  one  season  of  experimental 
observations,  was  found  to  provide  excellent  agreement  not  only  with  observations  made  during  two 
succeeding  years  for  different  sets  of  soil  surfaces  and  conditions,  but  it  also  provided  a  reasonable 
match  to  experimental  observations  reported  by  Yamasaki  et  al.  [3]  for  wet  soil  surfaces  at  60  GHz. 

This  paper  extends  the  preceding  work  by  examining  the  backscatter  response  of  soil  surfaces  at. 
millimeter  wavelengths  (MMW);  specifically  35  and  94  GHz.  One  of  the  major  lessons  learned  from 
the  present  study  is  that  at  centimeter  wavelengths  it  is  reasonable  to  assume  that  the  backscat¬ 
ter  from  a  half-space  soil  medium  is  due  to  scatter  by  the  soil  surface  alone,  but  at  millimeter 
wavelengths  the  backscatter  may  consist  of  both  surface  and  volume  scattering  contributions.  Fur¬ 
thermore,  for  dry  soils  the  volume-scattering  component  may  be  comparable  to  or  greater  than  the 
surface-scattering  component,  but  for  wet  soil  the  volume  scattering  component  becomes  negligi¬ 
bly  small  in  comparison  with  the  surface-scattering  component.  This  behavior  is  consistent  with 
calculations  based  on  radiative  transfer  theory. 

The  next  section  contains  detailed  descriptions  of  the  35  and  94  GHz  radar  systems,  the  measure¬ 
ment  procedure,  and  the  measured  properties  of  the  soil  surfaces.  Section  3  provides  an  overview 
of  the  observed  angular  variation  of  <7°  for  various  surface  roughnesses  and  introduces  a  scattering 
model  composed  of  two  terms,  corresponding  to  surface  and  volume  scattering  contributions.  The 
surface-scattering  term  is  a  semi-empirical  expression  that  provides  a  better  fit  to  the  data  than 
the  expression  previously  derived  by  Oh  et  al.  [1]  for  surface  scattering  at  centimeter  wavelengths. 
Section  4  examines  the  evidence  for  volume  scattering  and  introduces  a  method  for  evaluating 
the  volume-scattering  term  based  on  a  numerical  solution  of  the  radiative  transfer  equation  for  a 
medium  in  which  the  soil  particles  are  considered  to  be  the  host  material  and  the  air  voids  are  the 
scatterers. 


2  EXPERIMENTAL  SETUP 


The  first  part  of  this  section  provides  a  brief  discription  of  the  polarimetric  scatterometers  used 
in  support  of  the  present  study.  It  is  then  followed  with  discussions  of  the  techniques  employed 
in  preparing  the  surfaces  and  the  methods  used  in  characterizing  the  physical  properties  of  the 
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observed  surfaces. 


2.1  Polarimetric  Scatterometer  System 

Two  fully  polarimetric  truck-mounted  scatterometer  systems  operating  at  35  GHz  and  94  GHz  were 
used  to  conduct  the  e.xperiments  reported  in  this  paper.  A  block  diagram  of  the  overall  system,  as 
well  cis  the  RF  front-end  circuitry  of  the  35  GHz  radar,  are  shown  in  Fig.  1.  The  scatterometers 
are  capable  of  measuring  directly  the  .Mueller  matrix  of  a  distributed  target  using  the  coherent- 
on-receive  (COR)  technique,  (4).  With  the  COR  technique,  4  to  6  different  polarizations  (V.  H, 
45L,  LHC,  135L,  and  RHC)  are  transmitted  sequentially.  Each  radar  is  capable  of  simultaneous 
detection  of  the  vertical  and  horizontal  components  of  the  backscattered  signal,  preserving  the 
phase-difference  between  the  two  components.  The  Stokes  vector  of  the  scattered  field  is  recorded 
for  each  transmitted  polarization  and  then  the  Mueller  matrix  of  the  target  is  determined  from  the 
ensemble  averages  of  the  measured  Stokes  vectors,  following  the  procedure  outlined  by  Ulaby  et  al. 
[4,5]. 

The  calibration  of  the  scatterometers  was  performed  in  two  steps.  First,  the  receiver  was  cal¬ 
ibrated  using  an  odd-bounce  reflector  (a  metallic  sphere)  and  a  polarizing  grid  placed  in  front  of 
the  receiving  antenna.  The  receiver  distortion  matrix  was  determined  by  making  the  measurements 
with  the  polarizer  positioned  at  each  of  three  different  angles.  Second,  the  actually  transmitted 
polarizations  were  determined  using  the  calibrated  receiver  and  the  odd-bounce  reflector.  More 
details  on  the  calibration  technique  are  given  in  [6]. 


2.2  Surface  Preparation  and  Characterization 


The  wavelengths  corresponding  to  35  and  94  GHz  are  8.6  mm  and  3.2  mm,  respectively.  To  insure 
that  the  backscattering  measurements  cover  a  wide  range  of  surface  roughness  relative  to  A,  special 
care  was  taken  in  preparing  the  three  soil  surfaces.  Initially,  all  the  surfaces  were  cleared  from  greiss 
and  vegetation  debris.  Then,  in  order  to  have  a  “smooth”  surface  with  rms  height  less  than  1  mm, 
a  heavy  roller  was  moved  across  surface  Si.  This  technique  resulted  in  a  compacted  soil  medium 
with  an  rms  height  s  =  0.66  mm.  Surface  S2  was  a  slightly  rough  surface  with  s  =  2.62  mm,  and 
for  surface  S3  the  top  layer  was  turned  over  by  a  hand  shovel  resulting  in  an  undulating  surface 
with  s  =  7.77  mm.  Surface  height  characterization  was  performed  by  a  laser  profiler,  as  will  be 
discussed  later.  Samples  of  surface  profiles  of  the  three  surfaces  and  their  auto-correlation  functions 
are  shown  in  Figure  2.  A  summary  of  the  roughness  parameters  for  the  three  surfaces  is  given  in 
Table  1.  Two  sets  of  measurements  were  conducted,  one  for  dry  soil  conditions  and  the  other  for 
wet  soil  conditions  (see  Table  2). 

For  each  soil  surface,  the  radar  backscatter  data  was  collected  at  incidence  angles  of  20°,  45°. 
and  70°  ,  under  wet  and  dry  soil  conditions.  For  all  observations,  the  distance  from  the  radars  to 
the  surfaces  was  kept  at  about  10  m.  .At  normal  incidence,  the  antenna  spot  sizes  for  the  35  GHz 
and  94  GHz  radars  were  0.6  m  and  0.3  m,  respectively.  Furthermore,  to  achieve  good  statistical 


representation  of  the  measured  backscatter.  sixty  independent  spatial  samples  were  collected  for 
each  surface.  Additional  independent  samples  were  obtained  by  frequency  averaging  over  the  1- 
GHz  bandwidth.  Overall,  between  120  samples  at  0  =  20°  and  240  samples  at  t?  =  70°  were 
collected  for  each  target. 

Although  both  the  backscattering  coefficients,  <7°„,  and  cr^^,  and  the  statistics  of  the  phase- 
differences,  4>hh-vv  and  4>hv-vv,  can  ecisily  be  derived  from  the  Mueller  matrix  [7],  only  the  backscat¬ 
tering  coefficients  are  discussed  in  this  paper.  The  measured  phase-difference  statistics  are  the 
subject  of  a  separate  report. 

The  height  profile  of  each  soil  surface  was  measured  by  a  laser  profiler  mounted  on  an  x-y  table. 
The  profiler,  which  is  driven  by  stepper  motors,  measured  30-cm  long  linear  segments  with  0.3  mm 
horizontal  resolution  and  0.3  mm  vertical  resolution.  At  least  five  height  profiles  of  different  areas 
were  recorded  for  each  surface.  The  rms  height  s  and  correlation  length  /  are  listed  in  Table  1  for 
each  of  the  three  surfaces. 

The  soil  particle  size  distribution  is  shown  in  Fig.  3(a),  indicating  that  the  bulk  of  the  soil 
material  consists  of  fine  sand  (diameter  >  0.02  mm).  To  investigate  the  void  size  distribution  of  the 
soil  medium,  thin  soil  slices  were  collected  and  then  photographed  by  a  microscope  camera.  Two 
histograms  of  the  void-size  distribution  were  generated,  one  for  bulk  soil  density  pb  =  1.69  g/cm^ 
(for  soil  surface  SI)  and  another  for  pb  =  132  g/cm^  (for  soil  surface  S3),  by  treating  the  voids  as 
spherical  in  shape.  The  mean  void  diameter  was  calculated  to  be  0.165  mm  for  the  high-density 
soil,  compared  to  0.242  mm  for  the  low-density  soil.  The  void  size  distribution  of  the  soil  with 
Pb  =  1.69  g/cm^  is  shown  in  Fig.  3(b). 

In  conjunction  with  the  radar  measurements,  the  soil  bulk  density  pb  and  the  volumetric  moisture 
content  rriy  were  measured  by  collecting  1-cm  thick  soil  samples  for  each  of  the  top  3-cm  soil  layers. 
The  average  values  of  pb  and  are  listed  in  Table  2,  for  all  three  surfaces. 

In  order  to  compare  the  radar  observations  to  theoretical  models,  we  need  to  obtain  good 
estimates  of  the  soil’s  dielectric  constant  or  relate  the  dielectric  constant  to  the  soil’s  physical 
properties.  Unfortunately,  no  theoretical  or  empirical  model  is  available  in  the  literature  that  can 
correctly  predict  the  effective  dielectric  constant  of  soils  at  MMW  frequencies.  In  this  paper,  the 
effective  dielectric  constant  of  the  soils  observed  in  this  study  were  estimated  by  applying  the  semi- 
empirical  formula  found  in  [8,9].  The  results  are  given  in  Table  2.  For  the  measured  dry  surfaces 
with  low  moisture  content,  it  is  difficult  to  determine  accurately  the  amount  of  free  water.  In 
addition,  it  was  observed  that  the  first  few  millimeters  of  the  soil  medium  were  very  dry,  and  the 
soil  wetness  increased  gradually  with  depth.  The  values  given  in  Table  2  for  the  dielectric  constants 
of  the  dry  soil  surfaces  are  for  the  very  top  surface  layer.  The  thickness  of  that  dry  surface  layer 
plays  an  important  role  in  determining  the  relative  contribution  of  volume  scattering  to  the  total 
backscatter,  as  discussed  later  in  Section  4.3. 
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3  SURFACE  SCATTERING 


This  section  examines  the  experimental  behavior  of  the  backscattering  coefficient  a'^  as  a  function  of 
(1)  the  radar  parameters:  frequency,  receive-transmit  polarization  configuration,  and  the  incidence 
angle  6,  and  (2)  the  soil  surface  parameters:  the  rms  surface  height  s,  the  surface  correlation 
length  /,  and  moisture  content  m^.  Where  appropriate,  semi-empirical  expressions  are  introduced 
to  characterize  the  observed  radar  response.  This  is  done  in  lieu  of  using  theoretical  models  becau.sc 
comparison  of  the  measured  data  with  values  calculated  in  accordance  with  the  commonly  available 
scattering  models  (small  perturbation,  physical  optics,  and  geometric  optics)  reveals  poor  agreement 
between  the  theoretical  predictions  and  the  experimental  observations,  as  shown  in  Fig.4(a)  for  the 
smoothest  surface  at  35  GHz.  whose  roughness  parameters  fall  in  the  validity  range  of  the  physical 
tics  model,  and  in  Fig.4(b)  for  the  other  two  surfaces  at  94  GHz,  for  which  the  geometric  optics 
model  is  supposed  to  be  applicable. 

In  general,  two  scattering  mechanisms  contribute  to  the  backscattering  coefficient  a°  (Fig.  5), 
a  surface  scattering  contribution  cr’  which  is  a  function  of  the  surface  height  statistics  and  Cr  of 
the  lower  half  space,  and  a  volume  scattering  contribution  (t'’  that  is  due  to  inclusions  underneath 
the  rough  interface: 

cr"  =  cr*  -1-  a-j  i,j  -horv.  ( 1 ) 

The  volume  scattering  contribution  is  in  turn  governed  by  the  height  statistics  of  the  rough 
interface  and  the  size  and  shape  distributions  of  the  inclusions  in  the  soil  medium  (air  voids  in 
this  case)  and  the  dielectric  constant  of  the  host  material  (soil  particles).  Calculations  based  on 
radiative  transfer  theory  reveal  that  is  much  smaller  than  the  observed  scattering  coefficient 
and  hence  much  smaller  than  cr*,  except  for  dry  soil  at  94  GHz.  This  can  be  explained  by  noting 
that  at  35  GHz  the  air  voids  are  very  small  in  size  (see  Fig.  3(b))  relative  to  A,  and  at  94  GHz  the 
attenuation  in  wet  soil  reduces  the  penetration  depth  to  a  very  thin  surface  layer,  thereby  reducing 
the  volume  scattering  contribution  to  a  negligible  level.  First,  we  will  limit  the  analysis  to  the 
wet  soil  cases  in  order  to  examine  the  surface  scattering  component  alone  and  then  we  will  use 
radiative  transfer  theory  to  model  the  volume-scattering  component  (Section  4).  Hence,  for  the 
cases  presented  in  this  section,  cr°  =  a*. 

As  was  stated  earlier,  the  radar  observations  were  made  at  35  GHz  and  94  GHz  for  each  of 
three  surfaces  with  widely  different  roughnesses.  Figure  6  displays  the  angular  variation  of  <j°,  for 
each  of  the  three  principal  polarization  configurations,  for  the  surface  with  the  smallest  value  of  ks 
(surface  Si  with  s  =  0.66  mm,  observed  at  35  GHz)  and  the  surface  with  the  largest  value  of  ks 
(surface  S3  with  s  =  7.77  mm,  observed  at  94  GHz).  We  note  that  the  curves  for  the  co-polarized 
scattering  coefficients,  and  a^/,,  diverge  as  a  function  of  9  for  the  smooth  surface  represented  by 
Fig.  6(a),  but  they  remain  approximately  equal  for  the  very  rough  surface  represented  by  Fig.  6(b). 
This  behavior  is  consistant  with  previous  observations  made  at  centimeter  wavelengths  [1|.  We 
also  note  that  the  difference  in  level  between  the  and  curves  is  at  least  18  dB  for  the 
smooth  surface  (actually  21  dB  at  20",  decreasing  to  18  dB  at  70"),  whereas  the  difference  never 
exceeds  13  dB  for  the  very  rough  surface.  These  observations  clearly  indicate  that  surface  roughness 
exercises  a  significant  influence  on  both  the  co-polarized  ratio  p  =  and  the  cross-polarized 
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ratio  q  =  CThi  l^tf  It  should  be  noted  that  the  continuous  curves  shown  in  Fig.  6  are  based  on  i  ho 
semi-empirical  e.xpressions  introduced  later  in  this  section. 

The  three  surfaces  examined  in  this  study  were  prepared  to  replicate  a  wide  range  of  naturally 
occuring  surface  roughness  conditions.  Surface  Si  represents  a  packed-down  dirt  road  surface, 
surface  S3  represents  a  freshly  plowed  soil  surface,  and  S2  represents  what  surface  S3  would  look  like 
after  cultivation  by  a  farm  implement  to  break  down  the  large  soil  clods  or  after  natural  smoothing 
action  by  rain  and  wind.  An  examination  of  Table  1  shows  that  among  the  three  surfaces,  the 
surface  correlation  length  I  varies  over  a  narrower  range  of  1.5  :  1  (between  a  minimum  of  2  cm  for 
S3  and  a  maximum  of  3  cm  for  S2).  The  corresponding  range  on  the  kl  scale  (where  k  —  27r/A),  is 
approximately  4  ;  1.  In  contrast,  the  rms  height  s  varies  over  a  range  of  12  :  1,  and  ks  covers  the 
range  32  :  1.  A  third  surface  roughness  parameter  of  interest  is  the  ratio  m  =  sjl  which  is  equal  to  or 
proportional  to  the  rms  slope  of  the  surface,  with  the  proportionality  constant  being  determined  by 
the  form  of  the  surfae’e  autocorrelation  function.  For  the  three  surfaces,  m  varies  from  0.025  for  Si 
to  0.39  for  S2.  A  detailed  analysis  was  conducted  to  determine  the  sensitivities  of  the  backscattering 
coefficients  and  to  s,  /,  /cs,  kl,  and  m.  Plots  of  the  backscattering  coefficients  versus 

the  five  surface  roughness  descriptors  revealed  the  following:  (a)  strong  but  different  dependences 
on  s  at  35  GHz  and  94  GHz,  (b)  the  individual  frequency  plots  coincide  with  each  other  when  the 
data  is  plotted  against  ks,  (c)  random  variations  with  /  and  kl,  and  (d)  the  variation  with  m  is 
driven  by  the  dependence  on  s.  Considering  that  /  exhibits  a  relatively  narrow  range  among  the 
three  surfaces,  it  is  not  surprising  that  s  was  found  to  be  the  primary  parameter  governing  the 
dependence  of  the  radar  backscatter  on  surface  roughness. 


3.1  Co-Polarization  Ratio 


The  dependences  of  the  co-polarized  and  cross- polarized  ratios  p  and  q  on  ks  are  illustrated  in 
Fig.  7.  At  0  =  20°,  p  exhibits  no  discernible  dependence  on  ks,  a5  expected,  because  6  is  close 
to  normal  incidence.  At  the  higher  angles  of  45°  and  70°,  p  increases  with  increasing  ks  until  ks 
reaches  a  value  of  4,  beyond  which  p  cissumes  the  constant  ratio  of  1.0.  The  continuous  curves 
shown  in  Fig.  7(a)  are  based  on  the  following  expression: 


P  = 


2 


exp[— 0.4A:s] 


(2) 


where  9  is  the  incidence  angle  in  radians  and  Fo  is  the  reflectivity  for  normal  incidence, 

ro  = 


1  -  v/^ 


1  + 


(3) 


The  form  of  (2),  which  was  adapted  from  the  experience  gained  previously  from  the  centimeter- 
wave  study  [1],  includes  a  dependence  on  the  dielectric  constant  Cr-  The  plots  shown  in  Fig.  7(a) 
correspond  to  =  5  07  +  j2.56,  which  is  in  the  middle  of  the  range  of  the  dielectric  constants 
corresponding  to  the  wet-soil  surfaces  observed  by  the  radar  (see  Table  2).  Thus,  part  of  the  data 
scatter  in  Fig.  7(a)  is  attributed  to  the  non-uniformity  of  dielectric  constants  among  the  data  points. 
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3.2  Cross-Polarization  Ratio 


The  cross-polarization  ratio  q.  which  exhibits  an  inverse  negative  exponential  drp<'iulence  on  />■' 
for  all  angles  of  incidence  (Fig.  7(b)),  is  modeled  by  the  expression: 

q=  =  0.23  \/i\  [1  —  exp( -0.5 szn^^s))  (  !) 

To  eliminate  the  dependence  on  the  dielectric  constant  Cr,  the  ratio  q  shown  in  Fig.  7(b)  has 
been  normalized  by  dividing  it  by  Fy^  for  both  the  data  points  and  the  expression  given  by  (-!). 

3.3  Response 

So  far  we  have  characterized  the  ratios  of  and  ^tiv  with  respect  to  through  (2)  and  (4).  Now, 
we  turn  our  attention  to  the  response  of  cr*„  to  0,  'ks  and  e^.  The  proposed  functional  form  is; 

=  +  (5) 

y/P 

where  p  is  given  by  (2),  ry(0)  and  ThiO)  are  the  Fresnel  reflectivities  at  incidence  angle  9  for  v 
and  h  polarizations,  respectively,  and  the  function  g  is  given  by: 

g' =  2.2  (1  —  exp(— 0.2/ls])  (6) 

The  exponent  of  the  cos^  term  in  (5)  accounts  for  the  change  in  the  angular  dependency  of 
35  a  function  of  ks,  and  is  given  by: 

X  =  3.5 +  — <an“yi0  (1.65  —  A:s)]  '  (7) 

TT 

For  a  very  rough  surface  with  ks  very  large,  p  ss  1,  g  «  2.2,  and  x  «  3,  in  which  case  (5) 
reduces  to: 

al  =  2.2  cos^"  9  [T,{9)  +  1^(9)]  ,  for  ks  »  1  (8) 

The  inclusion  of  the  sum  [r„(^)  +  r/i(0)]  in  the  expression  for  simply  insures  that  for  a 
very  rough  surface,  ,  and  yet  the  magnitudes  of  these  two  co-polarized  coefficients  are 

somehow  related  to  the  angle-dependent  reflectivity  of  the  surface. 

To  compare  the  proposed  model  with  the  experimental  data  (Fig.  8)  we  first  normalized  the 
measured  values  of  cr*„  by  dividing  each  by  the  sum  of  the  reflectivities  corresponding  to  the 
dielectric  values  associated  with  the  surface  and  incidence  angle  and  then  plotted  the  results  as 
a  function  of  ks.  The  same  normalization  procedure  was  applied  to  (5)  prior  to  plotting  it  in 
Fig.  8.  In  fact,  the  values  of  the  coefficients  appearing  in  (6)  and  (7)  were  selected  by  matching  the 
expression  given  by  (5)  to  the  data. 
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3.4  Comparison  of  Model  with  Observations 


The  expressions  given  by  (2)-(^)  represent  a  semi-empirical  model  for  characterizing  the  surface- 
scattering  component  of  millimeter-wave  backscattering  from  a  random  rough  surface.  The  contin¬ 
uous  curves  shown  in  Fig.  6  are  based  on  this  model  as  are  the  curves  shown  in  Fig.  9  for  surface 
S2  (with  intermediate  roughness)  and  in  Fig.  10  where  the  model  is  compared  with  an  independent 
data  set  (not  used  in  constructing  the  surface  model)  reported  by  \’amasaki,  e/  ai  [3]  at  60  GHz, 
also  for  wet-soil  surfaces. 


4  VOLUME  SCATTERING 


Before  we  embark  on  a  detailed  examination  of  cr*',  the  volume  backscattering  contribution  to 
the  total  backscattering  coefficient  (T°,  it  would  be  instructive  to  examine  the  evidence  we  have 
in  support  of  conducting  such  an  examination  in  the  first  place.  After  all,  studies  conducted  at 
centimeter  wavelengths  have  shown  that  the  behavior  of  the  backscatter  from  random  surfaces  can 
be  explained  by  surface  scattering  alone,  without  the  need  to  add  a  volume-scattering  contribution. 
The  need  to  consider  volume  scattering  at  millimeter  wavelengths  can  be  illustrated  through  an 
examination  of  the  experimental  data  shown  in  Fig.  11  which  include  a  set  of  plots  of  and  cr^^, 
for  a  dry  soil  surface  and  another  set  for  the  same  surface  immediately  after  wetting  the  surface  with 
a  fine  mist  using  a  sprinkler  system,  thereby  preserving  the  roughness  of  the  surface.  According 
to  surface  scattering  models,  both  theoretical  and  empirical,  increasing  the  soil  moisture  content 
causes  the  level  of  a°  to  increase  at  all  angles  of  incidence  for  all  polarization  configurations.  This 
is  certainly  not  the  behavior  observed  in  Fig.  11.  For  HH  polarization,  cr^;,  of  the  dry  surface  at 
6  =  20°  is  slightly  lower  than  that  for  the  wet  surface,  but  at  70°,  c^hh  fhe  dry  soil  surface  is 
higher  than  that  for  the  wet  surface.  A  similar,  but  even  more  pronounced,  behavior  is  observed 
for  HV  polarization.  The  explanation  for  these  observations  stems  from  the  following  properties: 

1.  Surface  scattering  increases  with  increasing  moisture  content  (dielectric  constant),  as  stated 
earlier. 

2.,  For  surface  scattering,  <j‘  varies  with  6  as  cos^  9  to  cos'*  depending  on  surface  roughness. 

3.  Volume  scattering  decreases  with  increasing  moisture  content,  in  part  because  the  air-soil 
transmission  coefficient  decreases  with  increasing  moisture  content  and  in  large  part  because 
the  extinction  in  the  soil  medium  increases  rapidly  with  moisture  content. 

4.  The  volume  scattering  coefficients  exhibit  a  very  weak  response  as  a  function  of  the  incidence 
angle  9. 

5.  The  dimensions  of  the  air  voids  (see  Fig.  3(b)),  which  constitute  the  scattering  particles 
in  the  soil  medium,  are  such  that  the  scattering  is  in  the  Rayleigh  region,  which  exhibits 
a  A -‘'-dependence.  Consequently,  volume  scattering  is  insignificantly  small  at  centimeter 
wavelengths,  but  becomes  important  at  millimeter  wavelengths  when  the  soil  surface  is  dry. 
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4.1  Radiative  Transfer  Theory 


To  compute  the  volume  scattering  contril)ulion.  we  propose  to  use  radiative  transfer  (RT)  theory. 
As  was  noted  earlier,  the  moisture  content  of  the  wet  soils  was  essentially  uniform  with  depth  over 
the  top  four  centimeters,  but  for  the  dry  soils,  the  top  surface  layer,  which  was  on  the  order  of 
1-3  cm  thick,  was  very  dry  and  the  soil  layer  underneath  it  wa.s  generally  fairly  wet.  Hence,  we 
decided  to  model  the  soil  medium  as  a  thin  layer  of  thickness  h  overlying  a  wet-soil  half  space. 
The  thin  layer,  which  is  bounded  by  a  random  surface  at  the  air-soil  interface,  contains  air  voids 
(scatterers)  embedded  in  the  soil  background.  From  the  measured  surface  profile,  extended  into 
both  the  X-  and  y-dimensions,  a  probability  density  function  is  computed  for  the  direction  n  of  the 
local  surface  normal.  For  any  specified  direction  of  incidence  k,,  the  dot  product  {kfii)  determines 
the  locaf  angle  of  incidence  9i.  Hence,  for  any  given  radar  incidence  angle  (measured  relative  to 
the  normal  to  the  mean  surface),  we  generate  a  probability  distribution  for  O/.  Upon  solving  the 
radiative  transfer  equation  numerically  for  Mie  spherical  particles  using  the  technique  outlined  in 
Kuga,  et  al.  [10],  the  total  volume  scattering  contributed  by  the  layer  is  obtained  by  performing  an 
incoherent  addition  of  the  volume  scattering  contributions  emerging  from  all  points  on  the  surface, 
realized  by  weighing  the  contributions  in  accordance  with  the  probability  density  function  of  Oi.  This 
approach  is  similar  to  that  reported  in  [8]  for  computing  surface  scattering  from  tilted  perturbed 
planes. 

Solution  of  the  radiative  transfer  equations  requires  knowledge  of  the  void’s  shapes,  sizes,  volume 
fraction  and  relative  dielectric  constant,  in  addition  to  the  relative  dielectric  constants  of  both  the 
background  solid  soil  material  and  the  wet  soil  half  space.  In  this  paper,  we  have  assumed  that  the 
air  voids  are  spherical  in  shape  w'ith  a  relative  dielectric  constant  Cq  =  1.0  -f  jO.O.  The  void-size 
distribution  function  shown  in  Fig.  3(b)  wcis  used  in  the  solution  of  the  RT  equations  for  surfaces 
Si  and  S2,  and  that  corresponding  to  S3  (not  shown)  was  used  for  the  third  surface.  The  relative 
dielectric  constant  of  the  background  solid  soil  material  was  taken  as  Cjs  =  4.7,  based  on  the 
empirical  formula  Cgs  =  (1.01  +  0.44  p„)^  —  0.062  reported  in  [9],  where  p,,  =  2.65  g/cm^  is  the 
measured  solid  soil  density  (which  agrees  well  with  of  sandy  soils  [8,9]).  The  effective  dielectric 
for  the  wet  soil  half  space  was  assumed  to  be  €2  =  7.0  -f  j4.0  at  35  GHz  and  £2  =  5.0  -f  j'l.b  at 
94  GHz.  The  voids  volume  fractions  given  in  Table  2  were  calculated  on  the  basis  of  the  measured 
bulk  densities  and  solid  soil  density,  »/„  =  1  —  pbipss  ■ 

The  results  of  this  approach  for  computing  the  volume  backscattering  contribution  cr*'  are  sum¬ 
marized  in  the  next  section.  By  way  of  examining  the  relative  importance  of  volume  scattering, 
however,  we  calculated  cr”  at  94  GHz  for  an  upper  layer  containing  air  voids  of  uniform  diameter, 

The  results  are  shown  in  Fig.  12,  which  shows  a*’  as  a  function  of  for  a  thickness  h  =  3  cm. 
and  as  a  function  of  h  for  a  void  diameter  =  0.1  mm.  The  responses  to  h  (Fig.  12(b))  indicate 
that  the  thin  surface  layer  “appears”  semi-infinite  in  depth  once  its  actual  depth  h  exceeds  about 
3  cm.  The  variations  of  c”  with  displayed  in  Fig.  12(a),  which  include  both  the  Rayleigh  and 
Mie  regions,  reaches  saturation  levels  of  about  -4  dB  for  and  -7  dB  for  The  saturation  level 
for  cTyj,  is  certainly  comparable  with  or  greater  than  the  values  measured  for  the  wet  soil  surfaces 
at  the  same  incidence  angle  and  frequency,  and  for  the  saturation  level  is  higher  than  all  the 
wet-soil  values  of  displayed  in  Figs.  6,  9,  and  10.  Thus,  the  volume  scattering  contribution  may 
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indeed  be  a  significant,  or  even  the  dominant,  contribution  depending  on  the  void-size  distribution. 
The  volume  scattering  coefficients  plotted  in  Fig.  12(a)  approach  the  saturation  stage  when  d,  ex¬ 
ceeds  0.5  mm,  which  corresponds  to  /c7\.  =  ~  0.S6,  where  is  the  free  space 

wavelength  (A^  =  3.2  mm  at  94  GHz)  and  Cr  =  3.1  is  the  effective  dielectric  constant  of  the  dry 
soil  background.  The  soils  investigated  in  this  study  had  void  size  distributions  extending  between 
0*02  mm  and  about  0.4  mm,  with  the  bulk  of  the  voids  having  diameters  smaller  than  0.2  mm  (see 
Fig.  3(b)). 


4.2  Results 

For  the  dry  soil  surfaces,  the  total  backseat tering  coefficients  <7°  (i,  j  =  v  or  h)  were  computed 
according  to  (1)  by  adding  incoherently  the  volume  scattering  contribution  a-j.  computed  using  the 
RT  technique,  to  the  surface  scattering  contribution  cr,y  calculated  according  to  the  empirical  model 
described  in  tb-^  preceding  section  (equations  (2)-(7)).  Good  overall  agreement  is  observed  between 
the  computed  values  of  a,®  and  the  measured  radar  responses  for  all  surfaces  at  both  frequencies, 
as  can  be  seen  in  Figures  13  through  15.  In  all  ceises,  the  thickness  of  the  top  dry  soil  surface  layer 
was  taken  as  3- cm. 

It  must  be  pointed  out  that  at  35  GHz,  is  dominated  by  surface  scattering  with  minimal 
contribution  provided  by  volume  scattering  (cr^j  is  typically  larger  than  cr“  by  10  dB).  However,  at 
94  GHz  the  volume  scattering  component  is  comparable  to  the  surface  scattering  component  for 
the  co-polarized  scattering  coefficients,  as  can  be  seen  in  Fig.  16(a),  and  for  cross-polarization,  cr^^, 
is  dominated  by  the  volume  contribution  (Fig.  16(b)). 


4.3  Soil  Moisture  Dependence 

The  cases  considered  in  this  paper  fall  into  two  groups:  (a)  wet  soils,  which  may  be  defined  as 
those  with  moisture  contents  exceeding  0.12  g/cm^  in  the  top  1-cm  layer,  and  (b)  dry  soils,  for 
which  m„  <  0.04  g/cm^  in  the  top  1-cm  layer  (see  Table  2).  For  the  wet-soil  group,  our  analysis 
shows  that  the  volume-scattering  contribution  may  be  ignored  and  that  the  total  backscatter  is 
dominated  by  the  surface-scattering  component.  The  volume-scattering  contribution  is  very  small 
because  at  millimeter  wavelengths  the  penetration  depth  is  on  the  order  of  a  few  millimeters  when 
TUv  >  0.1  g/cm^. 

For  the  dry-soils  group,  the  volume-scattering  contribution  was  computed  by  assuming  the  top 
surface  layer  to  be  3  cm  in  thickness  and  totally  dry.  Although  the  measured  values  of  rUt,  were 
very  small,  they  were  not  exactly  zero  over  the  top  3-cm  layer  (Table  2).  Nevertheless,  they  were 
assumed  to  be  zero  to  simplify  the  calculation.  A  possible  approach  for  modeling  the  dependence 
on  moisture  content  is  to  treat  the  soil  as  a  perfectly  dry  top  surface  layer  of  thickness  h,  overlying  a 
very  wet  half-space,  just  eis  we  have  done  in  calculating  the  volume-scattering  contributions  for  the 
dry  soils  examined  in  this  study,  but  to  also  relate  h  to  the  average  dielectric  constant  or  moisture 
content  of  the  upper  3-cm  layer.  Thus,  h  would  vary  from  3-cm  for  m„  =  0  down  to  zero  thickness 
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for  ni(  =  0.15  g/cm^.  These  figure.'^  ^pply  to  94  GHz  and  are  at  best  a  rough  oslimaio  based  on 
radiative-transfer  model  calculations.  Had  we  applied  this  approach  to  the  calculations  peilornied  in 
connection  with  the  dry  soils,  h  would  have  been  reduced  from  .3-cm  down  to  about  2-cm.  resulting 
in  a  change  of  about  1-2  dB  in  a'’ .  Thus,  verification  of  the  applicability  of  such  a  model  will  have 
to  await  until  further  experimental  investigations  are  performed  for  soils  with  moisture  contents  in 
the  0.04  to  0.15  g/cm^  range. 


5  CONCLUSIONS 


The  backscattering  coefficients  of  three  soil  surfaces  were  measured  as  a  function  of  incidence  angle 
using  two  scatterometers  operating  at  35  GHz  and  94  GHz.  The  soil  surfaces,  with  roughnesses 
ranging  between  ks  —  0.48  and  ks  =  15.3,  were  measured  under  wet  and  dry  conditions.  When 
compared  to  measurements,  the  physical  optics  and  geometric  optics  surface-scattering  models,  as 
well  as  the  empirical  surface-scattering  model  given  in  [1],  failed  to  consistently  predict  the  measured 
backscattering  coefficients. 

Analysis  of  the  measured  radar  data  indicates  that  in  general  both  surface  and  volume  scattering 
contributions  are  present  at  MMW  frequencies.  For  wet  soil  conditions,  surface  scattering  is  the 
dominant  contribution  and  it  can  be  modeled  using  a  set  of  semi-empirical  expressions.  The  volume 
contribution  is  important  when  the  soil  surface  is  dry,  particularly  at  94  GHz.  Using  radiative 
transfer  theory,  the  volume  scattering  contribution  Wcis  calculated  by  treating  the  soil  medium  as 
comprised  of  air  voids  imbedded  in  a  soil  background.  This  approach,  which  led  to  good  agreement 
with  the  experimental  observations,  indicates  that  at  94  GHz,  for  example,  the  surface  and  volume 
scattering  components  are  of  comparable  magnitude  for  and  but  for  the  cross- polarized 
cr^„,  volume  scattering  is  the  dominant  contribution. 
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Tabic  1.  Surface  roughness  statistical  parameters  for  the  llircc  soil  surfaces. 


surface 

5(mr77) 

/(/7?77?) 

kl 

35 

WM 

94 

S2 

2.62 

30 

35 

1.92 

22 

94 

5.16 

59 

S3 

i.n 

20 

35 

5.69 

14.7 

94 

15.3 

39.4 

s  =  rms  height 
I  =  correlation  length 
k  =  2-1  \ 


Table  2.  Summary  of  soil  properties. 


rriy 

er 

Pb 

dp  mm 

dy  m  m 

35  GHz 

94  GHz 

1.69 

0.36 

0.3 

0.165 

0.08 

(3.1,  0.05) 

(3.1,  0.05) 

warn 

0.3 

0.165 

0.23 

0.19 

(7. 3, 4. 5) 

BBi 

iigg 

0.3 

0.165 

0.04 

0.07 

(2.5,  0.05) 

(2.5,  0.05) 

1.37 

nsg 

0.3 

0.165 

0.12 

0.12 

(3.5,1. 1) 

1.32 

Eei 

0.3 

0.242 

0.04 

0.07 

(2.5,  0.05) 

(2.5,  0.05) 

1.32 

jEm 

0.3 

0.242 

0.19 

0.18 

(5.9,3.5) 

(4.1,1.9) 

Pi,  =  soil  bulk  density  (g/cm^). 
i/o  =  air-voids  volume  fraction. 


dp  =  mean  soil  particle  diameter. 
dy  =  mean  air-void  diameter. 
ruy  =  volumetric  moisture  content. 
tr  =  effective  dielectric  constant. 
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Radars 


(a) 


Figure  1:  Overview  diagram  of  the  MMW  polarimetric  radar  system  (a)  system  block  diagram,  (b) 
RF  front  end  circuitry  of  the  35  GHz  radar. 
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Normalized  Autocorrelation  Function  Height  profile  (mm) 


Samples  of  The  Surface  Height  Profiles 


(a) 


(b) 

Figure  2:  (a)Samples  of  the  Surface  height  profiles,  measured  using  a  laser  profiler,  and  (b)  auto¬ 
correlation  functions  of  the  three  surfaces. 
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Soil  Particle  Size  Distribution 


Soil  Particle  Diameter  dp  (mm) 

(a) 

Histogram  of  Air  Void  Diameter 


Air  Void  Diameter  dy  (mm) 

(b) 


Figure  3;  Histogram  of  (a)  soil  particle  size  distribution  p(dp)  and  (b)  void-size  distribution  p(dy) 
for  the  soil  with  pb  =  1.69  g/cm^. 
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SI -wet  at  35  GHz. 


Incidence  Angle  6  (deg.) 


(a) 


Incidence  Angle  9  (deg.) 


(b) 

Figure  4:  Comparison  between  (a)  meeisured  data  for  surface  Si  and  predictions  based  on  the  phys¬ 
ical  optics  (PO)  model  at  35  GHz  for  both  gaussian  and  exponential  surface  height  autocorrelation 
functions,  and  (b)  measured  data  for  surfaces  S2  and  S3  and  predictions  based  on  the  geometric 
optics  (GO)  model  at  94  GHz.  17 


Figure  5:  Surface  and  volume-scattering  mechanisms  contributing  to  the  total  backscatter. 
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SI -wet  surface  at  35  GHz. 
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Figure  6:  Comparison  of  the  measured  backscattering  coefficients  for  wet  soil  surfaces  with  calcula¬ 
tions  based  on  the  semi-empirical  surface  scattering  model  given  in  Section  3  for  (a)  the  smoothest 
surface  at  35  GHz  {ks  =  0.48),  and  (b)  the  roughest  surface  at  94  GHz  {ks  =  15.3). 


Incidence  Angle  0  (deg.) 

(a) 

S3- wet  surface  at  94  GHz. 
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Figure  7:  Measured  sensitivity  of  (a)  the  co-polarized  ratio  p,  and  (b)  the  cross- polarized  ratio  q 
(normalized  to  v/TI)  to  surface  roughness  for  wet  soil  surfaces  at  various  incidence  angles.  The 
continuous  curves  are  based  on  the  expressions  given  in  Section  3. 
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/  [r,(0)+r,(e)] 


Roughness  Parameter  ks 

Figure  8:  The  sensitivity  of  to  surface  roughness  for  wet  soils  at  various  incidence  angles. 
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Wet  surface  at  60  GHz  (ks  =  0. 1 6) 


Incidence  Angle  0  (deg.) 

(a) 

Wet  surface  at  60  GHz  (ks  =  1.75) 


Figure  10:  Comparison  between  meaisured  data  for  wet  soil  surfaces  =  1.9  +  j  0.4)  at  60  GHz 
and  the  MM W  semi-empirical  surface  scattering  model  for  (a)  ks  =  0.16,  and  (b)  ks  =  1.75.  (Data 
from  Yamasaki  et  al.  [3]). 
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I 


S2  Surface  at  94  GHz. 


Incidence  Angle  0  (deg.) 

Figure  11:  Meaisured  and  for  wet  and  dry  surface  conditions  at  94  GHz  {ks  =  5.16).  Note 
that  at  70°,  cr°(dry)  is  greater  than  (7°(wet)  for  both  polarizations,  evidence  of  volume  scattering 
contribution. 
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Backscattering  Coefficient  o''  (dB) 


Figure  12:  Computed  sensitivity  of  o"  to  (a)  particle  diameter  (for  layer  thinkness  h  =  3  cm), 
and  (b)  scattering  layer  thickness  (for  particle  diameter  =  0.1  mm).  The  computations  were 
conducted  at  94  GHz  for  an  incidence  angle  6  =  20°  and  void  volume  fraction  Ua  =  0.36. 
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Figure  13:  Comparison  between  the  measured  backscattering  coefficient  and  the  total  backseat tering 
coefficient  predicted  by  the  sum  of  surface  and  volume  scattering  contributions  for  surface  Si  at 
(a)  35  GHz  and  (b)  94  GHz. 
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S2-dry  at  35  GHz. 


S2-dryat94  GHz. 


Figure  14:  Comparison  between  the  measured  backscattering  coefficient  and  the  total  backscattering 
coefficient  a°  predicted  by  the  sum  of  surface  and  volume  scattering  contributions  for  surface  S2  at 
(a)  35  GHz  and  (b)  94  GHz. 
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Figure  15:  Comparison  between  the  measured  backscattering  coefficient  and  the  total  backscattering 
coefficient  (t°  predicted  by  the  sum  of  surface  and  volume  scattering  contributions  for  surface  S3  at 
(a)  35  GHz  and  (b)  94  GHz. 
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S3-dry  at  94  GHz. 
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Figure  16:  Contributions  of  the  surface-scattering  component  alone,  the  volume-scattering  compo¬ 
nent  alone,  and  the  sum  of  both  components  for  surface  S3  at  94  GHz:  (a)  (b)  o 
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Abstract — The  recent  interest  in  radar  polarimetry  has  led  to 
the  development  of  several  calibration  techniques  to  retrieve  the 
Mueller  matrix  of  a  distributed  target  from  the  multipolariza¬ 
tion  backscatter  measurements  recorded  by  a  radar  system. 
Because  a  distributed  target  is  regarded  as  a  statistically  uni¬ 
form  random  medium,  the  measurements  usually  are  conducted 
for  a  lai^e  number  of  independent  samples  (usually  spatially 
independent  locations),  from  which  the  appropriate  statistics 
characterizing  the  elements  of  the  Mueller  matrix  can  be  de¬ 
rived.  Existing  calibration  methods  rely  on  two  major  assump¬ 
tions.  The  first  is  that  the  illuminated  area  of  the  distributed 
target  is  regarded  as  a  single  equivalent  point  target  located 
along  the  antenna’s  boresight  dire^on,  and  that  the  statistics  of 
the  scattering  from  all  of  the  measured  equivalent  point  targets 
(representing  the  spatially  independent  samples  observed  by  the 
radar)  are  indeed  the  same  as  the  actual  scattering  statistics  of 
the  distributed  target  The  second  assumption  pertains  to  the 
process  by  vihich  the  actual  measurements  made  by  the  radar 
for  a  given  illuminated  area  are  transformed  into  the  scattering 
matrix  of  that  area.  The  process  involves  measuring  the  radar 
response  of  a  point  calibration  target  of  known  scattering  ma¬ 
trix,  located  along  the  boresight  direction  of  the  antenna,  and 
then  modifying  the  measured  response  by  a  constant,  known  as 
the  illumination  integral,  when  obserring  the  distributed  target 
The  illumination  integral  accounts  for  only  magnitude  varia¬ 
tions  of  the  illuminating  fields.  Thus,  possible  phase  variations 
or  antenna  crosstalk  variations  (between  orthogonal  polariza¬ 
tion  channels)  across  the  beam  arc  totally  ignored,  vdiich  may 
compromise  the  calibration  accuracy.  To  rectify  this  deficiency 
of  existing  calibration  techniques,  a  new  technique  is  proposed 
with  which  the  radar  polarization  distortion  matrix  is  character¬ 
ized  completely  by  measuring  the  polarimetric  response  of  a 
sphere  over  the  entire  main  lobe  of  the  antenna,  rather  than 
along  only  the  boresight  direction.  Additionally,  the  concept  of  a 
"differential  Mueller  matrix”  is  introduced,  and  by  defining  and 
using  a  correlation— calibration  matrix  derived  from  the  mea¬ 
sured  radar  distortion  matrices,  the  differential  Mueller  matrix 
is  accurately  calibrated.  Comparison  of  data  based  on  the  previ¬ 
ous  and  the  new  techniques  shows  significant  improvement  in 
the  measurement  accuracy  of  the  copolarized  and  cross-polarized 
phase  difference  statistics. 


L  Introduction 


The  literature  contains  a  variety  of  different  methods 
for  measuring  the  backscattering  cross  section  of 
point  targets.  In  all  cases,  however,  the  calibration  part  of 
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ihe  measurement  process  involves  a  comparison  of  the 
measured  radar  response  due  to  the  unknown  target  with 
the  measured  response  due  to  a  calibration  target  of 
known  radar  cross  section.  Under  ideal  conditions,  both 
the  unknown  and  calibration  targets  are  placed  along  the 
antenna  boresight  direction,  thereby  ensuring  that  both 
targets  are  subjected  to  the  same  illumination  by  the 
radar  antenna.  The  situation  is  markedly  different  for 
distributed  targets;  the  unknown  distributed  target  is  illu¬ 
minated  by  the  full  antenna  beam,  whereas  the  calibration 


target — being  of  necessity  a  point  target — is  illuminated 
by  only  a  narrow  segment  of  the  beam  centered  around 
the  boresight  direction.  Consequently,  both  the  magnitude 
and  phase  variations  across  the  antenna  pattern  become 
part  of  the  measurement  process. 

The  magnitude  variation  usually  is  taken  into  account 
through  a  calculation  of  the  illumination  integral  [l]-[4], 
but  the  phase  variation  has  so  far  been  ignored.  The  role 
of  this  phase  variation  across  the  beam  with  regard  to 
polarimetric  radar  measurements  and  the  means  for  tak¬ 
ing  it  into  account  in  the  measurement  process  are  the 
subject  of  this  paper. 

Terrain  surfaces,  including  vegetation-covered  and 
snow-covered  ground,  are  treated  as  random  media  with 
statistically  uniform  properties.  In  radar  measurements, 
the  quantities  of  interest  are  the  statistical  properties  of 
the  scattered  field  per  unit  area.  One  such  quantity  is  the 
scattering  coefficient  which  is  defined  in  terms  of  the 
second  moment  of  the  scattered  field: 

4rrr^ 

a""  =  lim  lim  — - - 

A  \Er 

where  £*  and  E^  are  the  incident  and  scattered  fields,  A 
is  the  illuminated  area,  and  r  is  the  range  between  the 
target  area  and  the  observation  point.  The  above  defini¬ 
tion  of  cr^  is  based  on  the  assumption  that  the  target  is 
illuminated  by  a  plane  wave.  Although  in  practice  such  a 
condition  cannot  be  absolutely  satisfied,  it  can  be  approxi¬ 
mately  satisfied  under  certain  circumstances.  The  correla¬ 
tion  length  /  of  a  distributed  target  represents  the  dis¬ 
tance  over  which  two  points  are  likely  to  be  correlated, 
implying  that  the  currents  induced  at  the  two  points  due 
to  an  incident  wave  will  likely  be  correlated  as  well.  Thus, 
the  correlation  length  may  serve  as  the  effective  dimen¬ 
sion  of  individual  scatterers  comprising  the  distributed 
target.  The  plane-wave  approximation  may  be  considered 
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valid  as  long  as  the  magnitude  and  phase  variations  of  the 
incident  wave  are  very  small  across  a  distance  of  several 
correlation  lengths.  In  most  practical  situations,  this  “lo¬ 
cal”  plane-wave  approximation  is  almost  always  satisfied. 
When  this  is  not  the  case,  the  measured  radar  response 
will  depend  on  both  the  illumination  pattern  and  the 
statistics  of  the  distributed  target  [5],  [6]. 

An  implied  assumption  in  the  preceding  discussion  is 
that  the  phase  variation  across  the  antenna  beam  is  the 
same  for  both  the  transmit  and  receive  antennas.  When 
making  polarimetric  measurements  with  dual-polarized 
transmit  and  receive  antennas,  the  phase  variation  of  the 
transmit  and  receive  patterns  may  be  different,  which  may 
lead  to  errors  in  the  measurement  of  the  scattering  matrix 
of  the  target,  unless  the  variations  are  known  for  all  of  the 
polarization  combinations  used  in  the  measurement  pro¬ 
cess  and  they  are  properly  accounted  for  in  the  calibration 
process. 

In  this  paper,  we  introduce  a  calibration  procedure  that 
accounts  for  magnitude  and  phase  unbalances  and  an¬ 
tenna  crosstalk  across  the  entire  main  beam  of  the  an¬ 
tenna.  By  applying  this  procedure,  we  can  make  accurate 
measurements  of  the  differential  Mueller  matrix  of  a 
distributed  target  using  the  local  plane-wave  approxima¬ 
tion.  The  differential  Mueller  matrix  can  then  be  used  to 
compute  the  scattering  coefficient  for  any  desired  combi¬ 
nation  of  receive  and  transmit  antenna  polarizations,  and 
by  employing  a  recently  developed  technique  [7],  the 
statistics  of  the  polarization  phase  differences  can  also  be 
obtained.  By  way  of  illustrating  the  utUity  of  the  proposed 
measurement  technique,  we  will  compare  the  results  of 
backscatter  measurements  acquired  by  a  polarimetric 
scatterometer  system  for  bare  soil  surfaces  using  the  new 
technique  with  those  based  on  calibrating  the  system  with 
the  traditional  approach,  which  relies  on  measming  the 
response  due  to  a  calibration  target  placed  along  only  the 
boresight  direction  of  the  antenna  beam. 

II.  Theory 

Consider  a  planar  distributed  target  illuminated  by  a 
polarimetric  radar  system  as  shown  in  Fig.  1.  Suppose  the 
distributed  target  is  statistically  homogeneous  and  the 
antenna  beam  is  narrow  enough  so  that  the  backscatter- 
ing  statistics  of  the  target  can  be  assumed  constant  over 
the  illuminated  area.  Let  us  subdivide  the  illumination 
area  into  a  finite  number  of  pixels,  each  including  many 
scatterers  (or  many  correlation  lengths),  and  denote  the 
scattering  matrix  of  the  ijth  pixel  by  AS(x„  yy).  The  scat¬ 
tering  matrix  of  each  pixel  can  be  considered  as  a  complex 
random  vector.  If  the  radar  system  and  its  antenna  are 
ideal,  the  scattered  field  associated  with  the  ijth  pixel  is 
related  to  the  incident  field  by 


^2//cor(Xj,yy) 

ES^(.Xi,yi) 

A5„*(x,.,yy) 

—  A.  2 

r{Xi,yj) 

A5A„(x,.,y,) 

^S^^iXi,yj) 

(1) 


where  and  are  the  components  of  the  electric  field 
along  tw'o  orthogonal  directions  in  a  plane  perpendicular 


Radar 


Fig.  1.  Geometry  of  a  radar  system  Uluminating  a  homogeneous  dis¬ 
tributed  target. 


to  the  direction  of  propagation  and  /C  is  a  constant.  In 
reality,  radar  systems  are  not  ideal  in  the  sense  that  the 
vertical  and  horizontal  channels  of  the  transmitter  and 
receiver  are  not  identical,  and  the  radar  antenna  intro¬ 
duces  some  coupling  between  the  vertical  and  horizontal 
signals  at  both  transmission  and^eception.  Consequently, 
the  measured  scattering  matrix  U  ^  related  to  the  actual 
scattering  matrix  of  a  point  target  S  by  [8] 


_  g2ikQr _ 

U - r-RSf  (2) 

n 

where  R  and  T  are  known  as  the  receive  and  transmit 
distortion  matrices.  For  small  point  targets  where  the 
illumination  pattern  of  the  incident  field  can  be  app^xi- 
mated  by  a  uniform  plane  wave,  measurement  of  S  is 
rather  straightforward,  and  in  recent  years,  this  problem 
has  been  investigated  thoroughly  by  many  investigators 
[9]-[ll].  The  distortion  matrices  are  obtained  by  measur¬ 
ing  one  or  more  targets  of  known  scattering  matrices,  and 
then  by  inverting  (2),  the  scattering  matrix  of  the  un¬ 
known  target  is  obtained.  In  the  case  of  distributed  tar¬ 
gets,  however,  distributed  calibration  targets  do  not  exist. 
Moreover,  the  distortion  matrices  and  the  distance  to  the 
scattering  points  are  all  functions  of  position.  That  is,  for 
tl^  ijth  pbcel,  the  measured  differential  scattering  matrix 
AU  can  be  expressed  by 


AU 


yy) 


A5„;,(x,,yy) 


T(x,..yp.  (3) 


The  radar  measures  the  sum  of  fields  backscattered  from 
all  pixels  within  the  illuminated  area  coherently,  i.e.. 


i^-^-^R(x,,y,.)AS(x,-,y,.)T(x,,y;).  (4) 

r\xi,yj) 

Thus,  the  measured  scattering  matrix  is  a  linear  function 
of  the  random  scattering  matrices  of  the  pixels.  For  uni¬ 
form  distributed  targets,  we  are  interested  in  deriving 
information  about  the  statistics  of  the  differential  scatter- 
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ing  gatrix  from  siaiisiics  of  the  measured  scatiering  ma¬ 
trix  U.  One  step  in  relating  the  desired  quantities  to  the 
measured  ones  is  to  perform  a  calibration  procedure  to 
remove  the  distortions  caused  by  the  radar  and  the  an¬ 
tenna  systems.  The  traditional  approach  used  for  calibrat¬ 
ing  polarimetric  measurements  of  extended-area  targets 
relies  on  two  approximations.  First,  it  is  assumed  that  for 
each  measured  sample,  the  differential  scattering  matrix 
of  the  illuminated  area  is  equal  to  some  equivalent  scat¬ 
tering  matrix  at  boresight.  Using  this  approximation,  it  is 
hoped  that  the  equivalent  scattering  matrix  has  the  same 
statistics  as  the  original  differential  scattering  matrix.  This 
approximation  is  purely  heuristic  and  cannot  be  justified 
mathematically.  Second,  the  measured  data  for  each  sam¬ 
ple  are  calibrated  as  if  th^^ere  a  point  target,  and  the 
result  is  modified  by  a  constant  Imown  as  the  illumination 
integral  to  accoimt  for  the  nonuniform  illumination  [3], 
[4];  thus,  the  crosstalk  variations  away  from  the  antenna's 
boresight  direction  over  the  iUuminated  area  are  ignored. 
The  illumination  integral  accounts  for  only  magnitude 
variations  of  the  gain  patterns  of  the  transmitter  and 
receiver  antennas,  and  no  provision  is  made  for  account¬ 
ing  for  any  possible  phase  variations  in  the  radiation 
patterns. 

In  this  paper,  we  attempt  to  derive  the  second  moments 
of  the  differential  scattering  matrix  from  the  statistics  of 
the  measured  matrix  without  making  any  approximation 
in  the  radar  distortion  matrices  or  using  the  equivalent 
differential  scattering  matrix  representation.  In  random 
polarimetiy,  the  scattering  characteristics  of  a  distributed 
target  usually  are  represented  by  its  Mueller  matrix,  which 
is  the  averaged  Stokes  matrix  [4].  The  Mueller  matrix 
contains  the  second  moments  of  the  scattering  matrix 
elements.  By  the  central  limit  theorem,  if  the  scatterers  in 
the  illuminated  area  are  numerous  and  are  of  the  same 
type,  then  the  statistics  describing  the  scattering  are 
Gaussian  (Rayleigh  statistics).  In  such  cases,  knowledge  of 
the  Mueller  matrix  is  sufficient  to  describe  the  scattering 
statistics  of  the  target  [7]. 

In  a  maimer  analogous  with  the  definition  of  the  scat¬ 
tering  coefficient  as  the  scattering  cross  section  pe^unit 
area,  let  us  define  the  differential  fueller  matrix  M'’  as 
the  ratio  of  the  Mueller  matri|.  (AM)  derived  from  the 
differential  scattering  matrix  (AS)  to  the  differential  area, 
i.e., 

=  AM 

M^=  lim  . 
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In  terms  of  the  correlation  matrix  the  differential 
Mueller  matrix  can  be  computed  from 
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In  order  to  calibrate  a  radar  system  so  as  to  measure 
the  differential  Mueller  matrix,  let  us  represent  each 
2x2  matrix  in  (4)  by  a  corresponding  four-component 
vector,  in  which  case  (4)  simplifies  to 


^  ^2ikoriXi,yj)  ^ 
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where 
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and  it  can  be  easily  shown  that 
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The  mth  component  of  the  measured  target  vector  (2^^) 
defined  by  (8)  can  be  obtained  fi-om  (7),  and  is  given  by 


^2ikoriXi,y^) 

=  LL-r - 


To  compute  the  differential  Mueller  matrix,  the  ensemble  Thus,  the  averaged  cross  products  of  these  components 
average  of  the  cross  products  of  the  differential  matrix  are 

components  is  needed.  Let  us  define  ^  , 

^  ^2i/co[r(x,. 
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If  the  number  of  scatterers  in  each  pixel  is  assumed  to  be 
large,  or  the  correlation  length  of  the  surface  is  much 
smaller  than  the  pixel  dimensions,  then 

^0,  i  ^  and  j  # 

"  r=i'and7=y'. 

It  should  be  mentioned  here  again  that  the  target  is 
assumed  to  be  statistically  homogeneous,  and  the  antenna 
beam  is  assumed  to  have  a  narrow  beam.  Hence,  ) 

is  not  a  function  of  position  within  the  illuminated  area. 
In  the  limit  ^s  A  A  approaches  zero,  (10)  takes  the  follow¬ 
ing  form: 

4  4  r  1 

EL  11  - z^mtix^y) 

iTi  ^ A-' 

■D:^{x,y)dxdy  {SrS^*>.  (11) 

Equation  (11)  is  valid  for  all  combinations  of  m  and  n 
and,  therefore,  it  constitutes  16  equations  for  the  16 
correlation  unknowns.  Let  us  denMe  the  measured  corre¬ 
lations  by  a  16-component  vector  p',  and  Ae  actual  corre¬ 
lations  by  another  16-component  vector  so  that 


antenna  svstem.  The  distortion  matrices  of  the  radar  can 
be  found  by  applying  the  calibration  method  presented  in 
the  next  section. 

TTT  Calibration  Procedure 

As  was  shown  in  the  previous  section,  the  correlation 
vector# can  be  obtained  if  the  calibration  matrix  D(x,>’) 
given  by  (9)  is  known.  A  simplified  block  diagram  of  a 
radar  system  is  shown  in  Fig.  2.  The  quantities  f„,  r^, 

represent  fluctuating  factors  of  the  channel  imbalances 
caused  by  the  active  devices  in  the  radar  system.  Without 
loss  of  generality,  it  is  assumed  that  the  nominal  value  of 
these  factors  is  one,  and  their  rate  of  change  determines 
how  often  the  radar  must  be  calibrated.  The  antenna 
system  also  causes  some  channel  distortion  due  to  varia¬ 
tions  in  the  antenna  pattern  and  path  length  differences. 
The  crosstalk  contamination  occurs  in  the  antenna  struc¬ 
ture,  which  is  also  a  function  of  the  direction  of  radiation. 
It  has  been  shown  that  the  antenna  system,  together  with 
two  orthogonal  directions  in  a  plane  perpendicular  to  the 
direction  of  propagation,  can  be  represented  as  a  four-port 
passive  network  [8].  Using  the  reciprocity  properties  of 
passive  networks,  the  distortion  matrices  of  the  antenna 
system  were  shown  to  be  [8] 


=  i  =  A{i-\)+p 

p'j  =  >,  j  =  4(m  -l)+n. 

In  this  form,  (11)  reduces  to  the  following  matrix  equa¬ 
tion: 

#  =  1#  (12) 


r„(iA,f)  0  ir  1  C(i/i,^)l 

0  r,(^,^)J[c(iA,^)  1  J 


1  C(./r,^)][a^.^)  0 

C(./r,^)  1  ][  0 

(15) 


where  the  ij  element  of  B  is  given  by 

^‘7  =  / /  -Tr—TDmi(x,y)D:^{x,y)dxdy  (13) 
JJy,r(x,y) 

and,  as  before, 

i  =  4(/  -  1)  -I-  p,  j  =  4(m  -  1)  -h  n. 

Once  the  elements  of  the  correlation  calibration  matrix  B 
are  found  from  (13),  (12)  can  be  inverted  to  obtain  the 
correlation  vector  Mf'.  The  elements  of  the  correlation 
vector  are  not  arbitrary  complex  numbers;  for  example,  5, 
and  .S;  are  complex  conjugate  of  each  other  and  is  a 
real  number;  thus,  these  relationships  can  be  used  as  a 
criterion  for  calibration  accuracy.  The  differential  MueU^r 
matrix  can  be  obtained  from  the  correlation  matrix  W® 
whose  entries  in  terms  of  the  vector  Sf  are  given  by 


■^1 

^6 

^2 

^5 

__ 

^11 

^16 

^12 

^15 

w**  = 

^8 

^4 

S’. 

^9 

^.0 

^13 

Evaluation  of  the  elements  of  B  requires  knowledge  of 
the  radar  distortion  matrices  over  the  main  lobe  of  the 


where  tjf,  f  are  some  coordinate  angles  defined  with  re¬ 
spect  to  the  boresight  direction  of  propagation.  The  quan¬ 
tity  C(«/>,  f)  is  the  antenna  crosstalk  factor  and 
rj.d',  f  X  r*(«^,  iX  iX  O  are  the  channel  imbal¬ 
ances  caused  by  the  antenna  system.  These  quantities  are 
not  subject  to  change  due  to  variations  in  active  devices, 
and  once  they  are  determined,  they  can  be  used  repeat¬ 
edly. 

In  order  to  find  the  radar  distortion  parameters  at  a 
given  point  (x,  y)  on  the  surface,  we  first  need  to  specify  a 
convenient  coordinate  system  with  respect  to  the  antenna’s 
boresight  direction  so  that  the  distortions  become  inde¬ 
pendent  of  incidence  angle  and  range  to  the  target.  The 
azimuth-over-elevation  coordinate  angles  ((/»,  ^)  provide  a 
coordinate  system  that  is  appropriate  for  antenna  pattern 
measurements.  The  angle  i  specifies  the  elevation  angle 
and  t/r  specifies  the  azimuth  angle  in  a  plane  with  eleva¬ 
tion  as  shown  in  Fig.  3.  The  mapping  from  (i/',£) 
coordinates  to  (x,  y)  coordinates  can  be  obtained  by  con¬ 
sidering  a  radar  at  height  h  with  incidence  angle  6q  and 
the  boresight  direction  in  the  y-z  plane,  as  shown  in  Fig. 
4.  It  is  easy  to  show  that  constant-^  curves  on  the  surface 
of  a  sphere  map  to  constant-x  lines  and  constant-i//  cun'es 
map  to  hyperbolic  curves.  The  mapping  functions  are 
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Fig-  2.  Simplified  block  diagram  of  a  polarimetric  radar  system. 


Fig.  3.  Azimuth-over-elevation  coordinate  system  specifying  a 

point  on  the  surface  of  a  sphere. 


Fig.  4.  Geometry  of  a  radar  above  x-y  plane  and  transformation  of 
azimuth-over-elcvation  coordinate  to  Cartesian  coordinate. 


given  by 


/i  tan  ^ 

^  cos(eo  +  ^) 
y  =  /i  tan  ( 00  +  O 

where  =  f  =  0  represents  the  boresight  direction. 

The  entries  of  the  calibration  matrix  Dili/,  O  as  defined 
by  (9)  should  be  obtained  through  a  calibration  proce¬ 
dure.  Following  the  single-target  calibration  technique 
given  in  [8],  a  single  sphere  is  sufficient  to  determine  the 
channel  imbalances  as  well  as  the  antenna  crosstalk  factor 


for  a  given  direction.  Hence,  by  placing  a  sphere  with 
radar  cross  section  <7  ^  at  a  distance  and  a  direction  ( ip , 
|)  with  respect  to  the  radar,  the  receive  and  transmit 
distortion  parameters  can  be  obtained  as  follows: 
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where 


and  is  the  measured  (uncalibrated)  response  of  the 
sphere  at  a  specific  direction  f).  In  terms  of  tl|| 
known  quantities  given  by  (16),  the  calibration  matrix  D 
can  be  written  as 
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where  the  dependences  on  ip  and  ^  of  all  parameters  is 
understood. 

In  practice,  it  is  impossible  to  measure  the  sphere  for 
all  values  of  (J/  and  f  within  the  desired  domain;  however, 
by  discretizing  the  domain  of  ip  and  ^  (main  lobe)  into 
sufficiently  small  subdomains  over  which  the  antenna 
characteristics  are  almost  constant,  the  integral  given  by 
(13)  can  be  evaluated  with  good  accuracy. 

Polarimetric  measurement  of  a  sphere  over  the  entire 
range  of  ip  and  ^  is  very  time  consuming,  and  under  field 
conditions,  performing  these  measurements  seems  impos¬ 
sible.  However,  this  measurement  can  be  performed  in  an 
anechoic  chamber  with  the  desired  resolution  Atp  and 
only  once,  and  then  under  field  conditions,  we  need  to 
measure  the  sphere  response  only  at  boresight  to  keep 
track  of  variations  in  the  active  devices.  Without  loss  of 
generality,  let  us  assume  that  ~  1  for  the 

sphere  measurements  when  performed  in  the  anechoic 
chamber,  and  that  these  quantities  can  assume  other 
values  for  the  measurements  made  under  field  conditions. 
If  the  measured  distortion  parameters  at  boresight  (field 
condition)  are  denoted  by  prime  and  calculated  from  (16), 
then  the  channel  imbalances  corresponding  to  the  field 
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Fig.  6.  Comparison  between  the  new  and  old  calibration  techniques  applied  to  the  AT-band  measured  backscatter  from  a 
bare  soil  surface,  (a),  (b),  and  (c)  show  the  difference  in  the  co-  and  cross>poiarized  backscattering  coefficients,  and  (d) 
demonstrates  the  enhancement  in  the  ratio  of  the  cross-polarized  backscattering  coefficients  obtained  by  the  new  method. 


correlation-calibration  matrices  were  determined  as  out¬ 
lined  in  the  previous  section. 

To  evaluate  the  improvement  provided  by  the  new 
calibration  technique,  we  shall  compare  results  of  polari- 
metric  observations  of  a  bare  soU  surface  processed  using 
the  new  technique  with  those  obtained  previously  on  the 
basis  of  the  boresight-only  calibration  technique.  The  data 
were  acquired  from  a  truck-mounted  17-m-Mgh  platform 
for  a  rough  surface  with  a  measured  rms  height  of  0J56  cm 
and  a  correlation  length  of  8  cm.  The  polarimetric 
backscatter  response  was  measured  as  a  function  of  inci¬ 
dence  angle  over  the  range  20®-70®.  To  reduce  the  effect 
of  speckle  on  the  measured  data,  100  spatially  independ¬ 
ent  samples  were  measured  at  each  frequency  and  inci¬ 
dence  angle.  Also,  the  response  of  the  sphere  at  the 
boresight  was  measured  to  account  for  any  possible 
changes  in  the  active  devices.  The  collected  backscatter 
data  were  calibrated  by  the  new  and  old  methods.  The 
first  test  of  accuracy  of  the  new  calibration  algorithm  was 
to  make  sure  that  the  components  of  the  correlation 
vector  4^  satisfy  their  mutual  relationships,  as  explained  in 
Section  II.  For  all  cases,  these  relationships  were  found  to 
be  valid  within  ±0.05%. 

The  second  step  in  the  evaluation  process  is  the  relative 
comparison  of  the  backscattering  coefficients  and  phase 


statistics  derived  from  the  two  techniques.  Fig.  6(a)-{c) 
shows  the  co-  and  cross-polarized  backscattering  coeffi¬ 
cients  as  a  function  of  incidence  angle,  calibrated  by  the 
old  and  the  new  methods.  The  differences  in  backscatter¬ 
ing  coefficients,  as  shown  in  these  figures,  are  less  than 
0.75  dB.  It  was  found  that  the  difference  in  backscattering 
coefficients  is  less  than  1  dB  for  all  frequencies  and 
incidence  angles.  Although  1  dB  error  in  cr®  may  seem 
negligible,  in  some  cases,  such  as  the  variation  with  soil 
moisture  content  for  which  the  total  dynamic  range  of  <7® 
is  about  5  dB,  the  1  dB  error  becomes  significant.  Fig.  6(d) 
shows  the  ratio  of  two  cross-polarized  scattering  coeffi¬ 
cients  after  calibration  by  each  of  the  two  methods.  Theo¬ 
retically,  this  ratio  must  be  one  and  independent  of  inci¬ 
dence  angle.  In  this  figure,  it  is  shown  that  the  new 
calibration  method  more  closely  agrees  with  theoretical 
expectations  than  the  old  method. 

The  third  step  involves  a  comparison  of  the  phase 
difference  statistics  of  the  distributed  target.  It  has  been 
shown  that  when  the  dimensions  of  the  antenna  footprint 
are  much  larger  than  the  correlation  length,  the  probabil¬ 
ity  density  funaion  (pdf)  of  the  phase  differences  can  be 
expressed  in  terms  of  two  parameters:  the  degree  of 
correlation  (a)  and  the  polarized  phase  difference  (O 
The  degree  of  correlation  is  a  measure  of  the  width  of  the 
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pdf,  and  the  polarized  phase  difference  represents  the 
phase  difference  at  which  the  pdf  is  maximum.  These 
parameters  can  be  computed  directly  from  the  compo¬ 
nents  of  the  Mueller  matrix  and  are  given  by  [7] 


Parameter  a  varies  from  zero  to  one,  where  zero  corre¬ 
sponds  to  a  uniform  distiibufion  and  one  corresponds  to  a 
delta-function  distribution  (fully  polarized  waveX  Parame¬ 
ter  C  varies  between  — 180°  and  180°. 

Fig.  7(a)-(c)  shows  the  degree  of  correlation  calculated 
by  the  new  and  old  methods  for  the  copolarized  phase 
difference  -  O  at  the  L-,  C-,  and  A"-band,  respec¬ 
tively.  There  is  a  significant  difference  between  the  two 
methods  in  all  cases.  The  partial^  polarized  backscattered 
Stokes  vector  obtained  by  the  old  calibration  method 
appears  more  unpolarized  than  the  Stokes  vector  ob¬ 
tained  the  new  method.  The  virtue  of  this  result  can  be 
checked  in  the  limiting  case  if  an  analytical  solution  is 
available.  A  first-order  solution  of  the  small  perturbation 
method  for  slightly  rough  surfaces  shows  that  the 
backscatter  signal  is  fully  polarized,  and  therefore,  the  pdf 
of  the  copolarized  pha%  difference  is  a  delta  fimction, 
corresponding  to  a  •=  1.  The  roughness  parameters  of  the 
surface  under  investigation  falls  within  the  validity  region 
of  the  small  perturbation  method  at  L-band.  The  value  of 
a  at  L-band  derived  from  the  new  calibration  method  is 
in  much  closer  agreement  widi  theoretical  expectations 
than  the  value  obtained  by  the  old  method.  Rg.  8(a)-^c) 
shows  plots  of  the  copolarized  phase  difference  at  the  L-, 
C-,  and  jf-band,  respectively.  At  the  L-  and  Jf-bands,  the 
value  of  C  obtained  by  the  two  methods  are  positive  and 
not  very  different  from  each  other.  Also,  it  noted  that  f 
has  a  positive  slope  with  incidence  angile.  However,  this  is 
not  the  case  for  the  C-band;  the  value  of  C  obtained  by 
the  old  method  is  negative,  has  a  negative  slope,  while  the 
behavior  of  C  obtained  by  the  new  method  is  very  similar 
to  that  at  the  other  two  frequencies.  This  deviation  is  due 
to  the  large  variation  of  phase  difference  between  the  V- 
and  H-channels  of  the  C-band  radar  over  the  illumination 
area,  and  since  the  old  method  does  not  account  for  phase 
variations,  it  is  incapable  of  correcting  the  rwulting  er¬ 
rors.  Similar  results  were  observed  for  the  statistics  of  the 
cross-polarized  phase  difference  —  «#>„,). 

V.  CONCXUSIONS 

A  rigorous  method  is  presented  for  calibrating  polari- 
metric  backscatter  measurements  of  distributed  targets. 
By  characterizing  the  radar  distortions  over  the  entire 
mainlobe  of  the  antenna,  the  differential  Mueller  matrix 
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Fig.  7.  Degree  of  correlation  for  copolarized  components  of  the  scatter¬ 
ing  matrix  for  the  L-band  (a),  C-band  (b),  and  A%band  (c). 

is  derived  firom  the  measured  scattering  matrices  with  a 
high  degree  of  accuracy.  It  is  shown  that  the  radar  distor¬ 
tions  can  be  determined  by  measuring  the  polarimetric 
response  of  a  metallic  sphere  over  the  main  lobe  of  the 
antenna  The  radar  distortions  are  categorized  into  two 
groups,  namely,  distortions  caused  by  the  active  devices, 
arid  distortions  caused  by  the  antenna  structure  (passive). 
Since  passive  distortions  are  immime  to  changes  once 
they  are  determined,  they  can  be  used  repeatedly.  The 
active  distortions  can  be  obtained  by  measuring  the  sphere 
response  only  at  boresight,  thereby  reducing  the  time 
required  for  calibratioii  under  field  conditions.  The  cah- 
bration  algorithm  was  applied  to  backscatter  data  col¬ 
lected  from  a  rough  surface  by  L-,  C-,  and  X-band 
scatterometers.  Comparison  of  results  obtained  wath  the 
new  algorithm  with  the  results  derived  from  the  old  cali¬ 
bration  method  show  that  the  discrepancy  between  the 
two  methods  is  less  1  dB  for  the  backscattering  coeffi¬ 
cients.  The  discrepancy,  however,  is  more  drastic  for  the 
phase-difference  statistics,  indicating  that  removal  of  the 
radar  distortions  from  the  cross  products  of  the  scattering 
matrix  elements  (differential  Mueller  matrix  elements) 
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Fig.  8.  Polarized  phase  difference  for  cojxilarized  components  of  the 
scattering  matrix  for  the  L-band  (a),  C-band  (b),  and  AT-band  (c). 

cannot  be  accomplished  with  the  traditional  calibration 
methods. 
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Bistatic  Specular  Scattering 
from  Rough  Dielectric  Surfaces 
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Abstract —  An  experimentaJ  investigation  was  conducted  to 
determine  the  nature  of  bistatic  scattering  from  rough  dielectric 
surfaces  at  10  GHz.  This  paper  focusses  specifically  on  the 
dependence  of  coherent  and  incoherent  scattered  fields  on  surface 
roughness  for  the  specular  direction.  The  measurements,  which 
were  conducted  for  a  smooth  surface  with  ks  <  0.2  (where  k 
=  27r/A  and  s  is  the  rms  surface  height)  and  for  three  rough 
surfaces  with  ks  =  0.5,  139,  and  1.94,  included  observations 
over  the  range  of  incidence  angles  from  20^  to  65^  for  both 
horizontal  and  vertical  polarizations*  For  the  coherent  compo< 
nent,  the  reflectivity  was  found  to  behave  in  accordance  with  the 
prediction  of  the  Physical  Optics  model,  although  it  was  observed 
that  the  Brewster  angle  exhibited  a  small  negative  shift  with 
increasing  roughness.  The  first-order  solution  of  Physical  Optics 
also  provided  good  agreement  with  observations  for  hh-polarized 
incoherent  scattering  coefficient,  but  it  failed  to  predict  the 
behavior  of  the  w-polarized  scattering  coefficient  in  the  angular 
range  around  the  Brewster  angle.  A  second-order  solution  is 
proposed  which  appears  to  partially  address  the  deficiency  of  the 
Physical  Optics  model. 

1.  Introduction 

SCATTERING  of  electromagnetic  fields  by  random  rough 
surfaces  in  the  backscatter  direction  has  many  uses  and 
has  been  investigated  extensively  over  the  past  few  decades. 
By  comparison,  very  few  experimental  investigations  have 
been  attempted  to  evaluate  forward  scattering  in  the  specular 
direction.  This  is  in  part  because  the  applications  for  specular 
scattering  are  not  as  straightforward  as  for  backscattering.  The 
many  theoretical  developments  for  scattering  from  random 
rough  surfaces,  while  develop)ed  for  the  general  bistatic  case, 
have  only  been  extensively  used  and  tested  for  backscattering. 
Therefore,  the  usefulness  and  validity  of  these  theories  for 
specular  scattering  is  largely  unknown. 

Recent  developments  in  the  modeling  of  terrain  for  radar 
backscattering  indicate  that  specular  scattering  from  a  rough 
ground  surface  combined  with  scattering  by  an  overstructure 
(such  as  trees  or  crops)  can  contribute  significantly  to  the 
backscattering  from  the  terrain  as  a  whole  [l]-[5].  Tlierefore 
an  understanding  of  the  nature  of  specular  radar  scattering  and 
knowledge  of  the  behavior  of  specular  scattering  theories  are 
needed.  Several  experimental  investigations  were  conducted  at 
centimeter  wavelengths  in  the  1946-1960  period  to  evaluate 
the  variation  of  the  coherent  and  incoherent  components 
of  the  specularly  reflected  energy  as  a  function  of  surface 
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Fig.  1.  Calculated  coherent  reflectivity  for  v  polarization  using  the  Physical 
Optics  model  for  a  Gaussian  surface  with  ks  vaircd  from  0  to  2.5,  and  c  =  3. 


roughness.  The  results  for  the  coherent  component,  which  is 
represented  by  the  reflection  coefficient,  are  summarized  in 
Beckmann  and  Spizzichino  [6].  According  to  these  results,  the 
overall  variation  of  the  reflection  coefficient  with  ks,  where 
k  =  27r/A,  and  s  is  the  rms  height,  may  be  explained  by 
the  coherent  scattering  term  of  the  Physical  Optics  surface 
scattering  model  [6],  [7].  The  data,  however,  are  rather  lacking 
in  several  respects:  (1)  marginal  accuracy  with  regard  to  both 
the  measured  reflected  signal  and  the  surface  rms  height,  (2) 
limited  dynamic  range  (10  dB  relative  to  the  level  of  the 
signal  reflected  from  a  perfectly  smooth  surface),  and  (3)  no 
examination  of  the  behavior  in  the  angular  region  ^ound 
the  Brewster  angle.  Additional  bistatic  measurements  were 
reported  by  Cosgriff  et  al  [8]  in  1960,  but  the  data  were  not 
calibrated,  nor  were  the  surfaces  characterized. 

More  recently,  Ulaby  et  al  [9]  measured  bistatic  scattering 
from  sand  and  gravel  surfaces  at  35  GHz,  and  while  the 
data  were  calibrated  and  the  surfaces  were  characterized, 
no  comparison  to  a  theoretical  prediction  was  given.  In  the 
optical  regime,  Saillard  and  Maystre  [10]  have  measured  the 
bistatic  scattering  of  light  from  dielectric  surfaces,  and  have 
observed  a  change  in  the  Brewster  angle  as  the  roughness  of 
the  surface  increased,  Greffet  [11]  explained  their  observations 
using  the  Small  Perturbation  Method  [12].  However,  the 
Small  Perturbation  Method  does  not  explain  the  observations 
reported  in  our  present  study:  the  first-order  Small  Perturbation 
Method  predicts  that  the  Brewster  angle  will  move  toward 
grazing  as  the  roughness  increases,  while  our  observations 
indicate  the  opposite. 
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Fig.  2.  Diagram  of  Laser  Profiler. 


There  are  three  major  rough  surface  scattering  approach¬ 
es  which  have  long  held  the  acceptance  of  the  scientific  1 
community  as  valid  for  some  ranges  of  surface  roughne^. 
The  Geometric  Optics  (GO)  model,  the  Physical  Optics  (PO) 
model,  and  the  Small  Perturbation  Method  (SPM)  are  the  three 
theoreUcal  approaches  most  commonly  used  at  microwave  . 
frequencies  for  characterizing  scattering  from  random  rough  , 
surfaces  [7].  While  both  GO  and  PO  models  rely  on  the  ; 
Kirchhoff  approach  of  using  the  tangent-plane  approximauon, 
they  yield  very  different  predictions  for  the  scattering  of  waves 
from  a  rough  surface.  In  particular,  the  GO  model  does  not 
predict  any  coherent  reflectivity  from  rough  surfaces.  This  may 
appear  to  be  an  inadequacy  of  the  GO  approach;  however, 
the  GO  approach  is  valid  only  for  surfaces  so  rough  th^ 
any  coherent  scattering  would  be  very  small  anyway,  “^e 
model,  on  the  other  hand,  has  a  simple  expression  for  the 
coherent  scattering  component,  but  the  complete  expression 
for  incoherent  scattering,  even  for  single  scattering,  has  not 
yet  been  formulated.  SPM  is  a  different  approach,  but  its  range 
of  validity  is  restricted  to  surfaces  with  small  rms  heights  md 
slopes.  Because  the  ranges  of  validity  for  the  GO  SPM 
theses  are  outside  the  range  of  rms  heights  desenbed  m  this 
paper,  comparisons  to  GO  and  SPM  will  not  be  discussed. 

In  this  paper  we  will  examine  expenmental  measurements 
of  the  coherent  and  incoherent  scattering  components  in  the 
specular  directions  at  10  GHz  for  several  dry  s^d  surfa^s 
covering  a  wide  range  of  rms  heights  (0.5  mm  to  .  cm),  e 
measurements  were  conducted  over  an  incidence  angle  range 
extending  from  20'’  to  65°  for  both  horizontal  and  vertical 
polarizations.  The  sand,  with  a  relative  dielectnc  constant 
of  3.0  and  negligible  loss  factor,  exhibits  a  null  for  yertic 
polarization  at  the  Brewster  angle  of  60°.  The  expenmen 
data  are  compared  with  predictions  based  on  a  revision  o 
the  Physical  Optics  solution  that  is  slightly  different  from  an 
more  accurate  than  the  standard  form  available  in  the  literature 

[7]. 

II.  PHYSICAL  Optics  Model— A  Vector  Solution 

The  Physical  Optics  approach  involves  integration  of  the 
Kirchhoff  scattered  field  over  the  rough  surface.  The  coherent 


field  reflection  coefficient  from  a  surface  with  a  Gaussian 
height  distribution  is  given  by  [7]: 

where  the  polarization  subscripts  p,q  are  either  h  or  v  and 
.  fc..  The  angle  9  is  both  the  angle  of  incidence 
and  reflection;  coherent  scattering  occurs  only  in  the  specular 
direction  from  the  mean  surface.  The  reflection  coefficient 

0  for  a  plane  surface  is  given  by  (15)  and  (16)  below. 
Fig.  1  shows  r„(^)  =  \Rv{e)?  for  several  values  of  ks. 
The  Brewster  angle  does  not  change  with  surface  roughness, 
but  the  coherent  scattered  power  decreases  very  rapidly  with 
increasing  roughness. 

The  power  in  the  incoherent  reflected  field  may  e  given 
by  a  Taylor  series  in  surface  slope  distributions.  In  Ulaby 
et  al  [7]  the  Physical  Optics  solution  is  called  the  Scalar 
Approximation  because  slopes  are  ignored  in  the  surface  local 
coordinate  system,  leading  to  a  decoupling  of  polarizations 
in  the  vector  scattering  equations.  As  a  result,  co-polanzed 
scattering  in  the  plane  of  incidence  is  fairly  accurate,  but 
cross-polarized  scattering  is  zero.  With  the  inclusion  of  surface 
slopes  transverse  to  the  plane  of  incidence  in  the  vectorial 
solution  to  the  Physical  Optics  approximation,  depolanzation 
in  the  plane  of  incidence  is  predicted  when  the  Taylor  senes  is 
expanded  to  the  second  order  in  surface  slopes.  The  denvation 
is  given  in  Appendix  A.  In  the  specular  scattenng  direction,  the 
first  order  terms  are  zero.  The  Physical  Optics  expression  for 
incoherent  scattering  in  the  specular  direction,  which  includes 
the  zeroth  and  the  important  part  of  the  second  order  tenns,  is 
given  by  (see  last  paragraph  of  Appendix  A): 

=  2k^  cos^  9\a'Qpg\^Io  +  cos^  S (|ajpg|  +  lutpgl  )^20 


where 


I'o  = 

'-f( 


'  cos=  e  j°°  cos*  ep(€)  _  (3) 

cos*  (4) 

di  ) 
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^Ohh  “  ^^0 

(5) 

1 

(6) 

w 

(7) 

a. 

(8) 

1* 

^thh  —  “tvv  =  ^ 

(9) 

>v 

^  ^Ohv  “  ^Ihv  ® 

(10) 

I 

a'tvh  =  cos^  0  +  Rvo)/ sin  0 

(11) 

i 

<^thv  =  -(^0  cos^  ^  +  Rho)l  sin  0 

(12) 

The  aopg  terms  are  the  zeroth-order  terms  (scalar  approxima- 
tion);  the  and  ajp,  terms  are  the  second-order  terms  due 
to  slopes  longitudinal  and  transverse  to  the  plane  of  incidence. 
The  function  p(0  is  the  normalized  correlation  funcdon  of 
the  surface,  and  the  parameters  RvOiRho,Rvi,Rhi  are  the 
coefficients  of  the  (field)  reflectivity  local  to  the  surface  when 
expanded  in  terms  of  surface  slopes: 

Rhi^yV)  =  ^h0  + RhlZl{x,y)  + ■■■ 

Rv{x,y)  =  RvO  +  RviZi(x,y)  +  ---  (14) 

where  Zi{x,  y)  is  the  surface  slope  longitudinal  to  the  direction 
of  the  incident  wave  at  the  (i,  y)  lateral  coordinates  of  the 
surface.  The  zeroth-order  terms  are  identical  to  the  reflection 
coefficients  for  a  smooth  surface.  In  particular, 

_  V2  cos  6  —  Vi  cos  0t  ^5) 

~  7j2  cos  0  + Til  cos  Ot 

_  T?lCOSg  -  TfeCOS^t  (16) 

R^  — 


Rhl  = 


T)1  cos  0-{-Tl2  COS  Ot 

Tt2  sin  g(l  -  Rho)  -  Vi  sip  +  Rho) 

172  cos  6  -\-Tji  COS  6t 

Til  sin  0{1  -  R^)  -  V2 

riicosO  +  ri2  cos  Ot 


-15.  -10.  -5.  0.  5.  to.  15.  20. 

surface  height  above  mean  surface  z  (mm) 


too.  200.  300.  400.  500.  «00.  700. 

Displacement  ^  (mm) 


Fir  3  Typical  results  of  surface  characterization  of  one  of  the  surf^s 
iDCMured  in  this  study:  (a)  Histogram  of  measured  heights  for  a  sli^tly 
rough  surface  and  the  Gaussian  probabiUty  distribution  used  to  model  it;  a 
total  of  4353  height  measurements  were  made,  from  wUch  the  ^  height 
was  calculated  to  be  s  =  6.9  mm.  (b)  Measured  autocorrelation  funcuon  of 
the  same  surface. 


where  Ot  is  related  to  0  by  Snell’s  Law;  kisinO  =  fc2sm6lt, 
and  7?  =  These  first-order  coefficients  are  different  from 

those  found  in  Ulaby  er  al  [7]  and  Ulaby  and  Elachi  [13]  due 
to  the  incorporation  of  a  more  precise  method  for  expanding 
the  local  angle  of  transmission. 

The  zeroth-order  terms  dominate  co-polarized  scattering  ex¬ 
cept  near  the  Brewster  angle,  where  the  zeroth-order  terms  tend 
toward  zero.  For  cross-polarization,  the  zeroth-order  terms 
predict  no  scattering  for  all  specular  angles,  and  therefore 
cross-polarized  scattering  is  determined  by  the  second-order 
terms.  Unfortunately,  this  is  still  a  single-scattering  theory, 
and  depolarization  is  very  small  compared  to  other  possible 
sources,  such  as  multiple  scattering  or  volume  scattering.  Thus 
it  provides  a  simple  estimate  of  the  minimum  expected  cross- 
polarized  scattering  in  the  specular  scattering  direction.  The 


co-polarized  second-order  terms  are  all  negligible  except  in  the 
vicinity  of  the  Brewster  angle,  where  the  zeroth-order  terms 
vanish  for  w  polarization.  The  second-order  terms  all  tend 
toward  zero  at  grazing,  and  the  cross  polarized  terms  tend 
toward  zero  at  nadir. 

The  fact  that  the  Kirchhoff  approximation  is  capable  of 
predicting  any  cross-polarized  single  scattering  in  the  plane  of 
incidence  is  somewhat  surprising.  However,  this  is  possible 
because  the  Physical  Optics  approximation  is  used  in  the 
derivation;  use  of  the  Geometric  Optics  approximation  ne¬ 
glects  diffraction  and  is  incapable  of  predicting  cross-polarized 
si-gttpring.  While  expressions  similar  to,  but  not  identical  with, 
those  described  here  for  the  higher  order  terms  of  the  Physical 
Optics  model  have  been  presented  in  the  past  [14],  and  have 
been  unsuccessful  in  matching  experimental  measurements  of 
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Fig.  4.  Diagram  of  the  Bisiatic  Facility. 


the  cross-polarized  scattering  coefficient  [15],  the  authors  are 
not  aware  of  any  attempt  to  use  the  higher  order  terms  to 
explain  scattering  in  the  vicinity  of  the  Brewster  angle. 

in.  Measurement  description 
A.  Laser  Profiler 

The  measurements  shown  in  this  paper  are  for  random  sur¬ 
faces  with  varying  roughness.  The  surfaces  were  characterized 
by  a  Laser  Profiler,  a  device  engineered  at  the  University  of 
Michigan  to  measure  2  meter  linear  or  1  meter  by  1  meter 
square  sections  of  surface  profiles.  The  Profiler  is  shown  in 
2  meter  linear  mode  in  Fig.  2.  Using  a  Pulsar  50  Electronic 
Distancemeter  manufactured  by  GEO  Fennel,  it  can  measure 
profiles  of  surfaces  without  direct  contact.  The  profiler  has  a 
horizontal  resolution  of  1  mm  and  a  vertical  resoluuon  of  2 
mm.  Fig.  3(a)  is  an  example  of  the  height  histogram  general^ 
from  the  profile  measured  for  one  of  the  surfaces,  and  Fig.  3(b) 
shows  the  corresponding  correlation  function. 

B.  Bistatic  Facility 

The  configuration  shown  in  Fig.  4  depicts  the  indoor  bistatic 
radar  system  used  for  making  the  measurements  reported  in 
this  paper.  It  is  a  stepped-frequency  (8.5-10  GHz)  measure¬ 
ment  system  capable  of  measuring  the  scattenng  ® 

of  the  target  contained  in  the  area  or  volume  formed  by  ttie 
intersection  of  the  transmit  and  receive  antenna  beams.  Using 
an  HP8720  vector  network  analyzer  with  an  amplifier  on 
transmitting  antenna,  the  system  measures  a  complex  voltage 


for  any  pair  of  u  or  h  receive  and  transmit  polarization  states. 
With  proper  calibration,  it  is  capable  of  measuring  all  four 
complex  elements  of  the  scattering  matrix  of  die  target  surface^ 
The  hardware  allows  the  transmitter  and  receiver  to  be  located 
independently  at  any  point  on  a  hemispherical  shell  2.1  m  from 
the  center  of  the  target.  In  practice,  however,  mer^urements 
are  accurate  only  when  both  antennas  are  within  70  of  nadir^ 
The  receive  antenna  is  a  dual-polarized  horn  antenna  with 
a  beamwidth  of  12°,  and  the  transmit  antenna  «  a jlu^- 
polarized  parabolic  dish  whose  feed  was  designed  such  that  the 
main  beam  of  the  paraboUc  dish  is  focused  at  a  range  equal 
to  the  distance  to  the  target  surface,  which  is  held  constant 
for  all  measurements.  Because  of  the  larger  aperture  (30  cm 
diameter),  the  transmit  antenna  has  a  narrow  beam  of  5  , 
which  dictates  the  extent  of  the  surface  area  responsible  for 
the  scattered  energy.  By  using  a  focused  beam  antenna,  we 
achieve  a  narrow-beam  configuration  without  having  to  satisfy 
the  usual  far-field  criterion.  A  baffle  made  of  radar  absorbing 
material  was  placed  in  the  direct  path  between  the  transmitter 
and  reciever  to  insure  proper  isolation  of  the  two  antennas. 

To  separate  the  measured  signal  into  its  coherent  and 
incoherent  components,  it  is  necessary  to  measure  many 
statistically  independent  samples  of  the  random  surface  char¬ 
acterizing  the  target  surface.  This  is  achieved  by  rotating 
the  sample  holder  in  increments  of  10°,  thereby  realizing  36 
spatial  samples  per  fuU  rotation.  Hie  spatial  correlabon  of 
the  measured  incoherent  power  indicates  that  measurements 
deconelated  every  15°,  resulting  in  24  independent  samples 
per  surface.  Measurements  of  smooth  surfaces  indicate  mat 
phase  coherence  is  maintained  between  independent  samples. 
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Fig.  5.  Measured  coherent  reflectivity  of  a  smooth  surface  with  c  =  3.0  and 
ks  <  0.2:  squares  denote  horizontal  polarization  and  circles  denote  vertical 
polarization.  Continuous  curves  are  predictions  based  on  Physical  Optics.  The 
angle  of  minimum  reflectivity  for  vertical  polarization  is  60°. 


The  total  path  length,  from  transmitter  to  target  to  receiver, 
has  a  standard  deviation  less  than  4  mm  (7°  at  9.25  GHz)  for 
the  set  of  independent  samples. 

C.  Separation  of  Coherent  and  Incoherent  Power 

The  Bistatic  Facility  measures  a  complex  voltage  Vm  which 
is  proportional  to  the  scattered  electric  field  for  each  po¬ 
larization  state  at  each  spatially  independent  sample  of  the 
surface.  Because  the  scattered  electric  field  is  composed  of 
a  coherent  component  from  the  mean  surface  and  an  inco¬ 
herent  component  from  the  rough  surface  and/or  volume,  the 
measured  voltage  will  also  have  a  coherent  and  incoherent 
component:  Vm  =  Vcoh  +  ^incoh-  These  two  components  can 
be  separated  because  the  incoherent  component  has  a  zero 
mean:  (Vincoh)  ==  0.  Provided  a  large  number  of  independent 
samples  are  measured,  the  coherent  power  is  proportional 
to  the  square  of  the  complex  average  of  the  measured  voltages: 

P™**  =  IKohl"  =  \VZf  (19) 

The  incoherent  power  is  then  proportional  to  the 

variance  of  the  fluctuating  component  of  the  measured  voltage: 

pincoh  ^  ^  (20) 

D.  Calibration 

The  bistatic  measurement  system  is  calibrated  using  a 
bistatic  adaptation  of  the  polarimetric  backscattering  calibra¬ 
tion  technique  developed  by  Sarabandi  and  Ulaby  [16].  For 
measurements  corresponding  to  the  bistatic  specular  configura¬ 
tion,  a  large,  flat  conducting  plate  is  used  as  a  calibration  target. 
Further  verification  is  obtained  by  measuring  a  conducting 
hemisphere  placed  on  the  calibration  target.  The  radar  cross 
section  of  the  hemispherical  target  was  calculated  via  Physical 
Optics.  Calibration  to  date  has  been  accurate  to  within  0.5 
dB  in  magnitude  and  10®  in  co-polarized  phase  difference  at 


boresighi.  The  system  is  extremely  stable;  while  the  calibra¬ 
tion  procedure  is  performed  for  each  day  of  measurements, 
calibrations  have  been  good  for  up  to  5  days. 

The  bistatic  facility  measures  Epg,  the  p  polarized  field  due 
to  a  g  polarized  transmitted  field.  The  power  in  this  measured 
field  Ppqy  is  composed  of  a  coherent  and  an  incoherent 
component: 
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where  the  coherent  power  reflection  coefficient,  and  therefore 
the  coherent  power,  exists  only  for  co-polarized  scattering; 

=  Tp,  =  0  if  p  #  9. 

The  co-polarized  coherent  power  reflection  coefficient  is 
calculated  by  comparing  the  coherent  power  from  a  target  to 
that  from  a  large  flat  conducting  plate,  for  which  =  1  and 
=  0.  Thus, 


pcoh 

r  —  pp 

^  PP  pcal 
^  PP 


(25) 


The  co-polarized  differential  scattering  coefficient  is  calcu¬ 
lated  by  comparing  the  incoherent  power  from  a  target  to  that 
of  the  calibration  power.  Iahipr  was  calculated  from  extensive 
measurements  of  the  normalized  antenna  patterns  for  both 
antennas,  for  each  of  the  principal  polarization  states,  over 
the  entire  main  lobe  of  the  antennas,  at  the  boresight  ranges 
ror  and  Pot-  Thus, 


'PP 


47r 

(rot  +  rorYUm  VP 


(26) 


IV.  Results 


i4.  Surface  Characterizations 

The  shape  of  a  random  rough  surface  is  described  by  the 
surface  height  distribution  function  and  the  surface  height 
correlation  function.  For  a  surface  whose  height  is  given  by 
z  =  /(x,  2/),  the  surface-height  probability  density  function  is 
given  by  Pf{z),  and  is  assumed  to  be  Gaussian: 

Measurements  by  this  and  other  experimenters  [17],  [18] 
indicate  that  this  assumption  is  appropriate.  Fig.  3(a)  shows 
the  fit  between  a  histogram  of  measured  surface  heights 
and  equation  (27).  The  surface  height  characteristics  can  be 
specified  by  a  single  parameter,  s,  which  is  the  root-mean- 
squared  surface  deviation  from  the  mean  planar  surface  located 
at  z  =  0. 

The  other  statistical  descriptor  of  random  rough  surfaces  is 
the  normalized  correlation  function,  denoted  by  p.  It  describes 
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urves  are  predictions  based  =  0.515,  W  =  5.4,  (b) 

,ave  a  relative  dielectnc  constant  e  =  3.0.  (a) 

=  1.39,fcl  =  10.6,  (c)  ks  =  1.94,fc/  =  H-S- 

he  degree  to  which  the  height  at  one  location  given  by 
^  =  fix,y),  is  correlated  to  the  height  at  another  location, 


given  by  2'  =  fix'.y').  For  surfaces  described  by  a  stationary 
So^rocei:  p  cai  be  exp^ssed  in  .e^s  of  la.e^ 
separations  u  =  i  -  x'  and  r  =  y  -  y  ^tween  the 
locations  on  the  surface.  Moreover,  if  the  surface  statistics  are 
symmetric  under  azimuthal  rouiions,  the  correlatWuncuon 
can  be  described  by  a  single  variable  (  =  s/n  + 
specifies  the  absolute  value  of  the  lateral  separation.  Unlike  the 
surface  height  distribution  function,  the  correlation  funcuon 
may  take  on  several  forms  for  naturally  occurring  randomly 
rough  surfaces.  The  vast  majority  of  the  literature  on  rough 
surface  scattering  assumes  that  the  surface  statistics  are  az- 
imuthally  symmetric  and  Gaussian,  while  many  measurements 
of  commonly  occurring  surfaces  in  microwave  s""^"8 

situations  indicate  that  an  exponential  correlation  funcoon  may 

be  more  appropriate  [19].  ,  „.u 

A  correlation  function  for  a  surface  with  a  correlauon  leng* 
of  52.5  mm  is  shown  in  Fig.  3(b).  It  was  generated  by 
averaging  the  individual  autocorrelations  of  3  l‘“ar  profiles 
of  the  surface.  Experimentation  has  shown  that  only  3  profile 
measurements  averaged  together  are  neccessapf  to  accurately 
detennine  the  correlation  length  and  shape  of  this  and  other 
surfaces,  but  many  more  are  needed  to  demonstrate  that  th, 
correlation  function  tends  toward  zero  beyond  a  few  colla¬ 
tion  lengths.  For  the  purposes  of  this  paper,  flie  correlauo 
length  of  a  surface  is  that  length  at  which  the  normalized 
coreelation  funcuon  is  As  a  result  of  the  negative  v^ues 
of  the  coreelation  function,  several  of  the  integrals  used  to 
predict  scattering  characteristics  ((3)  and  (4))  may  yield  v^ues 
which  are  obviously  incorrect.  However,  only  a  few  surface 
profiles  are  needed  to  determine  the  shape  of  the  correlation 
function  within  one  correlation  length,  and  if  the  rest  of  th 
correlation  function  tends  towards 

correlation  function  dominates  the  integrals.  The  effect  of  the 
shape  of  the  correlation  function  within  one  correlation  lengA 
can*^  explored  by  considering  several  analyucal  forms  fo 
the  correlation  function. 


B.  Coherent  Scattering 

At  the  Brewster  angle,  the  reflectivity  for  the  vertical 
polarization  is  identically  zero  for  a  smooth  interface  between 
wo  lossless  dielectric  media.  Whether  or  not  it  remmn 
identically  zero  for  a  slightly  rough  surface  is  not  cle^. 
The  Physical  Optics  approach  clearly  predicts  that  this  is  , 
moreover,  it  predicts  that  the  minimum 
the  same  incidence  angle  as  for  a  smooth  surface.  This  c^ 
be  seen  in  Fig.  1.  However,  the  Small  Perturbation  method 
predicts  that  the  angle  of  minimum  reflection  for  vertc^ 
polarization  increases  slightly  with  increasing  roughness  of  *e 
^ace  [11].  The  fact  that  Physical  Optics  does  not  predi 
a  change  in  angle  while  the  Small 

consequence  of  the  fact  that  the  correction  to  F'®®ne| 
coefficient  is  multiplicative  for 

additive  for  Small  Perturbation.  Additional  terms  in  *e  Smd 
Perturbation  expansion  may  move  this  minimum  angle  back 
toward  the  smooth-surface  Brewster  angle.  _ 

a  Fig.  5  shows  measurements  of  the  reflection 
for  a  smooth  dry  surface  with  ks  <  0.2  (the  rms  height  s  was 
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Fig.  7.  The  reduction  of  coherent  scattering  from  a  surface  due  to  roughness. 
Shown  is  the  measured  coherent  reflectivity  of  several  surfaces  (all  with  with 
c'  =  3)  but  differing  roughness  parameters  normalized  to  the  reflection 
coefficient  of  a  smooth  surface.  The  angles  of  incidence  range  from  20°  to  70° 
and  the  roughness  ks  ranges  from  0  to  2.  The  continuous  curve  is  the  Physical 
Optics  prediction  for  surfaces  with  Gaussian>height  probability  densities. 

smaller  than  1  mm,  the  measurement  precision  of  the  laser 
profileometer).  The  curves  in  Fig.  5  were  calculated  using  the 
Fresnel  reflection  coefficient  formulas  given  by  (15)  and  (16) 
for  a  surface  with  a  relative  dielectric  constant  e  =  3.0  -f  jO. 
The  dielectric  constant  for  the  sand  medium  was  measured  by 
a  dielectric  probe,  which  gave  a  value  of  c'  =  3.0  for  the  real 
part  and  a  value  of  e"  <  0.03  for  the  imaginary  part.  Because 
<  1  and  the  inclusion  of  e"  as  high  as  0.05  does  not 
significantly  change  the  results  of  any  of  the  calculations  in 
this  paper,  it  was  ignored.  The  excellent  agreement  between 
the  measured  data  and  the  calculated  curves  presented  in  Fig. 
5  provides  testimony  to  the  measurement  accuracy  of  the 
system. 

Fig.  6  compares  measured  values  of  the  power  reflection 
coefficient  F  with  curves  calculated  using  Physical  Optics 
(equation  (1))  for  surfaces  with  ks  =  0.515,1.39,  and  1.94. 
Although  good  overall  agreement  is  observed  between  theory 
and  experimental  observations,  it  should  be  noted  that  the 
location  of  the  Brewster  angle  exhibits  a  slight  shift  towards 
decreasing  angle  of  incidence;  the  Brewster  angle  shifts  from 
60°  for  the  smooth  surface  shown  in  Fig.  5  to  58°  for 
the  surface  with  ks  =  1.39  (Fig.  6(b))  and  to  about  56° 
for  the  surface  with  ks  =  1.94  (Fig.  6(c)).  The  shift  is 
toward  decreasing  angle  of  incidence,  which  is  opposite  to 
the  direction  predicted  by  the  Small  Perturbation  Method. 

By  way  of  summary.  Fig.  7  shows  the  dependence  of  the 
^-polarized  normalized  power  reflection  coefficient  7^  on  the 
roughness  parameter  where 


(28) 

(29) 


Inddence  Angle  6  (degrees) 

(c) 

Fig.  8.  Measured  co<poiarized  specular  scattering  coefficient  for  three  rough 
surfaces.  Continuous  curves  are  based  on  Physical  Optics:  the  dashed  curve 
corresponds  to  the  zeroth^order  term  for  the  solid  curve  to  with 
both  the  zeroth-order  and  second-order  terms  included;  the  dotted  curve 
corresponds  to  <7^^.  The  second-order  term  is  negligible  for  hh  polarization. 
In  all  cases,  the  surfaces  have  a  relative  dielectric  constant  e  =  3.0  and  an 
exponential  correlation  function  was  used,  (a)  ks  —  0.515, fcl  =  5.4,  (b) 
ks  =  1.39, it/  =  10,6,  (c)  ks  =  1.94, fc/  =  11.8. 


and  ^  =  kscosO, 


scatibung  from  rough  surfaces 
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C  Incoherent  Scattering  i 

AS  was  discussed  previously  in  Section  1  ihe  exjp™«ion 
p,ven  dy  (2)  for  die  S 

consists  of  two  terms,  a  derivation  of 

term,  with  the  latter  being  e  A-nendix  A  Fig.  8(a)  wh( 

the  Physical  Optics  model  ^  Ja  slighUy  rough  via 

,,wstheme.ur^v^-of.^^^ 

the  zeroth-order  and  second-order  ~roth-order 

the  second-order  term  is  much  smaller  than 

term,  and  therefore  its  than 

observation  applies  to  uu  Polan“tmn  ^ 

awav  from  the  Brewster  angle,  but  m  the  vicing  d  ^  ^ 

the  curves  calculated  on  *e  b^  I 

surfaces. 

V  Conclusion 

mysical  Opiics  pnidiciions  for  S 

rlSS:-=-3^.:==-= 

for  ks  >  1- 

appendix  a.  a  vector  Phvsicae  opncs  development 
to  Ulaby  amt  [21.  the  Physicnl  Optics 

to.toadiiectncro.ghs^is^t^t,^'-^^^^^^ 

proxintadon.  Salons  siUcehtly.  h- 

of  which  change  the  resulK  neglected  in  the  plane 

particular,  cross-polarized  sea  ®  follows  is  a 

of  incidence  under  the  sc  ^  ^PP  ^  problem,  including 

f^mHirrhUnegJt^^^^^^ 

remaining  the  same  as  “  g^tton-Chu  integral 

-nte  solution  starts  with  the  exact  btran  ^  ^ 

equation  for  ^l^^-)"Sent  upon  a  rough  surface: 
polarized  wave  (gEo^  > 


UpqC 


P.  _  X  /[{n  X  £)  -  rish,  x  (ri  x  H)] 

”■  (AD 

where  ihe  sinjy^catietod  fields  on  the  surface  tm  emulated 
via  the  tangent  plane  approximauon  and  are  given  by. 

Til  X  £  =  •  <)("1  ^  . 

-I-  Rv{ni  ■  ni){q  ■  d)i\Eo  (A-3) 

Tjifii  X  H  =  [Rh{ni  ■  fii)iq  ■  f)t 

-  Rv{q  ■  d){ni  X  t)]Eo  (A.4) 

„bu„  MS  dw 

pola^ito  Sr  X  i.  Also,  R,  and  Ha  art 

1  =  nr  X  “i/l"i  ^  ReSecdon  coefficients  local  to 

S  qlddes,  and  the  appropriato 
a  point  on  the  surt  .  however,  the 

vector  products,  “g,e  Littering  tongent 

exact  expressions  for  Upq  u  hpnre  are  given 

plane  approxirnadon  do  not  appear  there  and  hence  are  give 

here  for  reference: 

^  - [E„Zt((sin  9  sin  Af^  +  Zt  cos  9  +  ZtZi  sin  9) 

-f  (cos 0  -1-  Zi  sin  0)(sin 9  cos  9s  sin  A(^ 

+  Zt  cos  0  cos  e,  -  sin  9  sin  9,)) 

-R^{^n9-Zicos9){{cos9  +  Zisiu9) 

X  (sin  9  cos  A<t>  —  Zf  cos  9) 

j  +  (sin  9  cos  9s  cos  A^  -  Z’  cos  9  cos  9s 

!  +  ZtZt  sin  9  cos  0,  -  Zi  sin  9  sin  9s 

i  +iZi+  Zt)  cos  9  sin  fl,))] 

^  ^  +Zt  cos  0  -t-  ZtZt  sin  e)  -h  (cos  0  -h  Zi  sin  0) 

^  X  (sin  9  cos  sin  A<f>  +  cos  ®  cos 

th  -  ^tsinflsinfl*)) 

le  -R^Zt{{sm9cos9,coslS(l>-Ztcos9cos  , 

-1-  Zt^t*  sin  ®  cos  0,  -  .^1  sin  9  sin  6, 

-1-  (Zf  -h  Zt) cos 6 sin 6>«) 

^  +(cos0-h^isin0) 

X  (sin  9  cos  A<^  —  cos  S))] 

me  ^  X  (sin  9cosA(f>-  Zf  cos  0) 

s  a  +  (sin  9  cos  6*  cos  A<^  -  .Zf  cos  9  cos 

ing  +  2gZf  sin  9  cos  9s  -  Zi  sin  0  sin  9  s 

!°"  -1-  (Z?  -h  Zt) cos 9 sin 0,)) 

ons  +Jl„(sin<?-.Zjcose)  „  „s  ■  o\ 

X  ((sin  0  sin  A<i>  -h  Zt  cos  0  -t-  sm  9) 

gral  +(cos0-l-^isin<J)(sin0coseEsinA^ 

‘  cos  9  cos  0.  -  sin  9  sin  fl,))l  (A-7) 
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C/vv  =  -^r^lRhZtiicose  +  Zi  sinO) 

(sin  6  cos  Of  sin  +  Z*  cos  6  cos  6, 

—  Ztsintf  sin  6,) 

+  (sin  9 sin  A<f>  +  Z‘  cos 6  +  ZtZf  sin  6)) 

-  Ji„(sin 6  -  Zi  cos 0)((sin  9 cos  9,  cos  A4> 

—  Z‘  cos  9  cos  9t  +  Zt  Zf  sin  9  cos  9, 

-  Zi  sin  9 sin  9,  +  {Zf  +  Z^)  cos  9 sin  9,) 

+  (cos  9  +  Zi  sin  fl)(sin  9  cos  A(/>  -  Zf  cos  S ))] 

(A.8) 

where  9  and  9,  describe  the  incident  and  scattered  eleva* 
tion  angles  measured  from  nadir,  respectively,  A4>  describes 
the  angular  change  in  azimuthal  direction  between  the  inci¬ 
dent  and  scattered  waves,  Z|  and  Zt  represent  the  surface 
slopes  within  (longitudinal  to)  and  transverse  to  the  plane 
of  incidence,  respectively,  Zf  and  Zf  represent  the  surface 
slopes  within  (longitudinal  to)  and  transverse  to  the  plane 
of  the  scattered  wave,  respectively,  Di  =  |n<  x  ni|  = 
y/ (sin  9  —  Zi  cos  9)'^  -1-  Z},  and  D2  =  \/l  +  Zf  4-  Zf. 

Unfortunately,  the  exact  expressions  for  U  are  not  mathe¬ 
matically  tractable  in  the  Stratton-Chu  integral,  as  the  surface 
slopes  are  random  functions  of  the  location  on  the  surface. 
An  approximate  solution  can  be  obtained  by  expanding  U 
in  a  Taylor  series  in  slopes  and  retaining  only  the  first  two 
terms: 


Oovv  = --RvoCcosfl +  cos0,)cosA^  (A.18) 

aiihh  =  Rho{sin9sm9,  -  {1  +  cos9cos9t)cosA4>) 

-Rhism9cosA<j>{cos9  +  cos9,)  (A.19) 

dlshh  =  RhO  cos  9{cOS  9  +  COS  9,)  ( A.20) 

auhh  =  iiuosin  A<^(1  +  cos9cos9,)  (A.21) 

Otahh  =  0  (A.22) 

aj,„h  =  -Rho  sin  A<^(cos  9  -1-  cos  9,) 

—  /i/,isin0sinA^(l-l-  cos  9  cos  9, )  ( A.23) 

auvh  =  0  (A.24) 

otivh  =  Rho  sin  9  cos  9  sin  9, 

-  Rvo  cos  A(^(cos  9  +  cos  9,)  (A.25) 

otsvh  =  -Rho  cos  0(1  +  cos  9  cos  9t)  (A.26) 

aiihv  =  Rvo  sin  A^(cos  9  +  cos  9,) 

+  /l„i  sin  0  sin  A^(  1  -f  cos  0  cos  9, )  (A.27) 

aishv  =  0  (A.28) 

Otihv  =  -/it,osin0cos0sin0, 

■f  Rho  cos  A(^(cos  0  -1-  cos  0,)  (A.29) 

Otthv  =  RvO  cos 0(1  -I-  cos  0  cos  0,)  (A.30) 

aiivv  =  iivo(sin0sin0*  -  (1  +  cos0cos0»)cos  A0) 

—  R^i  sin  0(cos  0  -1-  cos  0,)  cos  A(f>  (A.3 1) 
aisvv  =  Rvo  cos  0(cos  0  -1-  cos  0»)  (A.32) 

Otivv  =  Rho  sin  Ai^(l  +  cos  0  cos  0,)  (A.33) 

(A.34) 


Up,  =  U^°'>  +  U^\'>  +  ---  (A.9) 

=  -priO'Opq  +  {aiipqZl  +  OtipqZt  +  0.l»pqZf 

IJ2 

+  aupqZD!  sin0  H - )  (A.10) 


Note  that  D2  need  not  be  expanded  as  it  will  be  cancelled  upon 
integration  over  dS  =  D2dtxdy,  but  Di  is  Taylor  expanded  as 
follows: 


1 

DI 


1 


(sin  6  -  Zi  cos  6Y  + 

1  .  Zi 


sm 


fi-. 

'  \  St 


sin^  0  ^  ^  tan  0 


-1-3 


tan^0 


(A.11) 


(A.12) 


Similarly,  the  reflection  coefficients  local  to  the  surface  are 
also  expanded  in  terms  of  slopes: 


Rp  —  RvO  RviZi  +  •  •  •  (A.13) 

Rh  =  Rho  +  RhiZi  4 (A.  14) 


The  reflection  coefficients  are  not  dependent  on  Zf  or  Zf, 
and  depend  on  even  powers  only  of  Zt.  The  a  coefficients  in 
the  expansion  of  U  are,  for  all  principal  linear  polarization 
combinations,  given  by: 

oohh  =  -Rho{<x&  0  -I-  cos  0,)  cos  A4>  (A.15) 

oovfc  =  -RhoO-  +  cos  0  cos  0,)  sin  A^  (A.16) 

oohv  =  iZ„o(l  +  cos  0  cos  0,)  sin  A<i)  (A.17) 


A.  Differential  Radar  Cross  Section 

The  elements  of  the  covariance  matrix  [13]  are  given  by: 

{S„nS-„)  =  J  (A.35) 

from  which  the  differential  radar  cross  section  can  be  derived: 


<  = 


47rAo 


{Sp,s-) 


(A.36) 


Using  (A.9): 

UmnU-pq  «  +  )  + 

(A.37) 

and  evaluating  these  separately,  we  can  express  o®  as: 

' +{SpgS;,),.)  (A.38) 

(5„„s;,).0  =  I  ''))d5d5' 

(A.39) 

g,fc(n,-nO(r-<^))dS’d5'  (A.40) 

{S„tnS;,U  =  J 

(A.41) 


DE  ROO  AND  ULABY:  SPECULAR  SCATTERING  FROM  ROUGH  SURFACES 


229 


To  obtain  explicit  expressions  for  the  following  rela¬ 
tions  will  be  used  [7]: 

(»-*'))  =  (A.42) 

=  -jq^s^cosa^^ 
e-iW(^-p(0)  (A.43) 
=  -jqzs^sina^^^ 

(a.44) 

g-,».»(i-p(0)  (A.45) 

(*-*'>)  =  -sin^a^gxs*^^^ 

g-,^=‘(i-p(f))  (a.46) 

=  -sinacosQ 

(A.47) 

as  well  as  the  following  Bessel  function  integral  identity: 

[  cos(na  +  j0)e^*'““da  =  27ri"cosy3J„(x)  (A.48) 
J2ir 

where  Qz  =  k{ccys6  +  cosfl,),  s  is  the  rms  height,  ($,  a)  are 
the  polar  coordinates  of  the  difference  between  the  unprimed 
and  primed  surface  locations,  and  p(^)  is  the  normalized 
surface  height  correlation  function. 


B.  Zeroth  Order  Term 

The  analysis  of  the  zeroth  order  term  is  straightforward  and 
yields  the  traditional  coefficients  for  Physical  Optics: 

j  2 

— J-(5mn£’p,)g0  =  —k'^aomnaQpqlo-^^O'OmnaOpqh 

4irAo  47r 


Jo  =  27re-’^*  -  l]Uqtim  (A-50) 

Jo _ 

qt  =  k \Jsin^6  +  ^^6s  -  2  sin  sin  cos  A(^  (A.5 1 ) 

This  term  represents  the  expected  power  in  a  particular  direc¬ 
tion  due  to  the  correlation  of  the  height  of  the  surface  at  one 
point  to  the  height  at  another  point.  This  term  is  the  largest 
contribution  to  a®. 


C.  First  Order  Term 

The  first  order  term  in  Ulaby  et  al.  [7]  is  that  of  the  scalar 
approximation.  Below  is  the  full  vector  solution  under  the 


tangent  plane  approximation: 

k^  -k'^ 

- — ;j~(5mn'5*  ),i  =  -  -T^KaOmnOlip,  + 

47r  Ao  4irgj  sin  tf 

+  (O0mnfl*sp5  +  O,lsmn<^0pq)Ql» 

(Oomnl^tipg  4"  ^timn^Opq)^^’ 

+  (Oomn^tspg  +  flt»mnOop?)9*»]-^0 

(A.52) 

where 

qii  =  k(sin  6,  cos  A<^  -  sin  6)  (A.53) 

qti  =  k  sin  6,  sin  A(^  (A.54) 

qiz  =  A;(sin  6  a  —  sin  6  cos  A(^)  (A.55) 

qta  —  fc  sin  tf  sin  A^  (A.56) 

This  term  represents  the  expected  power  in  a  particular  di¬ 
rection  due  to  the  correlation  of  height  of  the  surface  at  one 
point  to  the  slope  at  another  point.  This  term  is  negligible  for 
scattering  in  the  plane  of  incidence. 

D.  Second  Order  Term 

The  cross-slope  term  does  not  appear  in  Ulaby  et  al  [7],  but 
is  nonetheless  an  analytic  term.  It  is  given  by: 

jt2g2^4 

=  “ — : — T^a^lirnn^lipn  ^IsmnO'lspq 

4sm  ^ 

-f  0.timn0^tipq  +  ^tsmnO^tapq 
H"  (.{p'lsmn^tipq  ^timnO>igpq) 

“  {(^limn^tapq  ^t8mn0>lipq)) 

“h  ((U'/tmnU’/gpg  "f"  0>lgTnn^lipq^ 

+  {o>timnO>tapq  -^20 

—  [{Oilimn^lipq  ^timn^tipq)i.^li  ^ti) 

+  (a,  amn  ^lapq  ”  ^tamn(^tapq)i^la  ^ta) 

~~  {o,limn^tipq  0,tifnn^lipq)QtiQli 

{o>lamnO>tapq  ^tamnO>lapq)QtaQl3 
{{o>limn^tapq  ^tamn^Upq) 

“I"  {(^lamn^tipq  ^timn^lspq^^iQtiQla  QliQta^ 

“t“  {{^limn^lspq  ^lamn^Upq) 

—  {0.timn0>tapq  ^tamnO>tipq)) 

X  {qnqia  +  qtiqta)]l22}  (A.57) 


where 


(A.58) 

^  MqtO  ^-qlsHt-p{i))^d^  (a.59) 


This  term  represents  the  expected  power  in  a  particular  direc¬ 
tion  due  to  the  correlation  of  slope  of  the  surface  at  one  point 
to  the  slope  at  another  point.  This  term  is  significant  for  cross 
polarization  in  the  plane  of  incidence,  and  when  the  angle  of 
incidence  is  near  the  Brewster  angle  for  the  mean  surface. 
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£.  Evaluation  of  the  I  Integrals  for 
Common  Correlation  Functions 

The  remaining  integrals  can  be  further  simplified  if  we 
assume  a  form  for  the  correlation  function  p(^).  In  particular, 
if  it  is  Gaussian,  i.e.,  p(^)  =  then 


/o  =  27re-«**’  -  l]^d^  (A.78) 


(A.79) 


<A.60, 

*  * 

ho  =  2e->y  T  ( 1  - 

^(t  +  l)!(t  +  l)  V  4(i  +  l)J 

(A.6 

fe  =  2'  '  E  (i+l)!(i  +  l)i'  'A  ® 


(A.61) 


(A.62) 


or,  if  the  correlation  function  is  exponential,  i.e.,  p(^)  = 
then 

/o  =  ^ , — r  (A.63) 

£r(>-l)I(i“  +  9?P)* 

/  f  -  +  ■)"  +  itP  -  (i  +  D) 

S  (i-l)!((i  +  l)’  +  rfP)59.V 

X  (l  -  «  +  (a.65) 


F.  Special  Case:  Forward  Scattering  in  the  Specular  Direction 

For  forward  scattering  in  the  specular  direction,  Bg  — ► 
6,  A<f>  0,  and  qt  — ►  0,  and  the  general  expressions  above 
simplify  considerably: 


♦  1 

^^j^(-Smn5'p,),o  =  —k'^aomnalp^Io 


(A.66) 


^{5,„nS;,).>=0  (A.67) 

jfc2  ^4^4 

47rAo  ~  tan^  [(°ttmn  +  f^l»mn)iO’lipq  +  ^Upq) 

“F  (t^imn  “i"  ^  ^tapq)]^20 

(A.68) 


flOAA  =  -2RhoCosO  (A.69) 

flOvA  =  OOAt;  ==  0  (A.70) 

oovv  =  —2Ryo  cos  6  (A.7 1 ) 

^livv  "1”  ^law  ~  2Ry\  Sin  0  cos  0  (A.72) 

0>livh  +  aiavh  =  CLlihv  +  dlshv  =  0  (A.73) 

(tlihh  +  =  —2Rhi  sin  cos  0  (A.74) 

(ttivh  +  at«vA  =  -“2(72110  cos^  0  +  Rvo)  cos  6  (A.75) 

“F  “  2(jR^i0  COS  ^  *i"  72/io)cos^  (A.76) 

"f  0,t8vv  =  (ttihh  "i"  ^ahh  “  0  (A.77) 


For  the  principal  linear  polarizations  pq  =  hh,hv,vh,vv, 
the  incoherent  specular  scattering  coefficient  can  be  obtained 
by  setting  mn  =  pq  in  (A.66)  and  (A.68)  and  the  resultant 
expressions  in  (A.38)  This  process  leads  to  the  expression 
given  in  920. 
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Abstract — The  amount  of  water  present  in  liquid  form  in  a 
snowpack  exercises  a  strong  influence  on  the  radar  and  radiomet¬ 
ric  responses  of  snow.  Conventional  techniques  for  measuring  the 
liquid  water  content  ni ..  suffer  from  various  shortcomings,  which 
include  poor  accuracy,  long  analysis  time,  poor  spatial  resolution, 
and/or  cumbersome  and  inconvenient  procedures.  This  paper 
describes  the  development  of  a  hand-held  electromagnetic  sensor 
for  quick  and  easy  determination  of  snow  liquid  water  content 
and  density.  A  novel  design  of  this  probe  affords  several  impor¬ 
tant  advantages  over  existing  similar  sensors.  Among  these  are 
improved  spatial  resolution  and  accuracy,  and  reduced  sensitivity 
to  interference  by  objects  or  media  outside  the  sample  volume  of 
the  sensor.  The  sensor  actually  measures  the  complex  dielectric 
constant  of  the  snow  medium,  and  the  water  content  and  density 
must  be  obtained  through  the  use  of  empirical  or  semi-empirical 
relations.  To  test  the  suitability  of  existing  models  and  allow  the 
development  of  new  models,  the  snow  probe  was  tested  against 
the  freezing  calorimeter  and  gravimetric  density  determinations. 
From  these  comparisons,  valid  models  were  selected  or  developed. 
Based  on  the  use  of  these  models,  the  following  speciflcations 
were  established  for  the  snow  probe:  1)  liquid  water  content 
measurement  accuracy  =  ±0.66%  in  the  wetness  range  from  0  to 
10%  by  volume  and  2)  wet  snow  density  measurement  accuracy 
=  ±0.05  g/cm^  in  the  density  range  from  0.1  to  0.6  g/cm^. 

L  Introduction 

IN  the  study  of  microwave  remote  sensing  of  snow,  it 
is  necessary  to  consider  the  presence  of  liquid  water  in 
the  snowpack.  The  dielectric  constant  of  water  is  large  (e.g., 
€u;  =  88  -  j9,8  at  1  GHz  [1])  relative  to  that  of  ice  (ei  ^ 
3.15  —  jO.OOl  [2]),  and  therefore  even  a  very  small  amount  of 
water  will  cause  a  substantial  change  in  the  overall  dielectric 
properties  of  the  snow  medium,  particularly  with  respect  to 
the  imaginary  part.  These  changes  will,  in  turn,  influence  the 
radar  backscatter  and  microwave  emission  responses  of  the 
snowpack. 

Among  instruments  available  for  measuring  the  volumetric 
liquid- water  content  of  snow,  under  field  conditions,  the 
freezing  calorimeter  [3]-[5]  offers  the  best  accuracy  (^1%) 
and  has  been  one  of  the  most  widely  used  in  support  of 
quantitative  snow-research  investigations.  In  practice,  how¬ 
ever,  the  freezing  calorimeter  technique  suffers  from  a  number 
of  drawbacks.  First,  the  time  required  to  perform  an  individual 
measurement  of  is  about  thirty  minutes.  Improving  the 
temporal  resolution  to  a  shorter  interval  would  require  the 
use  of  multiple  instruments,  thereby  increasing  the  cost  and 
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necessary  manpower.  Second,  the  technique  is  rather  involved, 
requiring  the  use  of  a  freezing  agent  and  the  careful  execution 
of  several  steps.  Third,  the  freezing  calorimeter  actually  mea¬ 
sures  the  mass  fraction  of  liquid  water  in  the  snow  sample, 
W,  not  the  volumetric  water  content  To  convert  W  to 
rriy,  a  separate  measurement  of  snow  density  is  required. 
Fourth,  because  a  relatively  large  snow  sample  (about  250 
cm^)  is  needed  to  achieve  acceptable  measurement  accuracy, 
it  is  difficult  to  obtain  the  sample  from  a  thin  horizontal  layer, 
thereby  rendering  the  technique  impractical  for  profiling  the 
variation  of  with  depth.  Yet,  the  depth  profile  of  which 
can  exhibit  rapid  spatial  and  temporal  variations  [6],  [7],  is  one 
of  the  most  important  parameters  of  a  snowpack,  both  in  terms 
of  the  snowpack  hydrology  and  the  effect  that  rriy  has  on  the 
microwave  emission  and  scattering  behavior  of  the  snow  layer. 

In  experimental  investigations  of  the  radar  response  of 
snow-covered  ground,  it  is  essential  to  measure  the  depth  pro¬ 
file  of  TUv  with  good  spatial  resolution  (2-3  cm)  and  adequate 
temporal  resolution  (a  few  minutes),  particularly  during  the 
rapid  melting  and  freezing  intervals  of  the  diurnal  cycle.  There 
have  in  recent  years  appeared  a  host  of  instruments  [8]  which 
retrieve  snow  parameters  quickly  and  nondestructively,  by 
measuring  the  dielectric  constant  of  snow  and  relating  it  to  the 
physical  parameters.  Of  these  techniques,  the  most  attractive 
candidate  has  been  the  “Snow  Fork,”  a  microwave  instrument 
developed  in  Finland  [1].  The  strengths  of  this  technique  are 
the  simplicity  of  the  equipment  and  speed  of  the  measurement, 
high  spatial  resolution,  and  the  ability  to  measure  both  the 
real  and  imaginary  parts  of  the  dielectric  constant  of  snow, 
allowing  for  more  powerful  algorithms  allowing  determination 
of  snow  wetness  and  density  with  a  single  measurement.  In 
the  process  of  examining  the  Snow  Fork  approach,  we  decided 
to  modify  the  basic  design  to  improve  the  sensitivity  of  the 
instrument  to  niy  and  reduce  the  effective  sampled  volume 
of  the  snow  medium,  thereby  improving  the  spatial  resolution 
of  the  sensor.  Our  modified  design,  which  we  shall  refer  to 
as  the  “Snow  Probe”  is  described  in  Section  11.  The  snow 
probe  measures  the  real  and  imaginary  parts  of  the  relative 
dielectric  constant  of  the  snow  medium,  from  which  the  liquid 
water  content  rriy  and  the  snow  density  ps  are  calculated 
through  the  use  of  empirical  or  semi-empirical  relations. 
The  degree  to  which  such  relations  are  valid  is  established 
through  a  comparison  with  direct  techniques.  Therefore,  in 
the  process  of  developing  a  snow  probe  algorithm,  it  was 
necessary  to  perform  independent  measurements  of  ps  and 
rriy.  Density  measurements  were  performed  with  a  standard 
tube  of  known  volume,  whose  weight  is  measured  both  empty 
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Fig.  1.  Photograph  of  snow  probe  system. 


and  full  of  snow.  For  a  direct  technique  for  measuring 
we  evaluated  two  candidates:  1)  the  freezing  calorimeter;  and 
2)  the  dilatometer  [9],  which  measures  the  change  in  volume 
that  occurs  as  a  sample  melts  completely.  The  dilatometer 
approach  was  rejected  because  of  poor  measurement  accuracy 
and  long  measurement  time  (about  one  hour).  The  form  of  the 
relations  which  were  ultimately  established  as  a  result  of  these 
comparison  studies  is  described  in  Section  III. 

II.  Snow  Dielectric  Probe 

A.  Snow  Probe  Measurement  System 

Figs.  1  and  2  show  a  photograph  of  the  snow  probe 
measurement  system,  and  a  schematic  diagram,  respectively. 
The  sweep  oscillator,  under  computer  control,  sweeps  (in 
discrete  10  MHz  steps)  over  a  relatively  large  frequency  range. 
This  serves  to  determine,  within  ±5  MHz,  the  frequency  at 
which  the  detected  voltage  is  a  maximum,  corresponding  to 
the  resonant  frequency  of  the  probe.  The  RF  power  transmitted 
through  the  snow  probe  is  converted  to  video  by  the  crystal 
detector,  measured  by  the  voltmeter,  which  in  turn  sends  the 
voltage  values  to  the  computer.  The  frequency  spectrum  is 
generated  in  real-time  on  the  monitor  of  the  computer.  In  the 
second  pass,  a  much  narrower  frequency  range  is  centered 
around  the  peak  location  and  swept  with  a  finer  step  size  («1 
MHz).  The  center  frequency  and  the  3-dB  bandwidth  around 
it  are  found,  and  from  these,  first  the  dielectric  constant  and 
then  the  snow  parameters  my  and  Ps  are  determined  according 
to  procedures  described  in  detail  in  Section  III  of  this  paper. 

As  it  is  depicted  in  these  figures,  the  snow  probe  is  con¬ 
nected  to  a  coaxial  cable  approximately  15  meters  long.  This 
arrangement  is  suitable,  for  example,  for  cases  in  which  mea¬ 
surements  are  required  in  an  area  fairly  local  to  truck  mounted 
radars.  For  more  remote  field  applications,  the  functions  of  the 
hardware  shown  would  need  to  be  combined  into  a  portable 
unit.  The  technology  for  building  a  compact  unit  is  well 
established. 

B,  Sensor  Design 

The  snow  probe  is  essentially  a  transmission-type  electro¬ 
magnetic  resonator.  The  resonant  structure  used  in  the  original 


(RF  output  to 
snow  probe  ) 


Fig.  2.  Schematic  diagram  of  snow  probe  system. 

design  [1]  was  a  twin-pronged  fork.  This  structure  behaves  as 
a  two  wire  transmission  line  shorted  on  one  end  and  open 
on  the  other.  It  is  resonant  at  the  frequency  for  which  the 
length  of  the  resonant  structure  is  equivalent  to  A/4  in  the 
surrounding  medium.  The  RF  power  is  fed  in  and  out  of  the 
structure  using  coupling  loops. 

For  our  design,  we  used  a  coaxial  type  resonator,  as  illus¬ 
trated  in  Fig.  3.  The  skeleton  of  the  outer  conductor  is  achieved 
using  four  prongs.  The  principle  is  basically  the  same:  a  quarter 
wavelength  cavity,  open  on  one  end,  shorted  on  the  other,  with 
power  delivered  in  and  out  through  coupling  loops.  The  coaxial 
design  was  chosen  for  purposes  of  spatial  resolution.  Being 
a  shielded  design,  the  electric  field  is  confined  to  the  volume 
contained  within  the  resonant  cavity,  as  opposed  to  the  original 
design,  which  used  only  two  prongs.  The  coaxial  design  also 
had  a  much  higher  quality  factor,  («1 10  versus  40-70  for  the 
original  design)  which,  as  discussed  below,  allows  for  more 
accurate  determination  of  the  complex  dielectric  constant.  A 
photograph  of  the  snow  probe  is  shown  in  Fig.  4.  The  stainless- 
steel  band  encircling  the  resonant  structure  near  the  bottom  is 
necessary  to  defeat  competing  two-wire  resonances  which  are 
otherwise  excited  between  any  given  pair  of  the  outer  prongs. 

The  real  part  of  the  dielectric  constant  is  determined  by  the 
resonant  frequency  of  the  transmission  spectrum,  or  equiva¬ 
lently,  the  frequency  at  which  maximum  transmission  occurs. 
As  mentioned  above,  this  corresponds  to  the  frequency  for 
which  the  wavelength  in  the  medium  is  equal  to  four  times  the 
length  of  the  resonator.  If  the  measured  resonant  frequency  is 
fa  in  air  and  fs  in  snow,  then  the  real  part  of  the  dielectric 
constant  is  given  by 


The  imaginary  part  of  65  is  determined  from  the  change  in 
Qm,  the  measured  quality  factor  of  the  resonator.  The  quality 
factor  may  be  determined  by  measuring  A/,  the  half-power 
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Fig.  3.  Illustration  of  snow  probe.  Coaxial  transmission  lines  extend  through 
handle.  At  the  face  of  the  snow  probe,  the  center  conductors  of  the  coaxial 
lines  extend  beyond  and  curl  over  to  form  coupling  loops. 


TABLE  I 

Summary  of  Test  Material  Properties  and  Measurements 


Maierial 

( 

(GHz) 

fit 

Q... 

Air 

o 

o 

1 

o 

1.716 

125.2 

Sand 

2.78  -  j3.70p-- 

1.036 

51.7 

Sugar 

1.9S  -;7.8p-^ 

1.229 

89.3 

Coffee 

1.50  -;3.32<  -- 

1.431 

30.4 

Wax 

2.2C  -  )0.3p-^ 

1.150 

137.0 

given  by  [10] 

- =  _  +  (3) 

Qm  Qr  E 

where  Qm  is  the  measured  Q  when  the  probe  is  inserted  in 
the  snow  medium,  and  Qr  is  the  quality  factor  describing  col¬ 
lectively  radiation  losses,  losses  due  to  the  finite  conductivity 
of  the  conductors,  and  the  power  losses  due  to  the  external 
coupling  mechanisms  for  the  dielectric-filled  snow  probe.  To 
calculate  e",  from  (3),  one  must  not  only  measure  Qm  and 
know  f',  but  the  value  of  Qr  should  be  known  also.  As  long 
as  tan  5  =  e"  je'  is  very  small,  which  is  the  case  for  snow,  it 
is  reasonable  to  assume  that  Qr  is  a  function  of  f!  only.  This 
assumption  was  verified  experimentally  by  measuring  Qr  for 
each  of  five  materials  with  known  dielectric  properties  (Table 
I).  For  each  material,  Qm  was  calculated  by  (2)  on  the  basis 
of  measurements  of  A/  and  /r  and  then  it  was  used  in  (3)  to 
compute  Qr.  The  values  of  e'  and  e"  of  the  test  materials  given 
in  Table  I  were  measured  with  an  L-band  cavity  resonator. 
This  process  not  only  validated  the  assumption  that  Qr  is 
dependent  on  e'  only,  but  it  also  produced  an  expression  for 
computing  it: 


Fig.  4.  Photograph  of  snow  probe  with  cap. 


1  _  (p/r  -b  I>)  X  10  ^ 

Qr~  fr 

where  p  and  b  are  constants  and  fr  is  the  resonant  frequency 
associated  with  the  material  under  test  (which  is  related  to  e' 
by  e'  =  ifa/fr)^)-  For  the  probe  used  in  this  study,  p  =  8.381 
and  6  =  0.7426  when  fr  is  in  GHz.  Combining  (2),  (3),  and  (4) 
and  specializing  the  notation  to  snow  (by  adding  a  subscript 
s  to  e"  and  replacing  the  subscript  r  by  s  in  /r)  we  obtain 
the  expression 


bandwidth  [10]: 


Equations  (1)  and  (5)  constitute  the  basic  relations  used  for 
determining  e',  and  e"  from  measurements  of  /„,  the  resonant 
frequency  when  the  probe  is  in  air,  and  /*  and  A/s,  the 
resonant  frequency  and  associated  3-dB  bandwidth  measured 
when  the  probe  is  inserted  in  the  snow  sample. 


where  fr  is  the  resonant  frequency  (/a  or  /„  depending  on 
whether  the  medium  is  air  or  snow).  For  the  snow  probe, 
power  losses  exist  because  of  radiation,  finite  conductivity  of 
the  conductors,  coupling  mechanisms  (i.e.,  coupling  loops), 
and  dissipation  in  a  lossy  dielectric.  Thus  the  measured  Q  is 


C.  Spatial  ResolutionlOutside  Interference 

As  mentioned  earlier,  the  partially  shielded  design  of  this 
sensor  reduces  its  sensitivity  to  permittivity  variations  outside 
the  sample  volume.  By  sample  volume,  we  refer  to  the  volume 
inside  the  cylinder  described  by  the  four  outside  prongs  (Fig. 
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3).  The  coaxial  design  will  lend  to  produce  greater  field 
confinement  relative  to  a  twin-prong  structure. 

The  effective  sample  volume  was  tested  in  the  following 
way:  a  cardboard  box  (30  cm  x  30  cm)  was  filled  with  sugar 
to  a  depth  of  «16  cm.  The  snow  probe  was  inserted  into  the 
sugar  at  a  position  in  the  center  of  the  top  surface,  and  then 
the  dielectric  constant  was  measured.  Next,  a  thin  metal  plate 
{square,  ^25  cm  on  a  side)  was  inserted  into  the  sugar,  parallel 
to  and  resting  against  one  side  of  the  box.  The  dielectric 
constant  was  remeasured.  The  metal  plate  was  incrementally 
moved  closer  to  the  sensor  position,  with  dielectric  measure¬ 
ments  recorded  at  each  sensor-lo-plate  distance.  The  results  of 
the  exp)eriment  are  shown  in  Fig.  5,  in  which  e”  is  plotted  as 
a  function  of  the  sensor-to-plate  separation. 

The  plate  appears  to  have  a  weak  influence  on  the  mea¬ 
surement,  even  at  a  distance  of  only  0.6  cm.  To  put  this 
variation  into  perspective,  had  the  material  been  snow,  and 
using  the  relations  given  in  Section  III-A,  the  fluctuation  in  the 
estimate  of  liquid  water  would  have  ranged  from  rriy  =  0.6% 
to  TUy  =  0.8  %.  The  real  part  of  the  dielectric  constant  (not 
shown  in  Fig.  5)  stayed  within  the  range  2.00-2.01  during  the 
experiment.  The  results  of  this  experiment,  which  essentially 
confirm  the  expectation  that  the  electric  field  is  confined  to  the 
volume  enclosed  by  the  four  prongs,  translate  into  a  vertical 
resolution  of  about  2  cm  when  the  snow  probe  is  inserted  into 
the  snowpack  horizontally  (the  snow  probe  cross  section  is  1 
cm  X  1  cm). 

There  is  necessarily  a  compromise  between  the  ability  to 
make  high  spatial  resolution  measurements  and  maximum 
ruggedness  of  design.  The  overall  small  size  of  the  probe 
requires  the  use  of  small  diameter  prongs  as  well  to  insure  that 
the  snow  volume  which  is  being  sampled  is  not  compressed  to 
the  point  of  compromising  the  measurement.  Though  we  used 
stainless  steel  for  the  prongs  to  afford  maximum  strength,  it  is 
still  possible — ^for  snow  samples  which  are  especially  dense, 
coarse,  or  icy — to  have  some  bending  of  the  prongs  occur.  For 
some  extreme  cases  the  probe  might  not  be  a  practical  option 
for  a  measuring  device.  In  these  cases,  it  may  also  be  the 
case  that  the  simple  relationships  (which  will  be  described  in 
Section  III)  between  dielectric  constant  and  snow  parameters 
no  longer  hold. 


III.  Retrieval  of  Snow  Density 
AND  Liquid  Water  Content 

The  preceding  section  described  the  design  and  operation 
of  the  snow  probe  and  the  procedure  used  for  measuring  e' 
and  e''  of  the  snow  medium.  The  next  step  is  to  use  these 
measurements  to  determine  the  density  ps  and  liquid-water 
content  niy.  This  is  accomplished  by  using  a  set  of  empirical 
or  semi-empirical  relationships  relating  the  dielectric  constant 
of  wet  snow  to  its  density  and  liquid-water  content.  These 
relationships  express  the  dielectric  constant  of  wet  snow  e^s 
in  terms  of  the  dielectric  constant  of  the  snow  in  the 
absence  of  liquid  water,  plus  additional  terms  that  account  for 
the  increase  in  e'  and  e''  due  to  the  presence  of  liquid  water. 
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Fig.  5.  Variation  in  measurement  of  of  suger  as  a  function  of  sen.sor 
proximity  to  metal  plate.  (Real  part  stayed  in  the  range  2.00-2.01.) 


where  A'  and  A"  represent  the  incremental  increases  due  to 
THy.  The  particular  expressions  for  these  quantities  which  we 
adopt  for  evaluation  are  based  on  the  dispersion  behavior  of 
liquid  water  [2]: 


A' 

A" 
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(9) 


where  fs  is  the  resonant  frequency  at  which  and  e",  are 
measured  by  the  probe,  U  =  9  07  GHz  is  the  relaxation 
frequency  of  water  at  0°C,  and  mt,  is  expressed  in  percent. 
Thus,  the  quantities  measured  by  the  snow  probe  are 
and  fs,  and  the  quantities  we  wish  to  retrieve  are  and  Pu,s, 
the  latter  being  the  density  of  the  wet  snow  medium. 


A.  Liquid-Water  Content 

In  the  frequency  range  around  1  GHz,  which  is  the  opera¬ 
tional  frequency  range  of  the  probe,  the  dielectric  loss  factor 
of  dry  snow  e^ds  is  less  than  4  x  10“^  (for  a  snow  density  pds 
less  than  0.5  g/cm^).  For  Tri„  =  1%,  the  increment  A"  given 
by  (9)  is  equal  to  7.5  x  10“^,  which  is  approximately  20  times 
laiger  than  the  first  term.  Hence,  €*'ds  may  be  ignored  in  (7) 
and  the  equation  can  be  solved  to  express  in  terms  of  f  wa  • 


\  0.073ifs/fu,)  I 


(10) 


The  applicability  of  this  retrieval  procedure  was  evaluated 
by  comparing  the  results  obtained  using  (10)  on  the  basis 
of  the  snow-probe  measurements  with  those  measured  with 
a  freezing  calorimeter.  The  freezing  calorimeter  measures  the 
liquid  water  mass  fraction  W,  from  which  rriv  was  calculated 
by  using  the  relationship 


=  100pt„sVT 


(11) 


where  Pwa  is  the  density  of  the  wet  snow  sample,  which  was 
measured  gravimetrically. 

The  results  for  the  liquid  water  content  comparison  are 
shown  in  Fig.  6.  The  error  bars  associated  with  the  freezing 
calorimeter  data  points  show  the  range  of  results  obtained 
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Fig.  6.  Comparison  of  snow  wetness  results  obtained  via  snow  probe  and 
freezing  calorimetry,  respectively.  Snow  probe  data  points  are  based  on  an 
average  of  twelve  separate  measurements. 

from  typically  two  separate  (and  usually  simultaneous)  de¬ 
terminations.  (Data  points  with  no  error  bars  indicate  only  a 
single  measurement  or  that  only  the  mean  value  of  a  set  was 
available.)  The  freezing  calorimeter  has  generally  excellent 
precision. 

The  values  for  ruy  obtained  from  the  snow-probe  dielectric 
measurements  are  computed  by  (10).  The  data  points  and  error 
bars  shown  for  the  snow  probe  are  based  on  an  average  of 
twelve  separate  measurements  made  for  each  snow  sample 
and  the  uncertainty  of  the  estimate  of  the  mean  value  as 
represented  by  the  error  bars  was  computed  as  ±cr/ y/N  where 
cr  is  the  standard  deviation  of  the  set  of  measurements  and  N 
is  the  number  of  measurements  in  that  set.  From  the  figure, 
the  agreement  between  the  two  techniques  is  generally  very 
good,  and,  with  the  exception  of  an  outlier  at  the  6%  level,  the 
use  of  the  snow  probe  and  (9)  gives  results  which  are  within 
±0.5%  of  the  freezing  calorimeter  results.  This  result  strongly 
supports  the  validity  of  (9). 

B,  Snow  Density 

With  mv  known,  through  the  retrieval  procedure  described 
in  the  preceding  section,  we  now  turn  our  attention  to  using  (6) 
and  (8)  in  order  to  retrieve  the  wet  snow  density  p^s  from  e't^s, 
the  dielectric  constant  of  the  wet  snow  medium  measured  by 
the  snow  probe.  To  do  so,  we  first  express  p^js  in  terms  of  pdsy 
the  density  of  the  snow  had  the  liquid  water  been  removed, 

Pws  =  Pds  +  rriv/lOO.  (12) 

Next,  we  use  the  expression  [11], 

e'ds  =  l  +  l-7pds+0.7pl„  (13) 

and  combine  it  with  (6)  to  obtain  the  result; 

€',„,  =  l  +  1.7pd,  +  0.7pi  +  A',  (14) 


Fig.  7.  Comparison  of  snow  density  results  obtained  via  snow  probe  (in 
conjuction  with  Debye-like  relation)  and  gravimetric  measurements.  Data 
points  represented  with  squares  were  from  snowpacks  having  volumetric 
wetness  levels  of  >3%;  with  circles,  <3%. 

where  A'  is  given  in  (8).  Upon  combining  (12)  and  (14)  and 
solving  for  ptos.  we  obtain  the  expression 

-  (m./100)  -  1.214 

+  y/lA7A  -  1.428(1  -  ±  A^,  (15) 

in  which  only  the  positive  root  is  considered.  To  compute  p^s 
from  (15),  we  use  the  value  of  ruy  determined  in  the  previous 
section  through  (10),  the  value  of  e'^vs  measured  by  the  snow 
probe,  and  the  value  of  A'  calculated  from  (8).  The  values 
of  ps  (for  both  wet  and  dry  snow)  determined  through  this 
procedure  are  compared  with  gravimetric  measurements  of  ps 
in  Fig.  7.  The  data  points  for  which  good  agreement  is  found 
correspond  to  snow  samples  having  low  wetness  levels,  <3%, 
for  which  the  contribution  A'  is  small  anyway.  For  the  samples 
in  which  the  rriy  is  more  appreciable,  there  is  a  significant 
disagreement  between  the  measurements  and  the  model  given 
by  (8). 

The  errors  in  density  estimates  are  caused  by  the  model 
underestimating  the  incremental  increase  Ae'^js  for  tbc  higher 
wetness  cases.  Shown  in  Fig.  8  is  a  plot  of  Ae'u;s  as  a  function 
of  TUy  computed  on  the  basis  of  (8),  and  the  measurement 
points  were  calculated  from  Ae'^s  =  with 

being  the  value  measured  by  the  probe  and  e'ds  determined 
from  (12)  and  (13).  The  curve  drawn  through  the  data  points 
is  generated  using  a  simple  polynomial  fit,  given  by 

Atrvs  =  0.187mt;  ±  0.0045m^.  (16) 

The  agreement  between  the  gravimetric  density  technique 
and  the  snow  probe  using  (16)  is  shown  in  Fig.  10.  A 
very  good  fit  can  also  be  obtained  via  (8)  by  modifying 
the  term  0.02mi®^®  to  however,  an  arbitrary 

adjustment  defeats  the  purpose  of  using  a  model  which  is 
based  on  physical  arguments.  The  Debye-like  model  of  (8) 
has  essentially  the  same  frequency  dependance  as  the  real  part 
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Fig.  8.  Afy,,  versus  m,,.  Shown  is  data  and  best  fit  curve,  plus  a  model 
obtained  from  a  comparable  study  at  10  MHz,  and  Debye-like  model. 

of  the  dielectric  constant  of  water,  and  its  empirically-derived 
coefficients — which  effectively  reduce  the  value  of  this  quan¬ 
tity  from  the  theoretical  value  of  the  pure  material — account 
for  the  water  being  distributed  in  particle  form  within  a  host 
having  a  dielectric  constant  somewhere  between  those  of  air 
and  ice.  With  this  understanding,  there  does  not  appear  to  be 
any  reason  why  a  model  which  works  well  between  3  and 
(at  least)  15  GHz  should  need  to  be  significantly  modified 
to  work  at  1  GHz;  physically  speaking,  the  only  difference 
between  3  GHz  and  1  GHz  is  that  the  dielectric  constant  of 
water  increases  from  to  «87. 

The  literature  contains  certain  pertinent  experimental  results 
that  should  be  considered.  Tiuri  etal.[\\]  report  measurements 
also  at  1  GHz.  In  these  measurements,  a  dilatometer  technique 
was  primarily  employed  for  wetness  measurements,  but  a 
capacitor  technique  was  used  for  some  of  the  samples  corre¬ 
sponding  to  the  lowest  levels.  The  dielectric  measurements 
were  made  with  the  Snow  Fork  developed  at  the  Helsinki 
University  of  Technology.  The  relationship  they  report  is, 

=  0.089m„  +  0.72ml  ■  ( *  7) 

This  function,  when  plotted,  closely  resembles  the  Debye¬ 
like  model  (8)  evaluated  at  1  GHz.  Most  recently  Denoth 
[12]  reported  measurements  made  at  10  MHz,  in  which 
dielectric  measurements  were  made  using  a  simple  plate 
capacitor  and  liquid  water  measurements  were  made  using  a 
freezing  calorimeter.  The  relation  he  reports  is, 

=  0.206m^,  -h  0.0046771^ .  (18) 

Denoth  observes  that  this  relation  should  continue  to  be  valid 
up  to  approximately  2  GHz,  since  c'  of  the  constituents  of  wet 
snow — ice,  air,  and  water— are  all  exactly  or  nearly  frequency- 
independent  in  this  range.  In  particular,  for  water,  as  seen  in 
Fig.  9,  the  real  part  of  the  dielectric  constant  of  water, 
at  1  GHz  differs  from  that  of  10  MHz  by  only  1.1%.  Also 
noted  on  the  figure  is  the  region  through  which  the  Debye- 
like  model  of  [2]  was  reported  to  be  valid  (although  above 
15  GHz,  the  empirical  coefficients  shown  in  (8)  are  slightly 
modified  as  a  function  of  frequency).  The  best  fit  function 
for  the  10  MHz  data,  given  by  (18),  is  also  shown  in  Fig. 


Log  (f)  (f  in  Hz) 

Fig.  9.  Real  part  of  permittivity  of  water  at  0°C. 


Fig.  10.  Comparison  of  snow  density  results  obtained  via  snow  probe  (with 
associated  empirical  algorithm)  and  gravimetric  measurements. 

8.  The  close  agreement  between  the  results  at  10  MHz  and 
1  GHz  tends  to  bear  out  Denoth’s  prediction  and  suggest 
that  at  these  frequencies,  where  scattering  is  an  unimportant 
factor  in  calculating  the  dielectric  constant,  t'-ws  is  directly 
relatable  to  In  effect,  a  model  like  (8)  should  be  expected 
to  work,  but,  in  its  present  form,  does  not  appear  to.  Regarding 
the  discrepancy  between  our  results  and  those  of  [11],  a 
possible  explanation  is  that  they  used  a  dilatometer  to  measure 
wetness  (we  found  the  dilatometer  to  give  very  unsatisfactory 
performance),  whereas  our  standard  (which  was  also  used  in 
[12])  was  the  freezing  calorimeter  technique  whose  accuracy 
and  precision  has  been  demonstrated. 

IV.  APPLICATION 

Fig.  11  is  a  nomogram,  based  on  these  equations  which 
have  been  found  to  be  valid  in  the  specified  ranges.  It  consists 
of  contours  of  constant  and  pds,  respectively,  in  a  two- 
dimensional  representation  bounded  by  the  two  parameters 
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Fig.  1 1.  Nomogram  giving  snow  liquid  water  content  (ni,  )  and  equivalent 
dry  snow  density  )  in  terms  of  two  parameters  directly  measured  by  the 
snow  probe:  resonant  frequency  (/)  and  resonance  (3-dB)  bandwidth  (A/). 

which  are  directly  obtained  by  the  snow  probe:  resonant 
frequency  and  bandwidth  (3-dB)  of  the  resonance  spectrum. 
With  the  measurement  of  these  two  quantities,  niy  and  pds 
may  be  uniquely  specified.  Dry-snow  density,  pds,  is  related 
through  (12)  to  wet-snow  density  pws- 

As  an  example  of  the  utility  of  the  snow  probe  for  eluci¬ 
dating  snowpack  character  and  behavior,  we  present  in  Fig. 
12  snow  wetness  data  measured  for  an  0.88-m  deep  snowpack 
over  a  diurnal  cycle.  During  the  period  shown,  from  10  a.m.  to 
8  p.m.,  the  temperature  rose  from  freezing  to  6°C  and  down  to 
~3°C  again  at  8  p.m..  The  lowest  16-cm  of  the  pack  was  solid 
ice;  therefore  measurements  start  at  18-cm  above  ground,  and 
were  made  at  roughly  5-cm  intervals.  Among  the  interesting 
features  in  the  figure,  even  at  10  a.m.,  after  subfreezing  night 
temperatures,  and  while  the  surface  is  still  completely  dry, 
there  is  appreciable  moisture  deeper  down  in  the  snowpack. 
At  the  top  surface,  between  the  hours  of  6  and  8  p.m.,  there 
was  significant  wetness  which  then  quickly  froze  at  about  8 
p.m. 


V.  Summary 

This  paper  has  described  the  development  and  validation 
of  an  electromagnetic  sensor  and  associated  algorithm  for  the 
purpose  of  rapid  (?:i20  s)  and  nondestructive  determination  of 
snow  liquid  water  content  and  density.  The  sensor  is  similar  in 
principle  to  an  existing  device  known  as  a  “Snow  Fork,”  but 
offers  additional  advantages  in  spatial  resolution  and  accuracy 
owing  to  a  novel  coaxial -cavity  design.  Also,  the  algorithm 
employed  with  that  device  [1]  for  relating  complex  dielectric 
constant  to  snow  parameters  does  not  agree  with  the  results 
of  the  present  study.  We  have  consequently  developed  new 
relations  for  that  purpose. 

Direct  methods  of  snow  wetness  determination  were  evalu¬ 
ated  for  their  suitability  as  standards  against  which  the  snow 
probe  could  be  tested.  The  dilatometer,  though  simple  in 
principle,  was  found  to  give  very  unfavorable  performance. 
The  freezing  calorimeter,  which  has,  as  a  system,  been  brought 
to  a  high  degree  of  sophistication  in  our  lab,  was  found 
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Fig.  12.  Snow  moisture  measured  via  the  snow  probe  in  a  0.88-m  snowpack 
over  a  diuma)  cycle,  shown  as  a  function  of  time  and  height  above  the  ground. 

capable  of  delivering  accuracy  better  than  ±  I  %,  and  excellent 
precision. 

The  snow  probe  determines  the  dielectric  constant  directly. 
Empirical  and  semi -empirical  models  are  used  with  this  infor¬ 
mation  to  compute  liquid  water  volume  fraction  and  density. 
To  test  the  suitability  of  existing  models  and/or  allow  the 
development  of  new  models,  the  snow  probe  was  tested  against 
the  freezing  calorimeter  and  gravimetric  density  determina¬ 
tions.  Originally,  The  relations  set  forth  by  Hallikainen  et  al. 
[2]  were  employed  to  translate  measured  dielectric  constant 
to  snow  parameters.  The  equation  relating  to  and  fre¬ 
quency  was  found  to  be  entirely  valid.  However,  the  equation 
predicting  Ac'  in  terms  of  and  frequency  was  found  to 
underestimate  this  quantity,  leading  to  substantial  errors  in 
the  estimates  of  pds^  A  purely  empirical  relation,  given  in 
(16)  was  obtained  instead,  and  will  be  used  in  our  parameter 
retrieval  algorithm  for  the  snow  probe.  Through  the  use  of 
these  functions,  in  association  with  the  complex  dielectric 
measurements  of  the  snow  probe,  the  following  specifications 
are  established:  liquid  water  content  measurement  accuracy 
±0.66%  in  the  wetness  range  from  0  to  10%  by  volume; 
wet  snow  density  measurement  accuracy  ±0.05  g/cm^  in  the 
density  range  from  0.1  to  0.6  g/cm^. 

Two  examples  of  pertinent  experimental  results  were  com¬ 
pared  against  ours:  Denoth’s  measurements  [12]  at  10  MHz 
are  very  similar  to  ours;  those  reported  by  Tiuri  et  al.  [11]  at 
1  GHz  differ  considerably  from  ours  but  agree  well  with  the 
model  given  by  (8),  our  own  starting  point.  Denoth  [12],  noting 
the  diversity  of  empirical  relations  for  the  dielectric  constant  of 
wet  snow  suggests  that  because  of  the  influence  of  the  shape 
of  the  water  component,  and  the  stage  of  metamorphism  of 
the  snow  sample,  “a  valid  simple  relation  between  Ae'  or  c" 
and  liquid  water  content  W  may  not  exist.”  This  may  be  the 
case,  but  the  results  of  the  present  study  are  very  consistent 
with  results  presented  in  [12]  for  the  case  of  Ac',  and  in  [2] 
for  the  case  of  e".  Accurate  snow  measurements  of  dielectric 
constant  and  liquid  water  content  are  notoriously  difficult  to 
make.  This  has  doubtlessly  been  a  factor  in  the  diversity  of 
results,  and  is  motivation  for  the  development  of  instruments 
such  as  has  been  the  focus  of  this  present  investigation. 
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SUMMARY 

The  performance  of  millimeter-wave  (MMW)  radar  sys¬ 
tems  in  target  detection  navigation  and  other  applications 
depends  in  part  on  the  scattering  characteristics  of  the  ter¬ 
rain  background.  Two  different  approaches  have  been  pur¬ 
sued  in  the  literature  for  characterizing  MMW  scattering 
by  terrain.  The  first  appro2ich  relies  on  the  development  of 
electromagnetic  scattering  models  that  relate  the  backscat- 
tering  coefficient  o'®  of  a  given  terrain  type  (such  as  bare 
ground  surfaces,  snow  cover,  and  vegetation)  to  the  physi¬ 
cal  properties  of  the  terrain  target,  and  then  verifying  model 
predictions  though  experimental  observations  conducted  un¬ 
der  semi-controlled  field  conditions.  The  second  approach 
is  entirely  empirical  in  nature;  it  relies  on  the  acquisition  of 
extensive  radar  data  from  which  statistical  distributions  are 
generated.  The  University  of  Michigan  has  been  involved  in 
a  research  program,  supported  by  the  U.S.  Army  Research 
Office,  whose  goal  is  to  pursue  both  approaches  as  well  as 
to  develop  a  hybrid  approach  that  combines  the  strengths  of 
both  approaches.  This  paper  provides  an  overview  of  how 
the  hybrid  approach  can  be  used  to  simulate  the  statistical 
properties  of  terrain  backscatter  at  millimeter  wavelengths 
for  several  types  of  terrain,  including  bare  soil  surfaces,  veg¬ 
etation,  and  snow  cover.  The  hybrid  approach  incorporates 
scintillation  effects  associated  with  coherent  sensors  together 
with  information  about  the  mix  of  terrain  categories  present 
in  the  scene.  Two  types  of  input  data  (or  a  merged  set  of 
both)  can  be  used  as  input  to  the  clutter  simulation  pack¬ 
age;  (a)  measured  data  that  is  available  in  a  University  of 
Michigan  data  base,  or  (b)  data  generated  by  electromag¬ 
netic  models.  The  data  base  is  available  in  a  University  of 
Michigan  Handbook  that  contains  MMW  scattering  observa¬ 
tions  reported  in  the  literature  for  certain  terrain  types  and 
conditions.  Alternatively,  a  set  of  electromagnetic  models 
can  be  used  for  calculating  the  backscattering  coefficient  O'® 
of  the  specified  terrain  type.  These  models,  which  are  semi- 
empirical  in  form,  are  based  on  highly  complicated  theoret¬ 
ical  models  that  had  been  tested  against  experimental  ob¬ 
servations.  With  this  approach,  it  is  possible  to  generate  a 
probability  density  function  for  the  backscatter  from  a  cer¬ 
tain  type  of  terrain  without  the  need  for  a  measured  clutter 
data  base.  This  is  particularly  attractive  at  millimeter  wave¬ 
lengths  because  only  a  limited  amount  of  terrain  clutter  data 
is  currently  avadlable. 

1  INTRODUCTION 

By  way  of  introducing  the  subject  of  terrain  clutter  at  mil¬ 
limeter  wavelengths,  let  us  start  by  considering  the  case  of 
a  radar  system  designed  to  detect  hard  targets  against  the 


terrain  background.  Figure  1(a)  depicts  a  radar  beam  with 
resolution  area  A  illuminating  a  target  with  backscattering 
radar  cross  section  (RCS)  at.  The  terrain  background  is 
a  statistically  homogeneous  background  with  mean  clutter 
RCS  (Tco  =  cr®  A,  where  cr®  is  the  (average)  backscattering  co¬ 
efficient  of  the  terrain.  In  this  case,  the  signal  to  noise  ratio 
is  given  by: 


5  _  cTt  _  at 
N  aco  a^A  ' 


(1) 


Because  terrain  scattering  is  noise-like  in  character,  its  vari¬ 
ability  behaves  according  to  Rayleigh  fading  statistics  [1], 
which  leads  to  the  following  expression  for  the  probability 
density  function  (pdf)  of  the  envelope  voltage  K  at  the  out¬ 
put  of  the  receiver’s  envelope  detector: 


P(K)  ^ - exp 

O’cO 


J  ”  \  / 


(2) 


where  7o(  )  is  the  zeroth-order  Bessel  function. 


Figure  1.  Probability  density  functions  for  clutter  alone 
and  clutter  with  a  target  with  RCS  ==  5  dB  above 
the  average  clutter  croes  section,  ctc^. 
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If  no  target  is  present  {ci  =  0),  Eq.  (2)  reduces  to: 


P(V'^)  = 


(3) 


where  denotes  with  no  target  present.  For  a  specified 
theshold  voltage  Vj,  the  false  alarm  probability  Pja  is  given 
by: 


and  the  corresponding  detection  probability  Pd  is  obtained 
by  integrating  p(K)  over  the  limits  Vj-  to  oo: 


Pd= 

JVt  <TcO 


exp 


<^cO  \  / 


dV. 


(5) 


Figure  1(b)  shows  plots  of  p(14o)  for  <Tco  =  and  p(Ve)  for 
S/N  =  Gt/a^  =  3  (5  dB).  The  indicated  threshold  voltage 
Vj  was  chosen  to  yield  a  probability  of  false  alarm  Pja  = 
0.05;  the  corresponding  value  of  Pd  is  77%, 

The  preceding  treatment,  which  describes  the  radar  de¬ 
tection  problem  on  the  basis  of  a  single  pulse  for  statistically 
homogeneous  clutter,  is  standard  textbook  material.  Exten¬ 
sions  include  the  integration  of  multiple  pulses  to  increase  Pd 
[2]  and  the  use  of  frequency  averaging  [3]  to  decrease  the  vari¬ 
ability  of  the  clutter  RCS  (narrower  p(  Veo)),  which  also  leads 
to  improved  Pd-  Another  extension  relates  to  the  nonuniform 
terrain  situation  for  which  the  backscattering  coefficient  <7® 
is  characterized  by  its  own  pdf  p(<7°),  rather  than  having  a 
constant  value  as  was  assumed  in  the  preceding  expressions. 
Examples  of  such  situations  may  include  a  background  com¬ 
prised  of  a  single  terrain  type  (such  as  vegetation  cover)  but 
with  varying  physical  characteristics  (height,  moisture  con¬ 
tent,  and  geometry  of  vegetation  elements)  or  a  background 
comprised  of  a  mixture  of  different  types  of  terrain  (veg¬ 
etation,  roads,  water  bodies,  etc.).  The  methodology  for 
characterizing  the  combined  effects  of  fading  variations  and 
a  non-constant  <7°  is  described  in  [1), 

For  any  radar-detection  situation,  regardless  of  whether 
or  not  multiple-pulse  integration  or  frequency  averaging  is 
used,  the  two  fundamentcil  quantities  governing  the  detection 
performance  of  the  radar  system  are  the  target  RCS  (or  p((7f ) 
if  it  is  a  fluctuating  target),  and  the  mean  clutter  RCS  <7co 
(or  p(<7co)  =  7P(<^®)  for  nonuniform  terrain).  Characterizing 
at  is  outside  the  scope  of  this  presentation,  and  therefore  it 
will  not  be  addressed.  The  remaining  part  of  this  paper  will 
focus  on  two  approaches  for  characterizing  a°  =  a^)/ A  and 
p(i7®),  namely  (a)  the  data-base  approach,  which  relies  on 
measured  distributions  of  <7®  for  specific  types  of  terrain,  and 
(b)  the  electromagnetic  model  approach,  which  uses  electro¬ 
magnetic  scattering  models  to  compute  p(tr®)  for  a  given  set 
of  terrain  conditions,  specified  in  terms  of  the  ranges  of  vari¬ 
ability  of  pertinent  physical  parameters.  Whereas  either  ap¬ 
proach  may  be  used  at  centimeter  wavelengths,  it  is  not  pos¬ 
sible  to  rely  on  the  data-base  approach  alone  at  millimeter 
wavelengths  because  only  a  limited  amount  of  terrain-specific 
clutter  measurements  is  available  at  the  present  time.  The 
next  section  describes  a  hybrid  approach  that  utilizes  both 
of  the  aforementioned  approaches  for  characterizing  terrain 
clutter.  The  sections  that  follow  present  electromagnetic 
models  for  snow  cover  and  soil  surfaces  at  35  and  94  GHz. 
Models  for  other  types  of  terrain  are  under  development  and 
will  be  presented  in  future  publications. 


2  HYBRID  APPROACH  FOR  CHARAC¬ 
TERIZING  CLUTTER 

Figure  2  shows  a  simplified  representation  of  the  simulation 
package  that  uses  the  hybrid  approach  for  evaluating  the  de¬ 
tection  performance  of  a  radar  system.  The  radar  system 
specifications  include:  (a)  the  operating  frequency  /,  (b)  the 
incidence  angle  0  (relative  to  nadir),  (c)  the  receive  /  trans¬ 
mit  antenna  polarization  configuration,  (d)  the  number  of 
pulses  Ap  available  for  integration,  and  (e)  the  spatial  resolu¬ 
tion  area  A.  The  terrain  is  specified  as  belonging  to  one  of  the 
categories  /  sub- categories  given  in  Figure  3,  The  classifica¬ 
tion  system  depicted  in  Figure  3  forms  the  basis  for  the  data 
base  contained  in  the  Handbook  of  Radar  Scattering  Statis¬ 
tics  for  Terrain  [1],  which  exists  in  both  hard-cover  form  and 
as  a  software  package.  The  Handbook  data  base  contains 
calibrated  experimental  meeisurements  of  (7®  reported  in  the 
open  literature,  but  it  is  not  inclusive  of  all  such  data.  Only 
data  that  had  been  judged  as  satisfying  certain  data-quality 
criteria  were  included  in  the  data  base.  For  each  terrain  cat¬ 
egory,  the  data  are  grouped  into  distinct  frequency  bands 
covering  the  range  from  1  GHz  to  100  GHz,  but  for  most 
terrain  categories,  the  number  of  data  points  at  frequencies 
above  30  GHz  is  either  very  small  or  identically  zero.  This 
is  precisely  the  motivation  for  proposing  the  use  of  electro¬ 
magnetic  (EM)  models  for  generating  a  supplementary  data 
base. 
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Figure  2.  Flow-chart  representation  of  the  radar-detection 
performance  simulation  p2u:kage. 

In  the  flow  chart  given  in  Figure  2,  this  option  follows 
from  the  response  to  the  question:  “Is  a  measured  data  base 
available  (in  the  Handbook)?”  The  question  refers  to  the 
category  specified  in  the  preceding  step,  subject  to  the  radar 
parameters  specified  in  the  “Radar  Parameters”  block.  If  the 
answer  to  the  question  is  negative,  EM  models  of  the  form 
given  in  later  sections  are  used  to  generate  the  supplementary 
data  base.  To  do  this,  the  user  has  to  specify  the  range  of 
pertinent  parameters.  For  snow-covered  terrain,  for  example, 
the  user  will  be  asked  to  specify  the  expected  ranges  of  snow 
depth  and  air  temperature.  Similar  specifications  apply  to 
other  terrain  categories.  As  a  result  of  this  process,  a  pdf  for 


cr®,  p(<7®),  is  generated  by  merging  the  supplementary  data 
base  calculated  from  the  EM  models  with  whatever  data 
base  of  measured  data  that  happens  to  be  available  in  the 
Handbook.  The  term  “Handbook’*  refers  to  data  in  [1]  as 
well  as  more  recent  MMW  data  given  in  [4]. 
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Figure  3.  Radar  terrain  classification  system. 


With  p(cr‘‘)  available,  the  pdf  of  the  clutter  cross  section 
p{(Tc)  can  be  readily  calculated  by  incorporating  the  varia¬ 
tions  due  to  signal  fading  fluctuations,  as  described  in  Sec¬ 
tion  3-5  of  [1].  Upon  additionally  specifying  the  desired  false 
alarm  probability  Pfa  and  the  number  of  pulses  used  for  inco¬ 
herent  integration,  the  program  then  calculates  the  expected 
detection  probability  Pd  for  a  given  hard- target  cross  section 
cr*.  This  procedure  can  serve  as  an  effective  tool  for  evaluat¬ 
ing  the  detection  performance  of  MMW  radar  sensors. 

3  EXAMPLES  OF  AVAILABLE  MMW 
CLUTTER  DATA 

Most  experimental  measurements  of  radar  backscatter  re¬ 
ported  in  the  literature,  which  are  in  the  form  of  plots  of  o’® 
as  a  function  of  the  incidence  angle  pertain  to  a  specific 
terrain  type  and  condition.  Data  of  this  form  are  available 
in  [4]  for  and  VV  polarizations  at  35,  94, 140,  and 

215  GHz  for  various  types  of  terrain  including  trees,  grasses, 
road  surfaces,  dry  snow,  wet  snow,  and  ice-covered  ground. 
From  this  collection  of  data,  histograms  have  been  gener¬ 
ated  for  specific  combinations  of  frequency  band,  incidence 
angle,  polarization  configuration,  and  terrain  type  and  con¬ 
dition.  The  histogram  is  an  unnormalized  pdf  of  <7°.  An 
exjunple  is  shown  in  Figure  4  for  dry  snow  at  35  GHz  for 


B  =  50°.  Because  of  the  limited  number  of  available  data 
points,  the  histogram  is  not  a  smooth  continuous  function 
of  <T°,  Consequently,  when  such  data  is  used  in  the  radar 
detection-  performance  analysis,  it  is  replaced  with  a  Gaus¬ 
sian  distribution  having  the  same  mean  value  and  standard 
deviation  as  those  calculated  from  the  histogram.  Analysis 
of  the  dependence  of  the  mean  value  a®  and  the  standard  de¬ 
viation  5(of  cr®)  on  the  incidence  angle  9  led  to  the  following 
functional  form: 

^dB  =  A  +  A  exp(-P3fl)  +  Pi  cos(Pi0  +  Pe)  (6) 

5dB  =  Ml  +  M2  exp{-M30)  (7) 

where  9  is  the  incidence  angle  in  radians  and  the  coefficients 
Pi  to  Pb  and  Mi  to  M3  assume  fixed  values  for  a  specific 
terrain  category  and  polarization  configuration.  The  val¬ 
ues  of  these  coefficients  are  given  in  Table  1  for  six  terrain 
categories  for  which  sufficient  data  exists  to  justify  the  curve 
fitting  procedure.  All  the  cases  given  in  Table  1  are  based  on 
35  GHz  observations;  insufficient  data  exists  at  the  present 
time  for  higher  MMW  frequencies. 
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Figure  4.  Histograms  of  for  dry  snow  at  35  GHz. 


Follow’ing  the  standard  assumption  that  <t®  (dB)  is  a  Gassian* 
distributed  v'ariable,  it  follows  that  <t®,  expressed  in  natural 
units  of  m?  is  log-normally  distributed.  Thai  is,  with 

erjg  =  10  log  a®  ,  (S) 

The  pdf  of  (7®  is  given  by: 

exp  [-  (10  log  /2'5dB]  (®) 

V2ir<T°5<jB  ‘ 

where  ajg  and  au'e  the  mean  and  standcird  derivations 
of  (T®  in  dB,  as  determined  from  the  histogram  of  the  exper¬ 
imental  data.  By  way  of  illustration,  Figure  5  shows  plots  of 
p(<T®)  for  short  vegetation,  road  surfaces,  and  dry  snow  cover, 
all  for  HH  polarization  at  an  incidence  angle  of  50®.  These 
are  the  type  of  the  probability  density  functions  generated 
by  the  simulation  package  flow-charted  in  Figure  2. 


Figure  5.  Probability  density  functions  for  short  vegeta¬ 
tion,  road  surfaces  and  dry  snow  cover  at  35  GHz; 
(dB)  and  5  (dB)  are  the  mean  value  and  associated 
standard  deviation,  both  in  dB,  of  the  measured  47® 
(dB)  distribution. 


TAULE  1.  V&luci  of  coenicients  /*,  to  l\  and  Af,  to  My  M30ci»ted  with  Equations 
(C)  and  (7),  which  characterize  the  angular  dependence  of  tlie  mean  value  a*  (dD)  and 
fUndard  deviation  5(dB)  for  varioui  types  of  terrain  at  35  CIU. 
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4  ELECTROMAGNETIC  MODELS  FOR 
TERRAIN  CLUTTER 

As  was  stated  in  earlier  section,  radar  clutter  data  currently 
available  at  millimeter  wavelengths  is  deficient  in  the  fol¬ 
lowing  ways:  (1)  most  of  the  available  data  is  at  35  GHz, 
with  negligible  amoimt  of  data  available  at  the  higher  atmo¬ 
spheric  window  frequenies  of  94,  140,  and  215  GHz,  (2)  for 
some  types  of  terrain,  insufficient  data  exists  even  at  35  GHz, 
and  (3)  for  those  terrain  types  for  which  data  is  available  at 
35  GHz,  the  terrain  conditions  represented  by  the  data  may 
be  too  broad  in  comparison  to  terrain  situations  of  interest, 
thereby  resulting  in  (7°  distributions  that  cover  a  wider  range 
of  values  than  necessary,  which  in  turn  leads  to  poorer  esti¬ 
mates  of  the  false  alarm  and  detection  probabilities  Pfa  aJid 
Pd. 

In  principal,  a  possible  solution  to  this  problem  is  to  de¬ 
velop  a  set  of  electromagnetic  scattering  models  that  can 
relate  cr®  to  the  physical  properties  of  the  terrain.  Using  cal¬ 
ibrated  scatterometer  systems,  numerous  experiments  were 
conducted  over  the  past  several  years  to  determine  the  de¬ 
pendence  of  O’®  on  pertinent  terrain  parameters,  and  to  serve 
as  the  basis  for  evaluating  the  applicability  of  theoretical 
models.  Typical  examples  illustrating  the  agreement  be¬ 
tween  experimental  observations  and  theoretical  predictions 
are  shown  in  Figures  6  and  7  for  snow.  Figure  6  shows  the 
angular  dependence  of  (7°  at  95  GHz  for  snow  cover  with  5% 
liquid  water  content,  and  Figure  7  shows  the  diurnal  vari¬ 
ation  of  O’®  at  35,  95,  and  140  GHz,  which  is  in  response 
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Figure  6.  Measured  and  calculated  angular  variation  of 
for  wet  snow  with  5%  wetness  at  95  GHz. 

to  variations  in  liquid  water  content.  The  theoretical  model 
that  was  used  in  this  case  was  a  numerical  radiative  trans¬ 
fer  model  that  accounts  for  multiple  scattering  in  the  snow 
volume  [5,6].  Although  the  model  provides  good  predictions 
of  O’®,  it  is  fairly  complicated  mathematically  and  its  code  is 
computationally  intensive. 


Figure  7.  CJomparison  of  measured  and  calculated  diur¬ 
nal  response  of  tr®  for  snow  at  35,  95,  and  140  GHz. 
The  incidence  angle  is  40® ,  snow  density  is  0.32  g/ cm^, 
and  the  snow  depth  is  12  cm. 


Similar  models,  with  similarly  good  prediction  capabilities 
but  complicated  mathematical  formulations,  have  been  de¬ 
veloped  for  vegetation  [7]  and  bare-ground  surfaces.  Unfor¬ 
tunately,  because  of  their  mathematically  complicated  form, 
these  models  are  not  being  used  by  the  radar  communit> 
at  large.  To  overcome  this  problem,  we  have  developed  rel- 
alivelv  simple  semi-empirical  expressions  that  yield  results 
within  typically  1  dB  of  the  values  provided  by  the  elaborate 
theoretical  models.  The  next  two  sub-sections  present  these 
expressions,  together  with  curves  illustrating  the  behavior  of 
cr®,  for  snow  cover  and  bare-ground  surfaces.  Similar  expres¬ 
sions  are  under  development  for  other  terrain  types  and  will 
be  presented  in  future  publications. 


4.1  Snow  Cover 

At  millimeter  wavelengths,  the  HH  and  VV  polarized 
backscattering  coefficients  of  snow-covered  terrain  are  essen¬ 
tially  identical  in  magnitude  over  the  angular  region  between 
10®  and  70®  from  nadir.  Hence,  a  single  expression  is  used  for 
both  co-polarized  backscattering  coefficients.  The  parame¬ 
ters  governing  the  magnitude  of  <r®  are  the  incidence  angle  0^ 
the  snow  depth  h  (cm),  and  the  volumetric  liquid  water  con¬ 
tent  m„  (%).  Secondary  in  importance  are  the  snow  density 
p  and  the  ice  crystal  size  distribution.  The  expressions  given 
below  were  computed  for  a  typical  value  of  p  =  0.3  g/cm 
and  for  a  Gaussian  distribution  of  ice  particle  diameters  with 
a  mean  value  of  1  mm  and  a  standard  deviation  of  0.2  mm. 
Deviations  from  these  conditions  can  lead  to  errors  on  the 
order  of  1-3  dB. 

For  snow  depth  h  >  10  cm,  the  following  expression  was 
found  to  provide  excellent  fits  to  experimental  data  as  well 
as  to  values  computed  with  the  theoretical  radiative  transfer 
model: 

cr®(0,/i,m„)  =  {A[l  -exp(-Bh  sec  ^')]exp(“Cm„)} 

-f  D  exp(— £?  m„)}  cos  0  +  F  (10) 

with  the  refraction  angle  in  the  snow  medium,  being  re¬ 
lated  to  the  incidence  angle  9  by: 


(11) 


The  constant  coefficients  A  through  F  have  the  following 
values: 


Coefficient 

A 

B 

C 

D 

E 

F 


35  GHz 
1.4 

1,8  X  10“2 
1.4 
0.33 
0.01 
-0.17 


94  GHz 
1.4 

5.6  X  10-2 
0.52 
0.03 
-  0.27 
0.05 


The  variation  of  O’®  with  0,  ^,  and  nxy  is  illustrated  by  the  sets 
of  curves  shown  in  Figure  8  for  35  GHz  and  in  Figure  9  for  94 
GHz.  The  points  denoted  by  stars  in  the  figures  represent 
the  values  of  o®  calculated  using  the  theoretical  radiative 
transfer  model  [5,6],  which  are  included  in  the  figures  for 
only  a  few  cases  in  order  to  illustrate  the  magnitude  of  the 
error  between  the  exact  theoretical  calculations  and  those 
calculated  on  the  basis  of  the  expression  given  by  (10). 
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Figure  8.  Variation  of  (t®  with  incidence  angle  snow 
depth  k  and  liquid  water  content  at  35  GHz. 


4.2  Bare-Soil  Surfaces 

In  general,  scattering  by  a  soil  surface  may  contain  two  scat¬ 
tering  components,  one  due  to  scattering  by  the  surface  itself 
and  another  due  to  particle  scattering  in  the  soil  medium. 
Thus,  the  backseat tering  coefficient  may  be  expressed  as: 

=  +  (12) 

where  the  superscripts  s  and  r  denote  surface  and  volume 
scattering,  respectively.  The  models  given  below  for  (X*  and 
are  based  on  a  combination  of  semi-  empirical  models  and 
theoretical  models  that  were  generated  through  comparison 
with  experimental  data  measured  at  35  and  94  GHz. 


Snow  Depth  h  (cm) 

Figure  9.  Variations  of  co-po)arized  with  snow  depth 
h  and  snow  liquid  water  content  at  94  GHz. 


The  surface  scattering  component  tr*  is  a  function  of  the 
incidence  angle  Oy  the  volumetic  moisture  content  of  the  sur¬ 
face  layer  m„,  and  the  electromagnetic  roughness  of  the  sur¬ 
face  ksy  where  k  ~  27r/A  and  s  is  the  rms  height  of  the 
surface.  Based  on  experimental  observaions  made  at  35  and 
94  GHz  for  surfaces  with  various  roughnesses  and  moisture 
contents,  the  following  expressions  were  generated  for  the  vVy 
hhy  and  hv  polarization  components  of 


<^hh  =  P<'’ 

<^hv  = 

where 

q  =  ^  =  0.23^^^[1  “  exp(-0.2/:s)] 


g  =  0.7r  [l  -  exp 

+  2.2(1  —  r)  [1  “  exp(— 0.2A:s)] 
a;  =  3.5  +  i  tan-*  [10(1.65  -  fcs)] 

TT 

r  =  i  -f  —  tan”'  [100(0.08  -  m„)] 

2  TT 


(13) 

(14) 

(15) 

(16) 

(17) 

(18) 

(19) 

(20) 


and  rv(61)  and  r;i(0)  are  the  Fresnel  reflectivities  of  the  sur¬ 
face  and  6  is  measured  in  radians. 
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Volume  Scattering  Component 

The  volume  scattering  component  is  a  function  of 
the  moisture  content  and  the  mean  particle  diameter  do- 
Comparison  of  the  magnitude  of  to  <t*  reveals  that  <t  ^ 
<t’  at  35  GHz,  but  at  94  GHz  cr*'  may  be  smaller  than  a*  for 
wet  soil  or  larger  than  o*'  for  very  dry  soil.  Hence,  expressions 
for  a'’  are  given  for  94  GHz  only.  With  do  expressed  in  mm, 
the  following  expressions  were  established  on  the  basis  of 
matcyhing  a  radiative  transfer  model  to  experimental  data: 

=  [(11.75  -  0.8  cos  (21) 

<h  ^  1(6.15 +  4.77  cos  (22) 

The  dependence  of  the  total  soil  backscattering  coefficient 
at  35  GHz  on  surface  roughness  ks  and  moisture  content  m„ 
is  shown  in  Figure  10.  The  relative  importance  of  the  volume 
and  surface  components  at  94  GHz  is  depicted  in  Figure  11 
and  the  total  backscattering  coefficient  is  plotted  in  Figure 
12  as  a  function  of  for  three  different  values  of  do-  It  is 
clear  that  if  exceeds  0.1,  surface  scattering  becomes  the 
dominant  contribution. 


Figure  10»  Dependence  of  (t*  at  35  GHz  on  soil  wetness 
and  electromagnetic  surfaced  roughness  ks  for  vu  and 
hh  polarizations. 


‘M  CM/ 


Mean  Panicle  Diaincier  d,,  (inm) 


Figure  11.  Variation  of  volume  scattering  component  <r*' 
at  94  GHz  with  mean  particle  diameter  do-  The  level 
of  the  surface  scattering  component  is  indicated  for 
comparison  for  three  roughnesses. 


Figure  12.  Variation  of  <7®  at  94  GHz  with  m„  for  mod¬ 
erately  rough  surface  with  ks  =  5. 


5  CONCLUSIONS 

A  hybrid  model  has  been  presented  for  evaluating  the  de¬ 
tection  performance  of  a  millimeter- wave  radar  against  ter¬ 
rain  clutter.  In  the  case  of  terrain  types  and  conditions  for 
which  sufficient  experimental  data  exists  to  characterize  the 
probability  density  function  of  the  backscattering  coefficient 
<T°-which  is  limited  to  35  GHz  for  a  few  types  of  terrain,  the 
simulation  model  uses  standard  procedures  for  computing 
the  false  alarm  and  detection  probabilities,  P/a  and  Pj. 

For  radars  operating  at  94  GHz,  as  well  as  for  35-GHz 
radars  operating  in  terrain  backgrounds  for  which  sufficient 
experimental  observatiosn  are  not  available,  the  hybrid  model 
generates  the  requisite  clutter  pdf  on  the  basis  of  electromag¬ 
netic  models  that  were  developed  through  careful  experimen¬ 
tal  investigations.  In  this  paper,  electromagnetic  models  are 
provided  for  snow  cover  and  for  bare  soil  surfaces.  Simi¬ 
lar  models  for  vegetation  cover  and  road  surfaces  are  under 
development  and  will  be  presented  in  future  publications. 
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Discussion 


Discusser's  name  :  E.  Schweicher,  BE 

Comment/Question  : 

Is  it  true  that  the  receiving  antenna  is  a  comigated  horn? 


Author/Presenter's  reply  : 
Yes  it  is  for  all  four  radar  systems 


Discusser's  name  : 


H.  B.  Wallace,  US 


Comment/Question  : 

How  do  you  relate  the  PdF  of  the  clutter  data  to  the  instrumentation  spatial  resolution  and 
the  postulated  system  resolution  in  your  models? 


Author/Presenter's  reply  : 

For  resolution  cells  containing  several  correlation  lengths,  Rayleigh  statistics  is  applicable, 
but  for  sub-correlation  length  size  cells,  we  need  to  develop  different  statistical  models.  We 
are  working  on  that  now. 
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A  Waveguide  Polarization  Controller 

Kama!  Sarabandj 


Abstract-— In  this  paper  a  novel  waveguide  pcdarizer  is  introduced  that 
does  not  require  rotary  joints  and  the  frequency  of  operation  can  easily  be 
adjusted  by  a  few  set  screws.  In  this  method  the  degenerate  eigenvalues 
of  a  circular  waveguide  are  separated  by  deforming  the  waveguide  cross 
section  slightly.  In  order  to  generate  a  desired  polarization,  the  orientation 
angle  of  the  deformation  point  with  respect  to  the  polarization  of  the 
incident  wave  can  be  adjusted  using  a  rotary  roller  mechanism  concentric 
with  the  drcular  waveguide.  An^ysis  of  the  problem  based  on  the 
finite  element  method  and  an  approximate  analytical  method  is  given. 
A  prototype  model  at  343  GHz  is  built  and  tested.  Experimental  results 
shows  excellent  agreement  with  the  theoretical  prediction. 

I.  INTRODUCTION 

Polarization  agility  in  a  military  or  remote  sensing  radar  enhances 
the  ability  of  the  radar  system  in  detection  and  measurement  of  a 
feature  of  interest  in  a  radar  scene  [1].  Traditionally,  the  desired 
polarization  in  a  transmitter  is  generated  by  employing  one  or  two 
dielectric  septum  polarizers  or  corrugated  dielectric  wave-plates  [2]. 
In  the  dielectric  septum  polarizer,  a  thin  dielectric  sheet  of  quarter- 
wavelength  long  is  placed  longitudinally  in  a  circular  waveguide 
which  introduces  a  7r/2  phase  difference  between  two  modes  in 
space  quadrature.  Since  the  output  polarization  of  a  septum  polarizer 
depends  on  the  relative  orientation  of  the  dielectric  septum  with 
respect  to  the  polarization  of  the  incident  wave,  waveguide  rotary 
joints  are  required  to  generate  a  set  of  desired  polarizations.  Although 
a  choke  is  usually  used  with  a  waveguide  rotary  joint  to  reduce 
reflection  at  the  interface  of  the  flanges,  the  VSWR  as  a  function 
of  twist  angle  can  be  as  high  as  1.4  at  A'-band  [3].  The  somewhat 
random  phase  and  amplitude  variations  as  a  function  of  twist  angle 
caused  by  the  rotary  joint,  degrade  the  performance  of  the  polarizer. 

An  alternative  way  of  controlling  the  polarization  at  millimeter  and 
submillimeter  wavelengths  is  to  place  an  anisotropic  (or  corrugated) 
dielectric  plate  in  front  of  the  transmitter  [4].  Since  the  dielectric 
wave-plate  is  illuminated  by  a  spherical  phase  front,  the  axial  ratio 
degrades  away  from  the  bore  sight.  Problems  such  as  interaction  of 
the  corrugated  dielectric  wave-plate  with  the  antenna  and  different 
attenuation  for  the  components  of  the  wave  parallel  and  perpendicular 
to  the  optical  axis  degrades  the  polarization  purity  of  the  device. 

It  is  shown  that  a  squeezed  rectangular  waveguide  can  be  used  as 
a  phase  shifter  [2],  [5].  Based  on  this  idea,  design  and  analysis  of 
a  squeezed  circular  waveguide  polarizer  is  presented.  This  polarizer 
does  not  require  rotary  joints  and  its  center  frequency  can  easily  be 
adjusted  by  set  screws. 

n.  THEORETICAL  ANALYSIS 

In  this  section  theoretical  analysis  of  squeezed  waveguide  polariz¬ 
ers  is  considered.  The  analysis  involves  two  steps:  1)  the  mechanical 
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Fig.  I.  Mechanical  design  of  the  squeezed  waveguide  polarizer  (a  prototype 
at  A’o-band). 


and  2)  electrical  design  consideration  of  a  pinched  cylindrical  wave¬ 
guide.  In  the  mechanical  analysis  the  objective  is  determination 
of  the  cross  section  geometry  of  the  pinched  cylinder  and  in  the 
electrical  analysis  determination  of  the  first  two  eigenvalues  (cutoff 
frequencies)  of  the  deformed  waveguide  is  of  interest. 

A.  Mechanical  Analysis 

Fig.  1  shows  the  mechanical  design  of  the  rotatable  waveguide 
squeezer.  Two  thick  circular  metallic  disks  are  positioned  concentric 
with  the  waveguide  axis  at  each  end  of  the  waveguide  section.  Each 
concentric  disk  is  supported  over  the  waveguide  surface  by  a  bearing 
which  facilitates  rotation  of  the  disk  around  the  circular  waveguide. 
The  concentric  disks  are  connected  to  each  other  by  two  shafts  parallel 
to  the  axis  and  placed  on  opposite  sides  of  the  waveguide.  The  shafts 
are  free  to  slide  up  and  down  in  radial  slots  machined  in  the  concentric 
disks.  These  shafts  are  the  axes  of  two  long  roller  bearings  that  are 
pinching  the  circular  waveguide  along  two  opposite  lines  parallel  to 
the  waveguide  axis  as  shown  in  Fig.  1.  The  radial  distance  of  the  two 
osculating  lines  from  the  waveguide  axis  can  be  adjusted  by  the  set 
screws,  thereby  the  circular  waveguide  can  be  deformed  to  achieve 
the  desired  mode  separation.  In  tuning  the  mode  separation  using  the 
set  screws,  one  must  be  careful  not  to  exceed  displacements  outside 
the  elastic  region  of  the  waveguide  tubing. 

The  property  of  material,  wall  thickness,  length  of  the  osculating 
line  (pinched  section),  and  the  iimer  radius  of  the  waveguide  are  the 
influential  parameters  for  proper  mechanical  design  of  the  squeezed 
waveguide  polarizer.  The  ixmer  dimension  of  the  circular  waveguide 
is  determined  by  the  frequency  of  operation,  thus  is  not  a  free 
parameter  in  mechanical  design.  The  phase  difference  between  the 
two  orthogonal  modes  is  proportional  to  the  displacement  of  the 
waveguide  wall  from  its  normal  configuration.  Therefore  in  order  to 
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get  a  larger  phase  difference  for  a  given  length  of  osculating  line,  the 
waveguide  material  must  be  chosen  such  that  the  ratio  of  the  yield 
stress  fS., )  to  the  Young's  modulus  of  elasticity  (£)  is  maximum 
amongst  all  possible  alloys.  Referring  to  a  ubie  of  properties  of 
metals  [6].  it  can  be  seen  that  alloys  of  beryllium  copper  have 
the  largest  yield  stress  (as  high  as  175  Ksi)  w'hile  their  modulus 
of  elasticity  is  reasonably  low  (around  18  Mpsi).  Aside  from  its 
elastic  propeny,  beryllium  copper  has  other  properties  suitable  for 
this  design  such  as  strength,  corrosion  resistance,  and  high  electrical 
conductivity. 

Structural  analysis  of  the  pinched  cylinder  is  required  to  obtain 
the  stress  distribution  and  the  cross  section  deformation.  The  stress 
distribution  in  the  waveguide  wall  is  required  to  assure  that  the  stress 
does  not  exceed  the  yield  stress  of  the  material.  For  this  problem 
a  finite  element  code  (I-DEAS)  was  used  to  calculate  the  stress 
distribution  and  cross  section  deformation.  It  was  found  that  the 
maximum  stress  is  at  the  edge  of  the  osculating  lines  and  is  almost 
linearly  proportional  to  the  thickness  as  long  as  r/r  ^  1.  It  was  also 
found  that  for  thin  shells  the  cross  section  of  the  deformed  waveguide 
is  almost  elliptical  when  the  relative  displacement  (Ar/r)  is  under 
It  is  better  to  keep  the  displacement  under  5%  and  achieve 
the  desired  phase  shift  by  adjusting  the  length  of  the  osculating 
line  because  the  maximum  stress  increases  rapidly  with  increasing 
displacement. 

B.  Numerical  Solution 

The  finite  element  method  offers  an  efficient  numerical  procedure 
in  the  calculation  of  the  eigenvalues  of  a  waveguide  with  arbitrary 
cross  section  [7].  This  technique  is  well-known  and  here  only  a 
brief  discussion  of  the  method  is  outlined.  For  homogeneously-filled 
waveguides  the  longitudinal  component  of  the  electric  (TM  case)  or 
magnetic  (TE  case)  field,  denoted  by  satisfies  the  homogeneous 
Helmholtz’s  equation  ( =  0,  where  Kc  is  the  cutoff  wave 
number.  It  is  shown  that  the  solution  to  the  Helmholtz’s  equation 
minimizes  the  following  functional  [8] 


FM  = 


S  Is 


and  the  minimum  is  equal  to  the  smallest  eigenvalue  A  =  A’^ .  To  find 
the  minima  of  the  functional  the  eigenfunction  xl'  is  ^proximated  by 
a  piecewise  linear  function.  In  this  approximation  the  cross  section 
of  the  waveguide  is  discretized  into  small  triangular  elements  with 
unknown  values  of  t-’  at  each  node  of  the  elements.  Substituting  the 
piecewise  linear  function  into  the  functional  (1)  and  searching  for  the 
minima  by  setting  =  0,  the  following  matrix  equation  is  obtained 


Consider  the  elliptic  coordinate  s>stem  with  parameter  f 

In  this  coordinate  system,  surfaces  of  constant  specif)  contoca! 
elliptical  cylinders  with  p  being  half  the  distance  between  the  foci 
For  the  squeezed  cylinder  of  radius  r.  represent  the  displacement  of 
the  surface  at  the  pinched  point  b>  Ar.  In  this  case  the  major  and 
minor  axes  of  the  ellipse  are  2tr  i  and  2ir  -  Ar  '  respective!) . 
It  is  assumed  that  the  relauve  displacement  =  Ar  ^r  <  1.  The 
interfocal  distance  2p  in  terms  of  relative  displacement  d  and  radius 
of  the  original  cylinder  r  is  given  by 

p  =  2r>/7  (3) 

and  ^0  =  tanh”^[(l-“(>)/(l  +  ^)]  specifies  the  surface  of  the  ellipse. 
The  fields  inside  the  elliptical  cylinder  may  be  expanded  in  terms  of 
elliptical  harmonic  functions  also  known  as  angular  (5^(7/). 
and  radial  (AJ„(//).  i?^(/i))  Maihieu  functions  [12].  Since  the  dom¬ 
inant  mode  of  a  circular  waveguide  is  TEi  i ,  the  first  two  modes  in 
the  almost  circular  elliptical  waveguide  are  TE\  i  and  TEi  i .  To  obtain 
an  approximate  solution  for  the  cutoff  frequencies  of  these  modes, 
expansions  of  the  radial  Maihieu  functions  of  the  first  kind  in  terms 
of  Bessel  functions  are  needed.  For  odd  orders  of  the  radial  Mathieu 
functions,  these  expansions  are  given  by  [11] 


Rim+iipi-g)  (2to+i) 


where  q  =  and  AV  is  the  cutoff  wave  number 

(A'c  =  2;: /A).  The  coefficients  and  in  (4)  and 

(5)  are  functions  of  q.  The  first  even  and  odd  mt^es  correspond 
to  m  =  0  in  the  above  equations.  Since  q  1,  z  power  series 
expansion  of  the  angular  Mathieu  functions  can  be  used  in  (4)  and 
(5).  Keeping  the  terms  up  to  the  first  order  in  q,  after  some  tedious 
algebraic  manipulation  it  can  be  shown  that 

^  +  -^Ji(2^cosh  pi)  H-  ^  J3(2-y/qcosh/i) 


JRUfi^q): 


^  1- Y*^»(2v/?sinh/4)-|j3(2v'?sinh/t)  . 


A®  =  (2) 

Equation  (2)  is  recognized  as  the  generalized  eigenvalue  problem 
which  can  be  solved  for  A’r  numerically  using  a  standard  method 


C.  Asymptotic  Solution 

As  was  discussed  in  the  mechanical  design  section  a  slightly 
pinched  circular  cylinder  deforms  into  an  almost  elliptical  cylinders. 
The  degenerate  eigenvalues  of  the  circular  waveguides  gel  separated 
into  the  so  called  even  and  odd  modes  of  elliptical  waveguides. 
The  analytical  solution  for  the  cutoff  frequencies  and  the  associated 
phase  constants  of  elliptical  waveguides  is  known  and  therefore  the 
phase  difference  between  the  dominant  even  and  odd  modes  can  be 
calculated  [10].  In  this  section  a  simple  closed  form  expression  for 
the  cutoff  frequencies  of  the  first  two  dominant  modes  of  the  almost 
circular  wavesuide  is  obtained. 


For  TE  waves  the  boundary  condition  requires  that 


-Arv.,)=o 


at  p  =  po. 


The  solution  of  these  equations  for  q  give  the  cutoff  frequencies  for 
the  even  and  odd  TEi„  modes.  The  dominant  cutoff  frequencies  of 
the  slightly  deformed  circular  waveguide  are  slightly  different  from 
that  of  the  circular  waveguide,  thus  to  the  first  order  in  6 

A-r 

where  =  1.841/r  is  the  cutoff  wave  number  for  the  circular 
waveguide.  Substituting  (6)  and  (7)  into  (8),  noting  that  cosh  po  = 
(1  +  6)/{2^/6)  and  sinh//o  =  (1  —  8)/{2\/6),  and  then  expanding 
the  Bessel  functions  in  terms  their  Taylor  series  to  the  first  order  in 
8^  it  can  be  shown  that 

A7  ss  Ar?(l-0.91S3^)  (9) 

A7  « + 0.91836).  (10) 
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Rg.  2.  First  two  cutoff  wave  number  for  an  elliptical  waveguide  with  axial 
ratio  normalized  to  the  dominant  cutoff  wave  number  of  the  circular 
waveguide  (6  =  0). 

The  cutoff  wavenumbers  given  by  (9)  and  (10)  are  comparered  with 
those  computed  from  the  finite  element  code  in  Fig.  2.  It  can  be  seen 
that  the  asymptotic  expression  provides  accurate  results  for  values  of 
6  as  high  as  10%  for  the  odd  mode  and  20%  for  the  even  mode. 

m.  EXPERIMENTAL  RESULTS 

A  squeezed  waveguide  polarizer  with  a  rotary  mechanism  was 
designed  and  tested  at  A*a>band  frequencies.  A  cylindrical  brass  tube 
of  inner  diameter  of  6.35  mm,  outer  diameter  of  7.14  mm,  and  length 
8  cm  was  chosen  as  the  circular  waveguide. 

Knowing  the  cross  section  geometry  and  the  displacement,  the 
length  of  the  osculating  line  can  be  determined  from  the  required 
phase  difference  between  the  orthogonal  modes.  In  practice,  after 
setting  the  displacement  to  the  nominal  design  value,  fine  adjustment 
may  be  required  to  get  the  precise  desired  phase  shift  between  the 
orthogonal  modes.  To  characterize  the  performance  of  the  squeezed 
waveguide  polarizer  and  fine-mne  the  phase  shift,  a  new  test  setup 
is  designed  as  shown  in  Fig.  3.  An  HP  8753C  network  analyzer  is 
used  as  the  sweeper  and  dual  vector  receiver.  Since  the  operating 
frequency  of  the  netwoiic  analyzer  is  limited  to  3  GHz,  one  up- 
converter  and  two  down-converter  (harmonic  mixers)  are  used  to 
extend  the  operating  frequency  to  A'a-band.  To  increase  the  isolation 
between  the  up-converter  and  down-converters,  bandpass  filters  were 
inserted  in  each  branch  of  the  power  splitter. 

The  RF  port  of  the  up-converter  is  a  rectangular  waveguide  oriented 
vertically  and  connected  to  the  polarizer  via  a  rectangular-to-circular 
waveguide  adapter.  The  output  of  the  polarizer  is  connected  to  an 
orthogonal  mode  transducer  (OMT)  with  40  dB  isolation  between 
the  two  orthogonal  ports.  The  OMT  at  the  output  of  the  polarizer 
is  oriented  so  that  the  orthogonal  ports  are  at  45®  with  respect  to 
the  vertical  direction. When  the  waveguide  squeezer  is  unloaded,  the 
polarizer  does  not  modify  the  incident  wave  and  the  signals  received 
in  the  A  and  B  ports  of  the  networic  analyzer  should  be  identical. 
However,  due  to  path  length  differences  and  variations  in  amplifier 
gains  and  mixer  conversion  losses,  the  received  signal  in  the  A  and 
B  ports  are  not  identical.  The  measured  A  and  B  for  the  unsqueezed 
polarizer  are  used  to  find  the  differences  between  the  two  chaimels. 


Fig.  3.  Experimental  setup  for  tuning  and  characterizing  the  prototype 
A'a-band  squeezed  waveguide  polarizer. 


Suppose  6  and  c  arc  two  orthogonal  unit  vectors  along  the  minor  and 
major  axes  of  the  deformed  waveguide  and  a  is  the  angle  between 
0  and  V  (the  polarization  of  the  incident  wave).  Depending  on  the 
orientation  angle  a,  the  incident  wave  can  excite  both  modes  of 
propagations  one  with  the  electric  field  along  the  major  axis,  and  the 
other  one  with  the  electric  field  along  the  minor  axis  of  the  ellipse. 
The  component  of  the  incident  wave  along  the  minor  axis  propagates 
more  slowly  than  the  component  along  the  major  axis  which  produces 
a  phase  difference  <t>  between  the  two  components.  By  decomposing 
the  field  at  the  output  of  the  polarizer  into  two  components  along  the 
ports  of  the  OMT,  it  can  be  shown  that  the  calibrated  signal  at  the 
A  and  A  ports  of  the  network  analyzer  must  satisfy 

A  _  1  —  tan(a  —  45)  cot(Q) 

B  tan(a  —  45)  +  e“-^^cot(a) 

In  order  to  fine  tune  the  polarizer  for  the  desired  0,  we  notice  that 
at  the  rotation  angle  a  =  45®,  the  phase  difference  between  A  and 
B  signals  is  In  this  experiment  the  rotary  disk  of  the  polarizer 
was  engaged  with  a  stepper  motor  to  facilitate  accurate  positioning 
of  the  vectors  6  and  i  with  respect  to  v  within  a  fraction  of  a  degree. 
For  the  prototype  polarizer  with  X  =  1.9  cm,  r  =  0.317  cm,  and 
/  =  34.5  GHz,  the  phase  difference  can  be  calculated  from 

<i>  =  L{K  -  kt)  (12) 

where  kt  and  fcf  can  be  obtained  from  (9)  and  (10)  respectively. 
To  achieve  a  90®  phase  shift  a  displacement  of  5.5%  is  required 
which  was  verified  experimentally.  Fig.  4  compare  the  phase  of  the 
measured  A/B  to  the  expression  (12)  as  a  function  of  rotation 
angle.  It  can  be  seen  that  the  agreement  is  excellent.  In  a  separate 
measurement  setup  it  was  found  that  the  return  loss  (Su)  of  the 
polarizer  was  better  than  40  dB. 

IV.  CONCLUSION 

A  new  design  for  waveguide  polarizers  was  presented.  In  this 
technique  the  degenerate  eigenvalues  of  a  circular  waveguide  are 
separated  by  deforming  the  cross  section.  The  circular  cylinder  is 
pinched  from  the  opposite  sides  so  that  the  first  two  modes  are  in 
space  quadrature.  By  choosing  the  length  of  the  deformed  section 
and  the  relative  displacement  a  phase  difference  of  it/2  between 
the  two  modes  is  introduced.  The  output  polarization  is  controlled 
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Roudoo  Asgle 

Fig.  4.  The  measured  and  calculated  phase  difTerence  of  the  signals  at  the 
OMT  output  (-4  and  B). 

by  a  rotatable  waveguide  squeezer  which  facilitates  rotation  of  the 
major  axis  of  the  defonned  cross  section  with  respect  to  the  input 
polarization.  The  new  polarizer  does  not  require  rotary  joints  and 
its  center  frequency  can  easily  be  adjusted  using  a  few  set  screws. 
Analytical  and  numerical  design  procedures  are  presented  and  a 
prototype  model  at  A'a-band  is  built  and  test 
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Statistical  properties  of  the  Mueller  matrix  of 
distributed  targets 
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Indexing  terms:  Polarimeiric  radar ^  Remote  sensing 


Abstract:  As  a  consequence  of  the  reciprocity 
relation,  the  scattering  matrix  measured  in  the 
backscattering  direction  by  a  polarimetric  radar 
system  consists  of  five  quantities:  15^,^.!,  and 
I  ^hv  l»  which  are  the  magnitudes  of  the  linearly  pol¬ 
arised  scattering  amplitudes,  and  4>c 
which  are  the  co-polarised  and  crosspolarised 
phase  angles.  For  statistically  homogeneous,  dis¬ 
tributed  terrain  targets,  the  magnitudes  are  Ray¬ 
leigh  distributed  and  their  means  are  related  to 
the  target’s  geometrical  and  dielectrical  properties, 
but  their  normalised  probability  density  functions 
are  target  independent.  For  most  natural  targets, 
the  crosspolarised  phase  angle  <t>^  is  uniformly  dis¬ 
tributed  over  [0,  27r],  and  therefore  contains  no 
target-specific  information.  The  co-polarised  phase 
angle  (l>^ ,  on  the  other  hand,  is  shown  to  exhibit  a 
probability  density  function  (PDF)  that  is  charac¬ 
terised  completely  by  two  parameters  a  and 
both  of  which  are  related  to  the  elements  of  the 
Mueller  matrix  of  the  target.  The  parameter  a 
governs  the  width  of  the  PDF  and  C  governs  the 
mean  value  of  <t>^.  It  is  further  shown  that  the 
three  magnitudes  and  and  the 

two  parameters  a  and  C  completely  specify  the 
Mueller  matrix,  and  therefore  contain  all  the  sta¬ 
tistical  information  available  from  the  polari¬ 
metric  backscatter  response  of  the  target.  These 
results  are  verified  with  experimental  observations 
that  show  that  a  and  C  are  related  to  the  physical 
and  dielectric  properties  of  soil  and  vegetation 
targets. 


1  Introduction 

Unlike  conventional  SAR,  which  generates  a  high- 
resolution  display  of  the  radar  backscattering  coefficient 
of  the  imaged  scene  for  the  specific  transmit-receive  pol¬ 
arisation  configuration  used  by  the  radar  antenna,  a 
coherent,  polarimetric  SAR  measures  the  scattering 
matrix  S  (on  a  pixel  by  pixel  basis)  from  which  the  scat¬ 
tering  cross  section  a  (or  scattering  coefficient  <7°  =  a/ A, 
where  A  is  the  pixel  area)  can  be  computed  for  any 
desired  transmit  and  receive  polarisation  combination 
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through  the  application  of  the  polarisation  synthesis 
technique  [1,  2].  Several  models  have  recently  been 
developed  to  characterise  the  polarimetric  response  of 
terrain,  such  as  soil  and  vegetation-covered  surfaces 
[3-5],  with  the  expectation  of  using  the  models  to  extract 
more  detailed  information  about  the  terrain  from  its 
polarimetric  response  than  is  available  from  conventional 
SAR  data  [6].  Because  radar  is  a  narrow-bandwidth 
coherent  sensor,  the  radar  image  of  a  statistically  homo¬ 
geneous  scene  will  exhibit  ‘speckle’  due  to  signal  fading 
scintillations  [7],  which  usually  necessitates  spatial 
averaging  of  several  pixels  prior  to  interpreting  the  data. 
To  apply  the  polarisation  synthesis  technique,  one  could 
follow  either  of  two  basic  procedures.  In  the  first  pro¬ 
cedure,  the  scattering  cross  section  a  is  synthesised  for 
each  pixel  using  the  scattering  matrix  measured  for  that 
pixel,  and  then  g  is  averaged  over  however  many  pixels 
are  deemed  necessary  for  interpreting  the  data.  In  the 
second  procedure,  each  of  the  measured  (2  x  2)  complex 
scattering  matrices  are  first  converted  to  their  corre¬ 
sponding  4x4  real  Mueller  matrices  (or  Stokes  scat¬ 
tering  operators  or  Stokes  covariance  matrices),  the 
averaging  is  performed  over  the  4x4  real  matrices,  and 
then  the  polarisation  synthesis  technique  is  applied  to  the 
averaged  4x4  matrix  [1].  For  a  distributed  target  rep¬ 
resented  by  many  pixels  in  a  radar  image  (such  as  an 
ocean  surface,  or  a  forest  canopy),  a  coherent  polari¬ 
metric  radar  offers  two  basic  types  of  information:  (a)  the 
synthesised  polarisation  response,  which  represents  the 
average  scattering  coefficient  as  a  function  of  all  possible 
combinations  of  transmit  and  receive  antenna  polarisa¬ 
tions,  and  (b)  the  probability  density  functions  of  the  mag¬ 
nitudes  and  polarisation  phase  differences  (which  are 
defined  in  the  next  Section).  For  statistically  distributed 
targets,  the  magnitude  of  the  backscattered  signal  is  Ray¬ 
leigh  distributed  regardless  of  the  geometrical  and  dielec¬ 
tric  properties  of  the  target.  Hence,  only  the  mean  value 
of  the  magnitude  contains  information  about  the  target. 
The  polarisation  phase  differences  are  and  where 
(pc  —  4>hh  ~  <t>vv  is  the  co-polarised  phase  angle,  <p^  = 

“  <Pvv  =  <i>vh  “  ^vv  is  the  crosspolarised  phase  angle,  and 
<pij  is  the  phase  of  the  received  electric  field  for  receive 
polarisation  i  and  transmit  polarisation  j.  The  subscripts 
h  and  v  refer  to  horizontal  and  vertical  polarisation 
respectively.  Experimental  data  acquired  by  coherent 
polarimetric  SAR  systems  and  by  polarimetric  scat- 
terometer  systems  have  shown  that  the  crosspolarised 
phase  angle  <p^  is  uniformly  distributed  over  [0,  27r]  for 
any  distributed  target.  Hence,  <p^  does  not  contain  infor¬ 
mation  about  the  target.  In  contrast,  the  probability 
density  function  of  (p^  is  strongly  dependent  upon  both 
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the  sensor  parameters  (incidence  angle  and  wavelength) 
and  the  target  parameters  (roughness,  dielectric  constant, 
geometry,  etc.) 

To  measure  the  scattering  matrix  S,  the  measuring 
radar  system  should  maintain  good  phase  stability  over 
the  duration  of  the  measurement.  Usually  the  four  ele¬ 
ments  of  S  are  measured  by  transmitting  a  linear  polari¬ 
sation.  such  as  V,  and  recording  both  the  /i-  and 
i>-polarised  backscattered  signals,  and  then  repeating  the 
process  after  changing  the  transmit  signal  to  h  polarisa¬ 
tion.  This  can  be  accomplished  by  alternating  the  polari¬ 
sation  of  the  transmitted  pulses.  The  movement  of  a 
SAR  between  adjacent  pulses  results  in  some  decorrela¬ 
tion  between  the  received  signals  because  they  will  not 
view  exactly  the  same  area  on  the  ground.  This  problem 
can  be  corrected,  however,  by  proper  sampling  and  inter¬ 
polation,  albeit  at  the  cost  of  increased  complexity  of  the 
SAR  signal  processor. 

The  data  available  from  a  calibrated  polarimetric  SAR 
image  of  a  statistically  homogeneous  distributed  target 
can  be  used  in  either  one  of  two  forms.  The  first  consists 
of  the  means  of  the  three  principal  polarisation  magni- 
tudes,  <S**S?*>  and  <S*„S:„>,  and  the  PDF  of 

(t>c .  /(<^f  )•  The  goal  is  to  relate  these  quantities  to  the 
physical  and  dielectric  properties  of  the  target,  with  the 
ultimate  objective  being  to  invert  the  process  so  as  to 
infer  the  properties  of  the  target  from  the  radar  observa¬ 
tions.  The  second  form  is  the  Mueller  matrix  Af,  whose 
elements  are  given  by  ensemble  averages  of  various  pro¬ 
ducts  of  the  elements  of  the  scattering  matrix  5.  The 
Mueller-matrix  form  is  used  for  polarisation  synthesis 
(which  can  also  be  realised  from  the  measured  S  matrices 
directly),  but  more  importantly  it  is  the  only  means  avail¬ 
able  for  comparing  measured  data  with  theoretical 
models.  Scattering  models  of  the  polarimetric  response  of 
terrain  are  inherently  ensemble-average  processes  and 
their  output  products  are  expressions  of  the  Mueller 
matrix,  Af.  Three  of  the  elements  of  M  are  identical  to  the 
magnitudes  mentioned  earlier,  but  until  recently,  it  was 
not  possible  to  obtain  from  A/.  Hence,  it  was  not 
possible  to  compare  the  measured  f{4>c)  with  theoretical 
predictions  nor  to  evaluate  the  potential  information 
about  the  target  contained  in  /(</>J.  Based  on  a  recent 
study  by  Sarabandi  [8],/((/>c)  can  be  completely  specified 
in  terms  of  two  parameters,  a  and  C,  both  of  which  arc 
given  explicitly  in  terms  of  the  elements  of  Af,  thereby 
providing  the  missing  link  between  the  statistics  of  the 
polarimetric  response  available  from  the  SAR  measure¬ 
ments  and  the  expressions  for  the  Mueller  matrix  avail¬ 
able  from  theoretical  models.  This  is  examined  in  the 
present  paper  and  verified  with  experimental  data  for  soil 
surfaces  and  small  trees. 

Another  important  application  of  the  link  between 
and  Af  pertains  to  nonfully  coherent  polarimetric 
radar  techniques  that  measure  Af  directly.  At  centimetre 
wavelengths  SAR  technology  is  capable  of  maintaining 
phase  coherence  at  the  level  necessary  for  measuring  the 
scattering  matrix  S  with  good  magnitude  and  phase 
accuracy,  but  phase  stability  requirements  are  more  diffi¬ 
cult  to  achieve  at  the  shorter  millimetre  wavelengths,  par¬ 
ticularly  at  the  140  and  215  GHz  atomospheric  window 
frequencies.  These  limitations  have  led  researchers  to 
develop  an  alternative  measurement  technique  which 
requires  the  system  to  be  able  to  measure  the  phase  dif¬ 
ference  between  the  two  simultaneously  received  orthog¬ 
onal  polarisation  channels,  but  does  not  require  phase 
stability  from  one  pulse  to  the  next  [9-1 1].  This 
coherent-on-receive  polarimetric  radar  technique  does 


not  measure  the  scattering  matrix  but  measures  the 
Mueller  matrix  directly,  instead. 

2  Polarimetric  response 

The  object  located  at  the  centre  of  the  co-ordinate  system 
shown  in  Fig.  1  is  illuminated  by  a  plane  wave  radiated 
by  a  transmitting  antenna  in  the  direction  A,.  The  angles 
(6,.  (/),)  specify  the  direction  of  the  unit  vector  In 


scatter  alignment  (BS/4)  convention 

general  the  incident  wave  may  be  composed  of  a  vertical 
polarisation  component  v,  and  a  horizontal  component 
A,,  defined  such  that  the  co-ordinate  system  (A,,  v,.  A,) 
coincides  with  the  (f,  0,  of  a  standard  spherical  co¬ 
ordinate  system.  Although  our  interest  is  in  the  back- 
scatter  situation,  wherein  the  transmit  and  receive 
antennas  are  co-located,  the  configuration  shown  in  Fig. 
1  corresponds  to  the  general  bistatic  case,  chosen  for  ease 
of  illustration.  The  receive  antenna  observes  the  target  in 
the  direction  k,  and  its  polarisation  unit  vectors  v,  and  h, 
are  defined  as  if  it  were  a  transmitting  antenna,  in  accord¬ 
ance  with  the  backscatter  alignment  convention.  Using 
this  convention,  in  the  backscatter  case  the  angles  shown 
are  related  by  6^  =  n  —  6j  and  and  the 

transmit  and  receive  unit  vectors  become  coincident :  (A, , 

2.1  Scattering  matrix 

In  general,  the  electric  field  of  the  plane  wave  radiated  by 
the  transmitting  antenna  is  elliptically  polarised  with 
complex  polarisation  components  £'„  and  EJ, .  Thus 

P  =  E\,v,  + E‘,,6,  (U 

with  the  phase  reference  of  E'  chosen  to  be  at  the  centre 
of  the  illuminated  target  (i.e.,  at  the  centre  of  the  co¬ 
ordinate  system).  The  field  of  the  spherical  wave  scattered 
by  the  target  in  the  direction  of  the  receive  antenna, 
defined  in  terms  of  the  polarisation  vectors  of  the  receive 
antenna,  is  given  by 

E'  =  E',K  +  E'Jr  (2) 

and  it  is  related  to  £'  by  [12, 13] : 

^ikr 

E'  =  —  SE‘  (3) 

r 

where  r  is  the  distance  between  the  target  and  the  receive 
antenna  and  S  is  the  scattering  matrix  of  the  scattering 
target, 


The  elements  Sij  of  S  are  called  the  scattering  amplitudes, 
and  the  subscripts  ij  denote  the  polarisation  configu¬ 
ration  of  the  receive  and  transmit  fields,  in  that  order.  To 

n- 
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measure  the  scattering  amplitudes  of  a  given  target,  one 
needs  to  use  a  coherent  radar  system  with  dual  polarisa¬ 
tion  capability  for  both  transmission  and  reception. 
Upon  transmitting  a  vertically  polarised  wave  E'  =  E[  r, , 
and  recording  both  components  of  the  received  wave 
and  £1^  using  a  dual  polarised  antenna,  the  scattering 
amplitudes  S^.  and  can  be  determined  from 


The  factor  "  *  can  be  determined  by  measuring  the 

field  backscattered  from  a  target  with  known  scattering 
matrix,  such  as  a  metallic  sphere.  A  similar  procedure 
involving  the  transmission  of  a  horizontally  polarised 
wave  leads  to  the  determination  of  S*;,  and  3^,,^ . 

Each  scattering  amplitude  5,^  is  a  complex  quantity 
comprised  of  a  magnitude  1  Sij  \  and  a  phase  angle 

=  iJ^voTh  (7) 

and  for  backscattering,  the  reciprocity  relation  for  pol¬ 
arised  scattering  mandates  that  the  crosspolarised  scat¬ 
tering  amplitudes  be  equal, 

^hv  “  ^vh  (8) 

Using  eqns.  7  and  8,  the  scattering  matrix  can  be  written 


in  the  form 

5  _  ^i4^S  1  1  1 

1 

(9) 

where 

4^vv  ^ 

-  ‘t>vv 

(10) 

<f>c  =  4>hh  -  4>vv 

(11) 

thus  referencing  all  phase  angles  to  the  phase  angle  of  the 
t?t;-polarised  element.  We  shall  henceforth  refer  to  <t>^  and 
as  the  cross-  and  co-polarised  phase  angles,  respec¬ 
tively. 

22  Polarisation  synthesis  for  a  point  target 
With  S  known,  the  radar  cross  section  (RCS)  for  any  of 
the  principal  linear  polarisation  combinations  can  be 
obtained  from 

ffy  =  47t|Syp;  Uj^voxh  (12) 

To  compute  the  radar  cross  section  for  any  other  polar¬ 
isation  combination,  we  first  need  to  define  the  polarisa¬ 
tion  vectors  p'  and  ^  of  the  transmit  and  receive 
antennas.  If  the  field  E  that  would  be  radiated  by  an 
antenna  is 

E  =  E^v  + 

=  +  (13) 

where  and  are  the  magnitudes  of  the  v-  and  h- 
polariscd  components  and  <f)^  and  <f>f^  are  the  correspond¬ 
ing  phase  angles,  then  the  antenna  polarisation  vector, 
written  in  matrix  form,  is  given  by 


where  tan  a  =  and  3  =  Si,  —  d„.  A  factor  of 
multiplying  the  matrix  in  eqn.  14  has  been  suppressed  for 
convenience  because  it  is  not  needed  in  the  application  of 
the  polarisation  synthesis  technique.  Often,  wave  polar¬ 


isation  is  described  in  terms  of  the  polarisation  ellipse 
(Fig.  2),  characterised  by  the  rotation  angle  {j/  and  cllip>- 
ticity  angle  which  arc  related  to  a  and  S  by 

tan  2^  =  (tan  2a)  cos  S  (15) 

sin  2x  =  (sin  2a)  sin  3  (16) 


and  conversely, 

cos  2a  =  (cos  2x)  (cos  2^) 


tan  3  = 


tan  2x 
sin  2^ 


(17) 

(18) 


For  a  target  with  scattering  matrix  5,  its  radar  cross 
section  can  be  computed  for  any  receive  and  transmit 
polarisation,  defined  by  the  polarisation  angles  Xr) 
and  (^,,  Xt)  —  or  equivalently,  by  the  parameters  (a^,  3^) 
and  (a,,  —  by  applying  the  polarisation  synthesis 

equation  [11]: 


Xr;  1^..  X.)  =  ■  Sp'\^ 


(19) 


23  Synthesis  for  a  distributed  target 
Unlike  point  targets,  soil  surfaces  and  vegetation 
canopies  are  distributed  targets,  composed  of  randomly- 
distributed  scatterers.  The  backscatter  behaviour  of  a  dis¬ 
tributed  target  is  characterised  by  the  backscattering 
coeffident,  ,  which  is  the  ensemble  average  of  the  radar 
cross  section,  a,  per  unit  area. 


where  A  is  the  illuminated  area.  For  the  prindpal  linear 
polarisations,  the  synthesis  process  is  straightforward: 
simply  measure  S  for  each  of  many  independent  samples 
of  the  distributed  target  (or  pixels  of  resolution  area  A,  in 
the  case  of  an  imaging  radar),  and  then  compute 

47C  ^ 

=  ZjSylf,  ij  =  V  or  h  (21) 


where  N  is  the  number  of  independent  samples  measured. 
For  other  polarisation  combinations  of  transmit  and 
receive  polarisations,  two  approaches  are  available,  both 
of  which  provide  identical  results. 


1  TC 
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Scattering  matrix  approach:  The  first  approach  is  basic¬ 
ally  identical  to  the  synthesis  technique  used  in  conjunc¬ 
tion  with  point  targets.  Thus, 

X,)  =  ^  (22) 

where  S,  is  the  measured  scattering  matrix  of  the  /th 
sample. 


Stokes  scattering  operator  approach:  Instead  of  synthe¬ 
sising  the  backscatter  N  times  and  then  averaging  the 
sum  to  obtain  a”,  as  outlined  in  the  preceding  approach, 
it  is  possible  to  use  a  computationally  more  efficient 
approach,  based  on  the  Stokes  scattering  operator  [1,  p. 
32].  To  show  the  procedure,  we  start  with  the  modified 
Stokes  vector  representation  of  a  polarised  wave, 


<|EJ"> 

<2  Re  (£„£?)> 
<2  Im  (£„£?)>. 


(23) 


where  <  >  denotes  ensemble  average.  Upon  applying 
eqn.  3,  it  can  be  shown  [1]  that  the  transmitted  and  scat¬ 
tered  modified  Stokes  vectors  are  related  by  the  modified 
Mueller  matrix  M, 


F'  =  \  MF'  (24) 

with  the  elements  of  M  being  real  quantities,  given  in 
terms  of  the  elements  of  the  scattering  matrix  5, 

/r 

\  2Re(S„„S?„)  2Re(S„*S;*) 

\[2Im(S„„Sf„)  2Im(S„»S?*) 


Re(S?*SJ  -Im(S;*SJ 

Re(S?*SJ  -Iin(S*„S?,)  \ 

Re(S„„SJ).-hS„*SJ„)  -Im(S„„S?*-S„»S**)  / 

Im  S?*  +  St)  Re  (S^  SJ.  -  SI)  }/ 

For  a  distributed  target,  the  following  polarisation  syn¬ 
thesis  equation  is  applicable  [11]: 

Xrl  lA,  ,X,)  =  ^'^''  QMA'  (26) 

where  and  A'  are  the  normalised  modified  Stokes 
vectors  for  the  receive  and  transmit  antennas  [A  =  f/(/„ 
-h  /J],  A  is  the  illuminated  area,  and  0  is  a  diagonal 
transformation  matrix  given  by 
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3  Statistical  properties  of  the  Mueller  matrix 


clutter  [1,  Chapt.  7].  These  applications,  however,  arc 
not  the  subject  of  this  paper. 

The  intent  of  this  paper  is  to  examine  the  statistical 
properties  of  the  Mueller  matrix  M  We  start  by  defining 
each  of  the  scattering  amplitudes  in  terms  of  its  real  and 
imaginary  components. 


S,,.  = 

|S„.. 

=  Pi 

iX2 

(28) 

IS** 

+  1X4 

(29) 

s*..= 

IS*,! 

=  x. 

(30) 

where  p,  =  |5,J,  =  15^,1,  p^  =  15^,1,  and  because  of 

the  reciprocity  relation,  S*,.  =  5^^  for  backscatter. 

3. 1  Statistics  of  the  individual  magnitudes  and 
phases 

When  a  radar  illuminates  a  volume  of  a  random  medium 
or  an  area  of  a  random  surface,  many  point  scatterers 
contribute  to  the  total  scattered  electric  field  received  by 
the  radar.  Hence,  each  of  the  scattering  amplitudes  is  rep¬ 
resented  by  a  sum  of  the  form 

S„  =  |S„|e‘*"=  p,q  =  v,h  (31) 

11=  1 

where  N  is  the  total  number  of  scatterers  and  |  Sj,  |  and 
<f>”^  are  the  magnitude  and  phase  angle  of  the  field  due  to 
the  nth  scattered  The  phase  angle  includes  a  phase 
delay  related  to  the  scatterer’s  location  with  respect  to  a 
reference  position  (such  as  the  centre  of  the  distributed 
target).  Because  the  scatterers  are  randomly  located 
within  the  illuminated  volume  (or  area),  the  magnitude 
I  and  phase  are  statistically  independent  vari¬ 
ables.  For  N  large,  this  independence  leads  to  the  result 
that  the  real  and  imaginary  parts  of  S,,  are  independent, 
zero-mean,  Gaussian  random  variables  with  equal 
variances  [7,  p.  38-43].  For  S^,  for  example,  these 
properties  can  be  shown  to  lead  to  the  following  prob¬ 
ability  density  functions  for  the  magnitude  p,  and  phase 
angle  of 


where  2, ,  =  <xf>  =  <x|>  =  X22  is  the  variance  of  both 
X,  and  Xj.  The  PDF  given  by  eqn.  32  is  the  Rayleigh 
distribution  with  mean  <Pi>  =  <|Se„|>  =  -JiTtkiJl). 

Experimental  verification  of  the  assumption  that  Xj 
and  X2  are  Gaussian-distributed  random  variables  with 
equal  variances  is  given  in  Fig.  3,  which  displays  the 
PDFs  of  x„  X2,  X3,  and  x^,  based  on  approximately 
1000  measurements  of  a  random  soil  surface  observed  by 
a  truck-mounted  polarimetric  scatterometer  at  4.75  GHz. 
Similar  results  were  also  observed  for  the  crosspolarised 
components  x,  and  x^ . 

The  power,  p\  =  (S„„S*),  is  characterised  by  an  expo¬ 
nential  distribution, 


The  polarisation  synthesis  capability  provided  by  a 
polarimetric  radar  offers  a  number  of  obvious  advant¬ 
ages,  including  the  optimisation  of  the  radar  response  to 
enhance  discrimination  between  different  types  of  terrain 
and  the  detection  of  point  targets  against  the  background 


with  mean  value 

^p\y  =  =  22jj  =  Mu  (35) 

where  M,,  is  the  11th  element  of  the  Mueller  matrix 
given  by  eqn.  25.  Because  the  PDF  given  by  eqn.  34  is  a 
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singlc-paramclcr  distribution,  the  mean  value  Mu  is  suf¬ 
ficient  for  characterising  the  statistical  behaviour  of 
\S^\^,  Similar  distributions  and  statements  apply  to  the 
powers  I S**  and  |  S*,. 
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normalised  magnitude  distribution 

Fig.  3  Histogram  of  the  real  and  imaginary  parts  of  S„  and  for  a 
rough  surface  with  rms  height  032  cm  and  correlation  length  9.9  cm  at 
C-barui  arut  incidence  angle 

--O-  Real (SJ 
— Q—  Imag  (S^) 

—A—  Real  (SJ 
—V—  Imag  (SJ 

32  Statistics  of  the  phase  differences 
Although  individually  the  phase  angles  and 

are  uniformly  distributed  over  [  — tt,  tt],  and  therefore 
contain  no  information  about  the  target’s  geometrical 
and  dielectric  properties,  their  differences  <p^  =  —  <t>„^ 

and  (f)^  =  4>hv  —  4>vv  niay  not  be  uniformly  distributed  and 
may  in  fact  be  related  to  the  target’s  properties.  As  will  be 
discussed  later,  the  crosspolarised  phase  angle  (t>x  is 
approximately  uniformly  distributed  over  [— tt,  tt]  for 
most  natural  targets  (such  as  soil  surfaces  and 
vegetation),  but  the  copolarised  phase  angle  is  approx¬ 
imately  Gaussian  in  shape  with  its  mean  and  variance 
being  directly  related  to  the  elements  of  the  Mueller 
matrix  M. 


terms  of  the  shape  of  the  PDF  and  the  mean  value  and 
stadard  deviation  of  .  Similar  remarks  apply  to  Fig.  4h 
for  the  crosspolarised  phase  difference  ,  for  which  the 
theoretical  PDF  w^as  calculated  using  (84).  The  experi¬ 
mental  data  used  in  Fig.  4  were  measured  by  a  truck¬ 
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Fig.  4  Measured  and  calculated  probability  density  functions 

a  Ihc  co-polarised  phase  angle 

-  Measured  (Mean  =  —5.0®,  Std,  Dev.  —  47.7®) 

- Calculated  (Mean  «  -  7.8®,  Std.  Dev.  =  47.2®) 

b  the  cross-polarised  phase  angle  0,  «  —  <t>^ .  The  urgel  is  a  slightly  rough 

soil  surface  with  rms  height  of  0.32  cm,  observed  at  a  frequency  of  4.75  GHz  and 
incidence  angle  of  30® 

-  Measured  (Mean  =  — 1.0®,  Std.  Dev.  =  102.5®) 

- Calculated  (Mean  =  0.8°,  Std.  Dev.  «  103.7®) 


Using  the  statistical  properties  of  the  scattering  ampli¬ 
tudes  given  in  the  preceding  section,  closed  form  solu¬ 
tions  are  available  in  Appendix  8  for  the  probability 
density  functions  of  0,  and  0, .  The  PDF  of  0,  is  given 
by  (81) 

V  _  ~  ■^13  ~  ^14  I J _ 5 _ 

2;r(A„A„  -  Z>^)  1  -  D^) 


where 


13  cos  (f)^  -h  Ai4  sin  <f>^ 


and  the  quantities  Aj 3 ,  A14,  Ai  1,  and  A33  are  all  expressed 
in  terms  of  the  elements  of  the  Mueller  matrix.  The  valid¬ 
ity  of  eqn.  36  has  been  verified  against  experimental  data 
for  a  variety  of  distributed  targets  using  both  truck- 
mounted  radar  measurements  and  airborne  SAR  obser¬ 
vations.  By  way  of  illustration,  we  show  in  Fig.  4a  a 
histogram  of  /(</)^)  based  on  direct  measurements  of  <t>^ 
for  a  slightly  rough  surface  and  a  plot  of /(^J  computed 
according  to  eqn.  36  and  the  measured  Mueller  matrix  of 
the  surface.  Excellent  agreement  is  observed  between  the 
measured  histogram  and  the  theoretical  expression  in 


mounted  polarimetric  scatterometer.  An  example 
depicting  similar  results  based  on  airborne  SAR  observa¬ 
tions  of  grass-covered  terrain  is  shown  in  Fig.  5. 
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Fig.  5  Measured  and  calculated  f{<f>^)  for  a  grassy  area  in  Northern 

Michigan  observed  by  a  13  GHz  SAR  in  April  1990 

The  PDF  of  <l>^  shown  in  Fig  46,  which  is  essentially  a 
uniform  distribution  over  [  —  tc,  tt],  is  typical  for  most 
natural  terrain  surfaces  and  volumes.  If  the  cross¬ 
polarised  scattering  amplitude  5^^  is  statistically  indep>en- 
dent  of  and  since  and  <f>^  are  each  uniformly 
distributed  over  [  —  71,  tt],  it  can  he  easily  shown  that 
^hv~‘  <l>vv  is  uniformly  distributed  over  [  — tt,  ti]. 
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However,  the  converse  is  not  necessarily  true;  that  is,  if 
(f>^  is  uniformly  distributed  over  [  — tt,  rr],  it  does  not  nec¬ 
essarily  follow  that  and  are  statistically  indepen¬ 
dent. 

Let  us  now  return  to  further  examination  of  the  co- 
polariscd  phase  difference  4>^ .  If  and  are  totally 
uncorrelated,  then 


and  C 

Af33  =  a  cos  C^/(A/nAf22)  +  ^12 
=  a  cos  C yJ{M  1 1 M22)  ~  ^12 
M34  =  a  sin  C\/(Af  11^^22) 

M43  =  -a  sin  CN/(AfiiAf22)  (^0) 


A,3  =  <x,X3>=0  (38) 

;.,4  =  <x,X4>  =  0  (39) 

as  a  result  of  which  we  have  /{(p^)  =  \/{2n),  as  expected. 
On  the  other  hand,  if  the  scattered  wave  always  has  the 
same  polarisation  independent  of  which  segment  area  of 
the  target  is  under  observation,  which  implies  that 
and  ^hh  are  totally  correlated,  then  the  determinant  of  the 
covariance  matrix  given  in  Appendix  8  becomes  zero  and 
becomes  a  delta  function.  For  the  general  case,  we 
can  rewrite  eqn.  36  in  the  form 


_ 1  —  _ 

2n[l  —  cos^{(f>  -  0] 


X  n  + 


a  cos  {(t>  —  C) 

V[1  -  cos^(t>  -  C)] 


acos(<f>-0  ] 

+  — 2 — in — f 

7[1  -  cos^((p  -  0].J 


where 


^13  ^14 

^11^33 


'<■13 


(41) 

(42) 


The  parameter  a,  referred  to  as  the  degree  of  correlation 
[8],  is  a  measure  of  the  width  of  the  PDF,  and  the 
parameter  C  is  the  value  of  <l>^  at  which  /(</><.)  is  a 
maximum.  Fig.  6a  shows  plots  of f{(^e)  i^r  different  values 
of  C»  with  a  held  constant,  and  Fig.  6b  shows  plots  of 
f{<l>c)  for  various  values  of  a  with  C  hdd  constant.  These 
two  parameters  completely  specify 


degrees 

b 


Fig.  6  Plots  of  f{4>^) 

a  various  values  of  C  at  a  —  0.8 
b  various  values  of  a  at  C  =  45® 


33  The  Mueller  matrix 

The  Mueller  matrix  of  a  distributed  target  for  which  S*„ 
is  uncorrelated  with  S„„  and  S**  contains  only  eight  non¬ 
zero  elements 

Ml,  M,j  0  0 

Ml,  M22  0  0 

0  0  M33  M3., 

0  0  M43  M*,^ 


with  four  of  them  given  by: 

(44) 

M33  =  <|S**|/ 

(45) 

M,3  =  M3,  =<|S*„P> 

(46) 

Using  eqns.  41  and  42  and  the  relations  given  in  Appen¬ 
dix  8,  the  other  four  elements  of  M,  which  are  defined  in 
eqn.  25,  can  be  expressed  in  terms  of  the  three  principal 
magnitudes  given  by  eqns.  44-46  and  the  parameters  a 


3.4  Degree  of  polarisation 

For  a  statistically  homogeneous  distributed  target  char¬ 
acterised  by  a  Mueller  matrix  M,  illuminated  by  a  modi¬ 
fied  Stokes  vector  F‘  =  and  resulting  in  a 

backscattered  modified  Stokes  vector  1^]^ 

in  accordance  with  eqn.  24,  the  degree  of  polarisation  of 
the  backscattered  wave  is  given  by 

— J  "" 

As  was  noted  earlier  in  Section  3.2,  most  natural  targets 
exhibit  the  property  that  the  crosspolarised  scattering 
amplitude  ^hv  is  uncorrelated  with  the  co-polarised  scat¬ 
tering  amplitudes  and  S**,  which  leads  to  the  result 
that  eight  of  the  elements  of  M  are  zero,  as  shown  by  eqn. 
43.  For  this  class  of  targets,  m  is  given  by 


a,ll,  +  a2ll  +  a^UUa^y^ 

_ +  Ojhihi  +  ^6  ^ 

billi  +  fcj  ^hi  +  (*3  hi  hi 


(52) 
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where 


a,  =(M.,  - 
a,  =  Ml,  +  Ml, 

Oi  —  M\t  +  Mlt 

a,  =  2iM,,-M„}{Mi2-M„) 

Ob  -  2(^33  Af  34  +  M43  M44) 

b, =(M,^+M„f 
b,  =  (M,,  +  M^,)^ 

^3  =  2(A/„  +  M.jXMjj  +  Mjj) 

Expressions  for  the  non-zero  elements  of  the  Mueller 
matrix  arc  given  in  Section  3.3  in  terms  of  the  magnitudes 
and  phase  parameters.  Using  the  definition  0°^  = 
(47r/y4)<|S,y|^>  for  the  backscattering  coefficient,  we  will 
now  consider  eqn.  52  for  specific  incident  polarisations. 


34,1  Vertical  polarisation : 

F‘=[l  0  0  0]^ 

—  If  ^11  ^  ^12  _  0'pt>  ^vh 
~  y\bj  "  Af,,  +  “  C  + 


(53) 


34 2  Horizontal  polarisation : 

Fi  =  [0  1  0  O]’’ 

_  If  —  M22^  Mx2  _  ^hh  ~ 

V\^2/  ^22  “•■^12 


34.3  Other  polarisations:  The  following  expressions 
apply  to  four  different  configurations  of  the  polarisation 
state  of  the  incident  wave,  in  accordance  with  the  follow¬ 
ing  definitions  of  the  coefficients  a-c  : 


a  b  c 
45°  linear  1  0  1 

135°  linear  —1  0  1 

Right-hand  circular  0  —  1  —  1 

Left-hand  circular  0  1—1 


1  a  b] 


(Mil  -  M22f  +  4[Mj2  -h  MHM22a" 

_ +  2cMi2g  cos  C\/(A^iiA^22)] 

(A^ii  +  +  2M,2)^ 


_ +  2cal,  g  cos  c  g^)] 

+  ‘^w,  +  2aiy 


(55) 


According  to  the  above  expression,  m(45°)  =  m(135°)  and 
m(RHC)  =  m(LHC). 


4  Experimental  observations  of  phase-difference 
statistics 

The  preceding  section  established  that  for  random  media 
for  which  the  like-  and  crosspolarised  scattering  ampli¬ 
tudes  are  statistically  uncorrelated,  the  Mueller  matrix  of 
the  medium  is  completely  specified  by  the  three  principal 
magnitudes,  represented  by  the  backscattering  coeffi¬ 
cients  a°j,,  cif,,  and  (7°*,  and  two  parameters,  a  and  C,  that 
characterise  the  probability  density  function  of  the  co¬ 
polarised  phase  difference  <1)^.  The  literature  contains 
many  examples,  based  on  both  theory  and  experimental 


observations,  illustrating  the  relationships  between  the 
backscattering  coefficients  and  the  physical  and  dielectric 
properties  of  the  target,  but  very  few  examples  have  been 
published  on  the  behaviour  of  <t>^.  In  this  section,  we 
shall  present  examples  of  experimental  measurements  for 
a  bare  soil  surface,  a  corn  canopy,  and  small  trees. 

4 . 1  Bare  -soil  surface 

Using  a  truck-mounted  polarimetric  scatleromeler,  back- 
scatter  measurements  were  conducted  for  four  bare-soil 
fields  with  different  surface  roughnesses  covering  a  10 :  1 
range  in  RMS  height  (0.32  cm  to  3,2  cm).  Each  field  was 
observed  at  1.5,  4.75,  and  9.5  GHz  at  multiple  incidence 
angles  extending  from  20°  to  70°,  in  10°  steps.  A  histo¬ 
gram  of  f(4>^)  for  one  of  the  fields  was  presented  earlier  in 
Fig.  4a.  Whereas  both  the  mean  and  standard  deviation 
of  and  respectively,  exhibit  variations  with 

surface  roughness,  incidence  angle,  and  wavelength,  the 
variations  of  were  relatively  small  in  comparison  with 
the  variations  observed  for  .  By  way  of  example,  we 
show  in  Fig.  la  plots  of  as  a  function  of  incidence 


incidence  angle,  degrees 
b 


Fig.  7  Standard  deviation  of  the  co-polarised  phase  angle  as  a  function 

of  incidence  angle 

a  a  slightly  rough  held  at  three  microwave  frequencies 
rms  height  -  0.32  cm 
— O—  9.50  GHz 
..Q..  4.75  GHz 
—A-  1.50  GHz 

b  for  two  fields  with  very  different  surface  roughnesses  at  1.5  GHz 
f=  1.5  GHz 

— O—  rms  height  =  0.32  cm 
-  -  □  -  -  rms  height  =  3.02  cm 


angle  for  a  smooth  surface  at  three  frequencies,  and  plots 
for  two  different  surface  roughnesses  at  1.5  GHz  in  Fig. 
lb.  The  standard  deviation  or  equivalently  the 
parameter  a  defined  by  eqn.  42,  is  a  measure  of  the  degree 
of  correlation  between  the  co-polarised  components  of 
the  scattering  matrix.  For  the  case  of  total  correlation 
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between  and  S^t,*  0  and  a  =  1,  and  for  the 

opposite  extreme  of  total  uncorrclation,  =  104°  and 
a  =  0.  The  results  in  Fig.  7  suggest  that  the  degree  of 
correlation  decreases  with  increasing  incidence  angle  and 
with  increasing  electromagnetic  roughness  ks  =  2rrs/A, 
where  s  is  the  RMS  height. 

42  Corn  canopy 

Whereas  f(<i>^)  corresponding  to  a  surface  usually  has  a 
mean  that  rarely  exceeds  40°,  may  be  much  larger 
for  certain  types  of  vegetation.  A  specific  example  is  veg¬ 
etation  canopies  comprised  of  plants  with  vertical  stalks 
or  trees  with  vertical  trunks.  Fig.  8  shows  plots  of f(4>c) 


-180  -110  -40  30  100  170 

phase  difference  degrees 


Fig.  8  Measured  cchpolarised  phase  angle  distributions  for  two  corn 
fields  observed  by  a  12  GHz  polarimetric  SAR  at  incidence  angles  of  19° 
and  50° 

-  Field  50  (com)  - Field  19  (com) 

theta  =  SO  degrees  theta  =  19  degrees 

N  =  705  N  =  523 

Median  «  1 10.5  Median  =  8.4 

Mean  =  109.5  Mean  =  9.0 

Sigma  =  63.4  Sigma  =  35.5 

for  two  fields  of  com  observed  by  a  L2-GHz  polarimetric 
SAR  system  that  was  flown  over  an  agricultural  area 
near  McComb,  Illinois.  The  swath  width  of  the  airborne 
SAR  system  covered  an  incidence-angle  range  extending 
from  15°  to  55°.  One  of  the  fields  represented  in  Fig.  8 
was  observed  at  an  incidence  angle  of  19°,  and  the  other 
at  50°.  The  mean  values  of  <f>^  are  =  9°  for  the  first  one 
and  ~  109.5°  for  the  second  one.  Similar  distributions 
were  extracted  from  the  image  for  about  75  fields  of  com. 
Fig.  9  shows  the  measured  values  of  0^,  for  the  com  fields, 
plotted  against  the  incidence  angle  at  which  they  were 
observed  by  the  SAR.  The  solid  curve,  which  provides  a 
reasonable  fit  to  the  data,  is  based  on  direct  calculations 
using  the  Michigan  microwave  canopy  scattering  model 
(MIMICS),  which  is  a  vector  radiative  transfer  model  for 
scattering  from  a  vegetation  canopy  containing  a  trunk 
layer  [3, 6].  The  phase  difference  includes  the  effects  of 
propagation  through  a  canopy  containing  vertical  cylin¬ 
ders,  reflection  by  the  vertical  cylinders,  and  reflection  by 
the  underlying  ground  surface.  Each  of  these  mechanisms 
introduces  a  polarisation-dependent  phase  shift.  Through 
MIMICS,  we  can  relate  the  mean  co-polarised  phase 
angle  to  the  biophysical  parameters  of  the  vegetation 
canopy.  This  is  illustrated  in  Fig.  10  which  shows  a  three- 
dimensional  plot  of  ^  function  of  soil  moisture 

content  and  stalk  moisture  content  for  a  com  canopy 


observed  at  1.2  GHz.  We  note  that  appears  to  be 
essentially  insensitive  to  soil  moisture,  but  vcr>'  sensitive 
to  stalk  moisture  content.  The  ri>- polarised  backscatter- 
ing  coefficient,  on  the  other  hand,  exhibits  a  strong 


Incidence  ohgle,  degrees 

Fig.  9  Measured  and  calculated  mean  co-polarised  phase  angle  for 
corn  fields  observed  by  a  12  GHz  SAR  system 

O  Measured  from  SAR  image 
-  Calculated  (MIMICS) 


Fig.  10  Variations 
a  mean  co-polarised  phase  angle 

b  w-polarised  backscattering  coeflicient  with  soil  moisture  content  and  stalk 
gravimetric  moisture  for  a  canopy  of  com  plants  observed  at  1.2  GHz  at  an  inci¬ 
dence  angle  of  30® 


rrr  nvnr'rrnr \’r.c_r  ?  70  w  ->  ^ddtt  rnn** 


dependence  on  soil  moisture  and  only  a  weak  depen¬ 
dence  on  trunk  moisture.  The  combination  of  <t°.  and 
can  provide  good  estimates  of  both  of  these  two  physical 
properties  of  the  corn  canopy. 

43  Small  trees 

A  35-GHz  polarimetric  scatterometer  was  used  in  an 
indoor  facility  to  measure  the  backscatter  from  small 
trees.  Fig.  1 1  compares  the  measured  PDF  of  0,  for  a 


degrees 

Fig.  11  Measured  f{4>^)  for  a  rhododendron  tree  and  an  artificial 
metallic  tree  at  35  GHz 

rhododendron  tree,  approximately  1  m  in  height,  when 
observed  along  the  broadside  direction,  with  similar 
measurements  for  an  artificial  tree  with  metallic 
branches.  This  was  part  of  a  study  to  examine  the  varia¬ 
tion  of /((/»<,)  with  the  dielectric  properties  of  trees.  The 
PDF  of  the  metallic  tree  is  much  narrower  than  that  of 
the  rhododendron  tree,  with  a  =  0.89  for  the  metallic 
tree,  compared  to  a  =  0.66  for  the  real  tree.  Another 
example  from  the  same  study  is  presented  in  Fig.  12  in 


incidence  angle,  degrees 


Fig.  12  Measured  standard  deviation  of  co-polarised  phase  difference 
at  35  GHz  for  three  types  of  tress 

— □ —  Rhododendron 
Spirea 
— O —  Spruce 

which  plots  are  shown  for  the  standard  deviation  as  a 
function  of  incidence  angle  (with  6  =  90°  representing  the 
broadside  direction)  for  three  types  of  small  trees.  We 
note  that  the  spirea  tree  exhibits  a  distinctly  different 

14^ 


response  from  the  rhododendron  and  spruce  trees,  >^hich 
is  attributed  to  the  fad  that  the  spirea  tree  is  much 
denser  than  the  other  two. 

At  present,  we  are  still  in  the  early  stage  of  developing 
an  understanding  of  scattering  by  inhomogeneous  media, 
particularly  with  regard  to  the  statistics  of  the  co-pol 
phase  angle  .  The  examples  given  in  this  section  were 
merely  intended  to  suggest  that  the  mean  value  and 
standard  deviation  of  ,  or  alternatively  the  parameters 
a  and  C,  may  prove  useful  in  providing  information  about 
the  target  over  and  beyond  that  provided  by  the  back- 
scattering  coefTicients  alone.  Hence,  it  is  important  to 
start  examining  the  relationships  between  the  statistical 
parameters  of  4>c  snd  the  physical  and  dielectric  prof>er- 
ties  of  terrain  through  both  theory  and  experimental 
observations. 

5  Concluding  remarks 

The  co-polarised  phase  angle  <t>^  is  shown  to  be  both 
sensor-  and  target-dependent.  Its  statistical  properties 
vary  with  wavelength  and  incidence  angle,  surface  rough¬ 
ness,  type  of  vegetation  cover,  and  vegetation  geometry 
and  biophysical  prop)erties.  Further  examination  of  the 
relationship  between  (t>^  and  the  geometrical  and  dielec¬ 
tric  properties  of  distributed  targets,  through  both  theo¬ 
retical  analyses  and  experimental  observations,  may  lead 
to  the  development  of  novel  tools  for  remotely  sensing 
the  Earth’s  surface  with  polarimetric  radar  systems. 
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8  Appendices 


which,  in  turn,  lead  to  the  relations 


8. 1  Probability  density  functions  for  cO‘pol  and 
crosspol  phase  differences 

8.1 .1  Co-pol  phase  angle  0c  -  ~  Lc'  “s  define 

the  complex  scattering  amplitudes  S„  and  S**  in  terms  of 


the  real  quantities  Xj, . . . ,  X4 

Sc,  =  \Scc\e‘*'’  =  x^+iX:,  (56) 

SM  =  |S**|e‘*-  =  X3  +  /x4  (57) 

where 

X,  =  1  cos  0cv  =  Pi  cos  0CC 

Xj  =  I  sin  0cv  =  Pi  4>vv  (59) 

X3  =  \Su,  \  COS  =  P2  COS  0U,  (60) 

X4  =  I  s**  I  sin  0U,  =  P2  sin  <Pu,  (61) 


with  p,  ^  1S„J  and  pj  ^  |Sw,|.  Since  x„  are  each 

zero-mean  Gaussian  random  variables,  their  joint  PDF  is 
given  by 

M’‘, . 

where  X  is  the  column  vector 

A'=  (63) 

.^4. 

with  transpose  X,  and  A  is  a  4  x  4  covariance  matrix 
with  elements 

4-  =  4  =  <*«  ^J>>  j,  ;■  e  { 1,  - . . ,  4}  (64) 

As  was  noted  in  Section  3.1,  the  real  and  imaginary  parts 
of  Sec,  X I  and  Xj,  are  mutually  independent  and  identi¬ 
cally  distributed  zero-mean  random  variables,  and  a 
similar  statement  applies  to  X3  and  X4 .  Hence, 

A,.  =  A33  =  <xl>  =  <xi>  =  ^  (65) 

-112  =  4i  =  <^1  *2)  =  0  (66) 


From  the  definitions  for  the  elements  M33  and  of 

the  Mueller  matrix  given  by  eqn.  25,  their  sum  is  given  by 

M33  +  M4.4  =  2<^Re 

-2<|S,,||  S,Jcos 

=  2<|S,,||  cos  (/),,  cos  </)*,> 

+  2<|S,J|  S,J  sin  </>,,  sin  </)^*> 

-  22,3  +  22^4 

^42,3  (75) 

where  use  was  made  of  eqn.  73.  Hence, 

M-s-x  +  M44.  /n^\ 


^13  —  -^31  ~  4 

We  can  similarly  show  that 


44  =  4.  =  -43  =  -42  =  -  (77) 

Upon  combining  these  relations  between  the  elements  of 

the  covariance  matrix  and  the  elements  of  the  Mueller 
matrix,  we  have 

2Mii  0 

1  0  2M„ 

4  (M33  -(-  M44)  (M43  —  M34) 

(M34-M43)  (M33-I-M44) 

(M33-I-M44)  (M34-M43)' 

(M^3  —  M34)  (M33  M44) 

2M32  0 

0  2Af22 

With  A  known,  let  us  now  return  to  the  joint  density 
function  of  X  given  by  eqn.  (62)  and  use  the  rectangular 
to  polar  transformations  given  by  eqns.  58-61  to  obtain  a 
joint  density  function  for  the  magnitudes  pj  and  Pi  and 
the  phase  angles  0ev  and  0i^ 

/p.  •  Pit  ^VOt  OkkiPu  Pi^ 


A33  =  A44  =  <xi>  =  <xly  =  Kl  S«.  P>  =  ^  (67) 

44  =  43  =  <^3^4>  =  0  (68) 

where  My  is  the  i/th  element  of  the  Mueller  matrix,  as 
defined  by  eqn.  25.  To  characterise  the  remaining  ele¬ 
ments  of  the  covariance  matrix,  we  note  that  the  absolute 
phase  </)pp  is  uniformly  distributed  over  [— n,  tt]  and  is 
independent  of  the  magnitude  |  Spp  |.  Hence,  the  random 
variable  +  0u,)  is  also  uniformly  distributed  over 
[-7C,  7t]  and  is  independent  of  |  ||  1 ,  from  which  we 

conclude  that 

<\SeJS^\COS{0ee  +  ^k,)>=^  (6^) 

<\See\\S,,\sm{0„e+4>jy=O  (70) 

From  the  definitions  given  by  eqns.  58-61,  and  in  view  of 
eqns.  69  and  70,  we  obtain  the  results 

<X,  X3  -  X2  X4>  =  <1  See  II  Su,  I  COS  {0ev  +  <^**)>  =0  (71) 

<X,  X4  +  X2  X3>  =  <1  See  II  ^w,  I  Sin  i0ev  +  '^*(i)>  =  ^  (72) 


=  .  2^;^.  PiPi  ®*P  {  - iCfliPi  +  ^2  P2  -  2a3  P1P2']} 
4jtV(^) 

(79) 

where 

A  =  I A I  =  (2,  ,233  —  2^3  ~  2,4)^ 

fli  =  43/7^ 

02  = 

03  —  C2j3  cos  (^^/i  ^vvI  "b  2.14  sin  (<^4^  ^uu)!/^/^ 

To  obtain  the  PDF  of  the  co-polarised  phase  difference 
<l>c  =  •l>hh  —  4>m>,  we  first  need  to  obtain  the  joint  PDF  of 
0ev  and  0U,  from 

/«„.  «>»(^  VV  » 

Too  Too 

=  fpi. PI.  ®«(Pi’  Pi  ’  ^P^  ^Pi 

Jo  Jo 

and  after  carrying  out  the  integrations  with  respect  to  Pi 
and  P2,  we  use  a  transformation  to  obtain /((^<.).  This 


process,  which  is  detailed  in  Reference  8,  leads  to 

D 


\/Ull^33  ” 


+  tan 


-^33 


(81) 


where 


and  then  repeal  the  steps  of  cqns.  58-81  with  Xj  and  X4 
replaced  with  X5  and  x^ ,  respectively,  we  obtain  the  PDF 


^[i 


Dx 


+  tan 


V(>1 


\/(^M^55  “  ^1) 


(84) 


D  =  >lj3  cos  <t)^  -I-  Ai4  sin  <f>^  (82) 

The  PDF  given  by  cqn.  81  is  completely  specified  by  the 
elements  of  the  covariance  matrix  A  given  by  cqn.  72,  all 
of  which  have  been  related  to  the  elements  of  the  Mueller 
matrix  M. 


with 

D,  =  Ai5  cos  <i>^  +  sin  (85) 

and  the  elements  An,  A55,  Ajj,  Ai^  being  related  to  the 
elements  of  the  Mueller  matrix  by 


8.12  Cross -Pol  phase  angle  0,  =  0/,ir  “  The  PDF 
for  the  cross-polarised  phase  angle  <p^  can  be  obtained  by 
following  the  same  steps  outlined  in  the  preceding  section 
for  the  co-polarised  phase  angle  0^ .  If  we  define 

Skv  =  X5  -f  ixg  (83) 


2 


Ai6  — 


(86) 

(87) 
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Abstract 

The  purpose  of  this  paper  is  to  characterize  the  accuracy  of  the  quasi-crystalline 
approximation  and  other  asspciated  methods  of  determining  effective  permittivity 
for  two-dimensional  random  media.  A  numerical  method  based  on  the  inethod  of 
moments  is  used  as  a  gauge  for  comparison  with  the  theoretical  methods.  After 
deriving  the  two-dimensional  quasi-crystalline  approximation  and  presenting  the 
numerical  method,  the  behavior  of  the  effective  permittivity  is  analyzed  for  a 
range  of  particle  sizes,  volume  fractions  and  dielectric  losses.  From  this  analysis, 
regions  of  validity  for  the  theoretical  methods  are  determined.  An  investigation 
is  also  given  which  explores  the  effect  of  particle  arrangement  niethods  on  the 
pair  distribution  function  which  in  turn  is  shown  to  have  a  significant  effect  on 
the  imaginary  component  of  the  effective  permittivity. 


1  Introduction 

In  remote  sensing,  the  propagation  of  electromagnetic  fields  through  random 
media  is  often  of  concern.  We  may  wish  to  characterize  the  effects  of  clouds  or 
water  droplets  along  the  line  of  sight  between  an  airplane  and  a  radar  installation 
or  we  may  be  interested  in  using  radars  to  probe  the  random  medium  itself, 
such  as  in  determining  snow  depth  and  particle  size.  In  all  of  these  problems 
it  is  necessary  to  predict  the  propagation  constant  in  the  “random”  medium. 
When  the  observing  wavelength  is  much  larger  than  a  typical  dimension  of  the 
inhomogeneities  making  up  the  medium,  no  significant  scattering  occurs  and 
we  can  generally  approximate  the  medium  as  being  electrically  homogeneous. 
Methods  which  utilize  this  approximation  are  termed  mixing  formulae,  formulae 
that  determine  the  constant  of  propagation  by  combining  the  effect  of  small 
scale  inhomogeneities  through  a  simple  algebraic  equation.  The  most  common  of 
these  formulae  is  the  Polder- Van  Santen  mixing  formula  (PVS)  [1956].  When  the 
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observing  wavelength  and  the  inhomogeneities  are  similar  in  size,  we  must  take 
into  account  scattering  from  individual  inhomogeneities.  This  is  typically  done 
using  a  field  approach  based  on  Maxwell’s  equations,  the  most  common  of  which 
are  the  effective  field  appro.<imation  (EF.\.  also  known  as  Foldy's  approximation) 
for  low  density  media  and  the  quasi-crystalline  approximation  (QC.\)  or  the 
quasi-crystalline  approximation  with  coherent  potential  (QC.\-CP)  for  higher 

density  media. 

.\11  of  the  aforementioned  theoretical  methods  for  determining  the  effective  prop¬ 
agation  constant  make  approximations  in  their  formulation  to  make  the  theory 
tractable.  As  the  theory  becomes  more  complex,  it  becomes  more  difficult  to  test 
the  region  of  validity  of  these  approximations  and  to  test  the  effects  of  the  approx¬ 
imation  employed  in  the  method.  The  validity  of  these  models  may  be  checked 
in  one  of  three  ways:  (1)  theoretically,  (2)  experimentally  or  (3)  numerically. 

The  field  approaches  may  be  checked  via  theoretical  methods  by  taking  the  lim¬ 
iting  case  of  the  approach  and  comparing  it  to  more  standard,  well  accepted 
theoretical  results.  Common  limiting  cases  U3e  either  zero  or  unity  volume  frac¬ 
tion  or  examine  the  problem  in  the  low  or  high  frequency  limits.  While  these 
limiting  cases  perform  the  important  task  of  giving  a  shortcut  to  provide  a  sanity 
check  for  a  more  complicated  theory,  they  may  often  zero-out  important  terms 
in  the  field  approach  theory.  Thus  instead  of  testing  the  new  theory,  we  find 
ourselves  simply  checking  that  the  coefficients  for  zero  or  first  order  terms  have 

been  derived  correctly. 

The  second  method  of  checking  the  theories  is  to  back  them  up  with  experi¬ 
ments.  This  can  be  the  true  test  of  any  theory  because  it  is  the  measurement  in 
the  end  for  which  the  theory  is  to  be  applied.  Experiments,  however,  must  be 
designed  carefully  so  as  to  minimize  experimental  errors  and  to  accurately  char¬ 
acterize  physical  parameters  about  the  random  medium.  For  the  application  of 
the  QCA  and  QCA-CP  it  is  necessary  to  determine  the  pair  distribution  function 
of  particle  positions,  a  function  that  is  very  difficult  to  measure  experimentally. 
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Alternatively,  the  pair  distribution  function  can  be  specified  beforehand  and  par¬ 
ticle  positions  in  a  controlled  experiment  can  be  determined  by  a  computer  as 
was  done  by  Mandt  et  al.  [1992].  Finally,  an  experiment  may  be  difficult  and 
time  consuming  to  perform  over  a  controlled  range  of  variables  (such  as  volume 
fraction  and  particle  size).  For  this  reason,  while  an  experiment  may  be  used  to 
test  validity  of  a  theory  for  a  particular  application,  it  is  much  more  difficult  to 
make  generalizations  based  on  this  experiment. 

The  third  method  of  analyzing  theoretical  field  approaches  of  determining  the 
constant  of  propagation  is  to  do  so  numerically.  This  method  removes  the  need 
for  theoretical  simplification  or  the  problem  of  experimental  uncertainty  by  solv¬ 
ing  for  the  electromagnetic  fields  directly.  Numerical  methods  may  be  difficult  to 
implement  due  to  computational  limitations  or  our  inability  to  model  the  problem 
accurately.  Because  of  the  complexities  of  solving  three-dimensional  problems  nu¬ 
merically,  we  have  developed  a  method  for  determining  the  effective  permittivity 
of  a  random  medium  in  two  dimensions  which  may  be  used  as  a  tool  to  explore 
two-dimensional  versions  of  the  field  theories  and  to  provide  guidance  for  the 
three-dimensional  problem. 

This  paper  addresses  the  two-dimensional  quasi-crystalline  approximation  and  its 
dependence  on  the  pair  distribution  function.  Section  two  of  this  paper  presents 
a  derivation  of  2D-QCA  based  on  the  three-dimensional  version  found  in  Tsang 
et  al.  [1986]  and  gives  the  related  results  of  two-dimensional  EFA.  Section  three 
discusses  different  methods  of  obtaining  particle  arrangements  and  their  associ- 
'  ated  pair  distribution  function.  In  the  fourth  section,  we  review  a  method  for 
numerically  determining  the  effective  permittivity  of  a  two-dimensional  random 
medium  [Sarabandi  and  Siqueira,  1995]  and  present  two-dimensional  theoretical 
results  for  the  Polder- Van  Santen  mixing  formula.  In  the  fifth  section  of  this 
paper,  we  compare  the  results  of  our  numerical  analysis  with  that  of  QCA. 
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2  Two-Dimensional  Quasi-Crystalline  Approxi¬ 
mation 

The  two-dimensional  derivation  of  QCA  follows  closely  the  work  of  Tsang  et 
al.  [19S6].  where  we  begin  with  the  multiple  scattering  equation  for  plane  wave 
incidence  using  the  T-matrix  approach.  Consider  N  cylinders,  whose  centers  are 
denoted  by  r,  (/  =  1,  •  •  •  •  randomly  distributed  over  an  area  .4.  Expanding 
the  fields  in  terms  of  cylindrical  basis  functions,  it  can  be  shown  that  [Tsang, 

1986;  pg.  454] 

i  =  i 

where  is  the  vector  of  exciting  field  coefficients  for  the  /“*  particle,  Sine  »s 
the  vector  of  coefficients  for  the  incident  field,  ff{kofifj)  is  the  translation  matrix 
from  a  coordinate  system  centered  on  the  particle  to  one  centered  on  the 
particle,  and  is  the  transition  matrix  which  translates  the  exciting  field  of 
the  particle  into  the  scattered  field  from  the  particle.  The  basis  functions 
for  the  field  expansions  are  the  cylindrical  functions  [Chew,  Wang,  and  Gurel, 

1992] 

(2) 

where 

r>  =  larger(r,T^) 

r<  =  lesser(T,f')  (^) 

when  f  is  the  point  of  observation  and  r  is  the  source  point.  The  incident  field 

^mc(r)  =  £  amcRgV’n(fcr)  (6) 

n=0 
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may  represent  either  Ez  (TM-polarization)  ox  Hz  (TE-polarization).  B>  deter 
mining  the  expected  value  of  (1)  with  respect  to  the  particle,  we  arri\e  at 


3  =  1 
3  t  < 


tr{korirj)T'^''  Eji 


J- 

“T  c  U'inc- 


Under  the  conditions  that  the  number  of  particles  are  large  and  particle  density 
is  not  very  high,  we  make  the  approximation  fundamental  to  QCA  that 


Ejt  «  Ej  =  w{r^) 


(S) 


whereby,  (7)  becomes 

w{ri)  z=  {N  -  1)  f  W{kQrifj)^^^w{rj)p{rj\ri)  dfj  +  e‘**  ’‘‘Oinc-  (9) 

J  A 

If  we  normalize  the  conditional  probability  p{rj\rt)  to  the  area,  A,  we  have  the 
pair  distribution  function,  ^(f)  such  that 

p{rj\ri)  =  ^9{rj\fi)  (10) 

which  has  the  asymptotic  property  of  approaching  unity  when  f j  -  r,  is  large. 
For  a  large  system  of  particles,  the  fraction  ^  is  approximately  the  particle 
density,  no-  Letting.  A  be  the  positive  half-space  Xj  >  0  [Tsang,  1986;  pg.  491] 

Wfr,)  =  no  /  g{rj\riW{kQWj)^^''M^3)  (H) 

Jxj>0 

To  evaluate  the  integral  in  (11)  we  use  a  trial  solution  for  W(n)  such  that  it 
expresses  a  field  traveling  in  a  medium  with  effective  constant  of  propagation,  K 

w{ri)  —  ^  (1^) 

After  substituting  (12)  in  (11)  and  making  a  simple  coordinate  transform  (rjr/  = 
fj  —f I  =  f),  the  integral  in  (11)  becomes 

i  =  noe"^'  /  s(r)F(fcr)e‘'‘'irfilE 

=  noc‘^"  ^  Js  dfj  Tue 

=  (7i  d-TjjfaE.  (13) 
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where  S  is  the  positive  halt-space  excluding  the  area  occupied  by  the  C"  particle. 
To  evaluate  7,  and  7j.  we  use  the  Hankel  function  addition  theorem  [Chew  et 

al..  1992] 

where  rjr;  is  the  translation  vector  between  coordinate  systems.  o,i  is  the  angle 
that  the  vector  makes  with  the  x-axis,  and  m  and  n  denote  the  harmonics  in  the 
and  the  coordinate  systems  respectively. 

To  solve  the  integral  7i,  we  note  that 

y,  =  HllHArple--*  (15) 

is  a  solution  to  the  wave  equation,  as  is  e  : 

V\  +  k\  =  0  (16) 

^2gtKr  _  Q  (17) 

By  multiplying  (16)  by  and,  (17)  by  y,,  subtracting  (17)  from  (16)  and 
applying  Green’s  second  identity  in  two  dimensions,  h  becomes  a  contour  integral 

[j  1  =  ^  •  dU  (18) 

I  -  Jnm  ^  Jc  ^ 

(where  p  =  n-m)  as  shown  in  Fig.  1.  7i  may  be  written  in  terms  of  the  three 
components  of  the  surface 

=5  -«o  rf  .  T  .  f  ^  (19) 


(i.  +  ii  +  ij) 


where  inward  pointing  normals  were  used  for  convenience.  By  employing  the  far- 
field  condition,  7„  =  0,  we  are  left  with  an  integration  over  the  exclusion  disc, 
7e  and  the  half  space  surface,  Explicitly,  the  integral  /.  may  be  written  as 

[j  1  _  r 

[  ®Jnm  J-ir 

=  lcpHj'>(hp)n  - 
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where 


=  2-j'’Jp(Kp). 

Substituting  (21)  into  (20)  and  evaluating  at  p  =  6  we  have 

[7.]  =  -l-F  [kbH'^^\kb)3p(Kb)  -  • 


The  surface  integral  Id  over  the  planer  surface  x  -  x;  is 


=  -  iKe''='X, 

(23) 

whpre 

(24) 

Substituting  (24)  into  (23)  and  evaluating  at  i  =  -ii  gives 

(25) 

For  the  second  integral  in  (13),  we  have 

‘ (26) 

X  >  -X| 

where  we  note  that  I2  is  dependent  on  the  propagation  constant  K,  the  pair 
distribution  function  g{r),  the  particle  diameter,  and  the  particle  location  x,.  If 
we  notice  however  that  [g(f)  -  1]  is  nearly  zero  for  \f\  greater  than  a  few  particle 
diameters,  we  can  treat  the  integration  as  if  it  were  over  an  unbounded  space, 
thus  ignoring  the  boundary  at  x  =  -x,  (and  particles  near  that  boundary) 

[JJ  =  „„  r  r  \g{f)  -  1]  V  dp  d<f>.  (27) 

L  Jnm  Jb 

Furthermore,  if  we  assume  that  the  pair  distribution  function  is  axially  symmet¬ 
ric,  (27)  may  be  written  as  a  single  integral  which  can  be  calculated  numencally 

f/J  =  2nnoi^  r  \g{p)  -  1]  dp  (28) 

L  Jnm  Jb 
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Depending  on  the  particular  problem,  the  appropriate  form  of  1 2  given  by  (26). 
(27).  or  (28)  may  be  used. 

Referring  back  to  ( 13).  we  can  multiply  I,  and  Tj  by  to  get  a  new  expression 
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+  sae'*'""]  Toe 


(29) 


where  the  explicit  dependence  of  (13)  on  the  constant  of  propagation  (k  or  k) 
has  been  made  clear.  In  (29)  we  have 


—  Mo 

/C2_fc2 


le  +  I2 


(30) 


and 


_  2inok 

82  = - r- 

K-k 


(31) 


Using  (29)  in  (11),  the  multiple  scattering  equation  may  be  written 

a£e‘«"‘  =  Tas  +  (32) 

If  we  balance  the  exponential  terms  of  e*''"'  and  we  then  have  two  indepen¬ 

dent  equations 


0  =  82'TaE  +  ®mc  (^^^ 

as  =  »\TaE  (^^^ 


which  comprise  the  Ewald-Oseen  extinction  theorem  (33)  and  the  Lorentz-Lorenz 
law  (34).  To  find  the  constant  of  propagation,  we  solve  (34)  by  noticing  that  the 
determinant  of  the  matrix 

^=[lif-7]  (35) 

must  be  equal  to  zero  for  the  non-trivial  solution.  Thus  the  solution  for  QCA 
rests  in  minimizing  the  determinant  of  a  iMtrix  whose  elements  are  related  to 
and  the  single  particle  transition  matrix,  T.  Only  the  transition  matrix  in  (35) 
is  dependent  on  the  field  polarization.  For  a  circularly  symmetric  cyUnder,  the 
T-matrix  is  diagonal  and  is  given  by  [Ruck  et  al.,  1970] 

TM  _  -fe»Jm(feoO)Jm(fc5q)  +  feoJm(feoq)«^m(M)  ^ 

“  k,E^^\koa)y^{ksa)  -  koE'^Kkoa)J„,{k,a) 
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for  the  TM  polarization  and 


TE  _  +  kQ/(.o3'„{koa)Jm{ksa)  ^ 

Tmm  -  -  ko/to}{'^''(koa)Jm{k,a) 

for  TE  polarization.  In  (36)  and  (37),  k,  and  r,  indicate  tho  propagation  constant 
and  permittivity  of  the  individual  scatterers.  The  factor  6„  is  equal  to  unity  lor 

m  =  0  and  two  for  m  >  1. 

Thus,  to  implement  QC.lV.  the  matrix  5  «  constructed  from  rither  of  (36)  or 
(37)  from  above  and  (30),  f,  which  employs  (22),  and  (28).  h.  The  effective 
constant  of  propagation  of  the  random  medium  is 

7  [det^l.  (38) 

The  user  defined  variables  in  (38)  are:  1.)  the  pair  distribution  function,  g(r)  2.) 
the  particle  density,  n„,  3.)  the  particle  diameter,  6,  and  4.)  the  maximum  order 
of  the  cylindrical  wave  expansion,  such  that  p  €  10,p,„«,l.  From  a  prartical 
point  of  view,  the  pair  distribution  function  is  the  most  difficult  of  these  variables 

to  determine. 

As  a  basis  of  comparison,  we  may  use  the  single  scattering  field  approach  of  the 
effective  field  approximation  (EFA)  also  known  as  Foldy’s  approximation.  In  two 
dimensions,  the  effective  permittivity  for  circular  inclusions  determined  by  EFA 

•S  a  • 

1  4t^,y,TMorTE  (39) 

Ceff  —  1  ~  ”0 , 2  2-f 
^0  m 

3  Pair  Distribution  Function 

In  the  previous  section  we  developed  the  theory  for  the  two-dimensional  quasi¬ 
crystalline  approximation.  After  developing  the  theory  it  was  noted  that  the  pair 
distribution  function  was  the  unknown  which  was  most  difficult  to  characterize. 
In  reality  the  pair  distribution  function  may  be  estimated  in  one  of  three  ways:  1 .) 
experimentally,  2.)  theoretically  or  3.)  numerically.  Experimental  estimation  of 
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the  pair  distribution  function  is  extremely  difficult  due  to  the  fact  that  it  entails  a 
detailed  study  of  the  particle  structure  for  each  random  medium  being  considered. 

A  theoretical  approach  may  be  used  to  model  the  physical  distribution  of  particles 
in  a  medium  but  we  may  be  limited  to  only  a  certain  class  of  media  which  ma\ 
be  described  by  the  mathematical  model.  Alternatively,  a  numerical  approach 
may  be  used  to  directly  model  the  arrangements  of  particles  via  Monte- Carlo 
simulations  based  on  a  computer  model  the  particle  deposition.  The  numerical 
model,  has  the  advanUge  of  increased  flexibility  in  addressing  a  variety  of  physical 
methods  of  particle  deposition  and  interaction. 

We  present  here  a  set  of  six  distinct  pair  distribution  functions,  each  has  been 
given  a  simple  label  (in  parentheses)  that  will  be  used  for  reference  in  the  re- 

mainder  of  the  paper . 

Hole  Correction  (HC).  The  hole  correction  formula  is  the  simplest  of  the 

theoretical  pair  distribution  functions  and  can  be  used  to  model  an  ideal  gas 

consisting  of  mono-sized  particles  of  diameter  b. 

,  \  f  0  p<b  (40) 

=  \1  p>b 

HC  has  the  effect  of  eUminating  the  %  term  in  (30)  and  thus  it  is  possible  to  use 
QCA-HC  as  a  measure  to  gauge  the  effect  of  the  pair  distribution  function  on 

the  QCA  formulation. 

Ciassical  fluid  medium  (PY).  Of  the  theoretical  pair  distribution  functions, 
the  most  common  is  given  by  Percus  and  Yevick  11958)  which  can  be  used  to 
model  particle  positions  in  a  classical  fluid  of  htud  spheres.  Three-dimmtsional 
closed  form  solutions  of  PY  can  be  found  in  Wertheim  [1963)  and  have  been 
shown  to  agree  closely  with  numerical  simulations  of  particle  arrangements  (Ding 
et  al.,  1992).  In  two  dimensions,  the  PY  equations  have  been  solved  numerically 
by  Lado  11968]  (Fig.  2).  The  assumptions  of  hard-sphere  PY  ate  1.)  there  are 
no  external  forces  acting  on  the  particles  and  2.)  the  potential  energy  between 
particles  is  infinite  when  they  overlap  and  zero  when  their  centers  are  sepaiated 
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by  a  distance  greater  than  one  particle  diameter.  The  first  assumption  alio 
the  system  energy  to  be  directly  related  to  the  particle  arrangement  and  the 
second  assumption  creates  a  basis  from  which  this  energy  may  be  calculated. 
These  assumptions  are  the  physical  parallel  of  placing  particles  randomly  within 
a  confining  volume  until  a  given  volume  fraction  or  particle  density  has  been 

reached. 

In  performing  two-dimensional  numerical  simulations,  it  was  found  that  volume 
fractions  from  0  to  approximately  48%  were  attainable  without  resorting  to  ar¬ 
rangement  initialization  techniques  (such  as  given  by  Metropolis  et  al.  [1953]). 
Initialization  techniques  allow  high  particle  densities  to  be  reached  by  initializing 
particle  positions  to  a  totally  packed  crystalline  array.  Individual  realizations 
are  performed  by  perturbing  particles  from  their  original  positions  by  a  random 
vector.  It  should  be  noted  that  by  resorting  to  this  method,  we  can  no  longer 
guarantee  an  axially  symmetric  pair  distribution  function  and  for  this  reason, 
only  volume  fractions  below  45%  are  generally  used  for  the  analysis  component 
of  this  paper.  It  may  be  however  that  it  is  possible  to  determine  a  mean  pair 
distribution  function  which  calculates  probable  particle  locations  based  on  radial 
distance  only  and  ignores  the  angular  dependence  by  averaging  over  all  angles. 
While  this  violates  the  assumption  made  in  determining  (28),  we  can  examine 
the  effects  of  the  approximation  here. 

Particle  extraction  method  (extract).  Particles  are  arranged  together  in  a 
near  crystalline  fashion  using  a  packing  algorithm  (PA)  described  in  Siqueira  et 
al.  [1995].  Particles  are  removed  one  by  one  without  disturbing  the  lattice  until 
the  desired  volume  fraction  is  achieved  (Fig.  3).  Because  of  the  effect  of  gravity, 
the  pair  distribution  function  is  not  axially  symmetric.  The  pair  distribution 
function  is  shown  in  the  vertical  direction  (o),  the  horizontal  direction(x)  and 
for  the  azimuthal  average  (solid  line). 

Snow-type  medium  (snow).  This  two-dimensional  simulation  utilizes  PA  to 
simulate  the  process  of  falling  snow  (Fig.  4).  In  this  simulation,  deposited  par- 
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tides  are  made  to  stick  near  their  initial  starting  points  after  which  the  %olu..ie 
fraction  is  adjusted  using  the  extraction  method.  Particles  are  not  allowed  to 
find  their  state  of  minimum  potential  energy.  This  stacking  process  is  reflected 
in  the  pair  distribution  function  which  illustrates  an  ordered  array  in  the  vertical 
direction  (o)  and  a  disordered  one  in  the  horizontal  direction(  x ). 

Distributed  particle  size  (shrink).  This  method  of  adjusting  volume  fraction 
is  given  to  illustrate  the  dependence  of  the  pair  distribution  function  on  the 
packing  method  (Fig.  5).  To  obtain  a  volume  fraction  of  30%,  a  Gaussian 
particle  size  distribution  is  used  whose  mean  diameter  is  one  and  a  half  times 
larger  than  the  target  particle  diameter.  After  the  particles  have  been  packed 
together  (dotted  lines),  the  radius  is  shrunk  to  a  uniform  diameter  to  achieve  the 
correct  volume  fraction.  While  this  pair  distribution  function  is  not  physical,  it 
illustrates  how  the  pair  distribution  function  is  reflective  of  the  packing  method 

used. 

Ellipse  to  disk  method  (ellipse).  This  method  is  the  final  example  of  how 
a  pair  distribution  function  may  be  achieved  for  a  given  volume  fraction  using 
an  alternate  method  of  particle  arrangement  (Fig.  6).  In  this  case,  for  a  volume 
fraction  of  30%,  uniform  ellipses  whose  major  axis  was  twice  that  of  the  minor 
axis  were  used  to  generate  the  initial  particle  arrangement  (dotted  lines).  The 
ellipses  were  then  changed  to  disks  having  uniform  diameters  equal  to  the  minor 
axes,  resulting  in  a  particle  arrangement  that  may  appear  outwardly  to  be  very 
similar  to  that  of  the  classical  fluid  simulation  in  Fig.  2.  Note  however,  that 
statistically  the  two  methods  are  very  different,  as  can  be  seen  by  their  pair 

distribution  functions. 

In  this  section,  we  have  introduced  six  different  methods  of  arranging  particles 
in  a  volume  or  area.  Each  of  the  different  methods  were  presented  to  iUustrate 
the  variety  of  pair  distribution  functions  that  can  be  achieved  by  altering  the 
method  of  particle  deposition  in  the  simulations.  The  presentation  accentuated 
the  fact  that  the  pair  distribution  functions  are  not  necessarily  axially  symmetnc 
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nor  similar,  effects  that  will  be  further  explored  in  the  paper.  The  resulting  pair 
distribution  functions  can  be  used  directly  in  the  QCA  theory  developed  in  the 
previous  section  to  analyze  the  sensitivity  of  QCA  to  the  pair  distribution  func¬ 
tion.  g{f).  or  we  can  extend  our  evaluation  one  step  farther  by  using  the  particle 
position  simulations  to  directly  determine  the  effective  constant  of  propagations 
for  a  random  medium. 


4  Independent  Determination  of  e^ff 

This  section  provides  a  brief  review  of  a  numerical  method  (NUM)  of  determining 
the  effective  permittivity  of  a  two-dimensional  random  medium  [Sarabandi  and 
Siqueira  1995].  Given  a  method  of  arranging  particles  in  a  volume,  it  is  possible 
to  directly  determine  Ceff  using  a  numerical  solution  to  Maxwell’s  equations.  In 
the  paper  describing  this  method,  it  has  been  shown  that  the  technique  agrees 
well  with  the  low-frequency  mixing  formula  of  Polder  and  Van  Santen  [1956]  when 
dielectric  losses  are  more  significant  than  scattering  losses.  This  method  has  also 
been  demonstrated  to  show  appropriate  behavior  in  the  low  frequency  region  as 
well  as  for  both  sparse  and  very  dense  concentrations  of  particles. 

The  numerical  method  compares  the  average  scattered  field  from  a  random  col¬ 
lection  of  particles  confined  within  an  imaginary  boundary  with  that  of  a  homo¬ 
geneous  dielectric  body  whose  shape  is  the  same  as  the  imaginary  boundary  (Fig. 
7).  By  varying  the  permittivity  of  the  homogeneous  body,  we  may  miniimze  the 
difference  between  the  scattered  fields  of  the  two  bodies.  One  such  example  is 
given  in  Figs.  8  and  9  for  both  the  TM  and  TE  polarizations  for  three  different 
particle  sizes  using  the  particle  extraction  method  of  adjusting  volume  fraction. 
Shown  also  in  the  figures  is  the  two-dimensional  Polder- Van  Santen  (PVS)  mixing 

formula  given  by 

Ceff  = 

Ceff  = 

13 


f-h  +  ~ 


Cj  + 


(41) 

(42) 


for  the  TM  and  TE  polarizations  respectively.  It  can  be  seen  that  for  the  small 
particle  sizes  that  there  is  excellent  agreement  between  the  two  methods  at  low 
volume  fractions.  Furthermore,  the  increased  losses  shown  for  larger  particles 
is  consistent  with  physical  expectations.  What  remains  to  be  done  is  to  include 
results  from  the  two-dimensional  QCA  theory  developed  in  Section  2  and  to  com¬ 
pare  those  results  with  the  results  from  this  section  for  the  six  different  methods 
of  generating  particle  arrangements  (HC.  PY,  extract,  snow,  shrink  and  ellipse). 

5  Evaluation  of  the  Two-Dimensional 
Quasi-Crystalline  Approximation 


In  this  section,  the  behavior  of  QCA  as  a  function  of  particle  size,  polarization, 
volume  fraction,  scattering/dielectric  losses  and  particle  arrangement  method  is 
explored.  To  begin,  we  present  three  sets  of  six  plots  (Figs.  10,  11  and  12)  which 
demonstrate  the  theoretical  and  numerical  methods  dependence  on  particle  size, 
volume  fraction,  polarization  and  dielectric  loss.  Fig.  10  (TM  polanzation)  and 
Fig.  11  (TE  polarization)  demonstrate  real  and  imaginary  ua  performance  for 
particles  with  a  modest  amount  of  dielectric  loss  (ci  =  3.6  +  lO.l)  while  Fig. 
12  gives  the  imaginary  component  of  for  particles  with  low  dielectric  loss 
(ci  =  3.6  +  iO.Ol)  for  both  TM  and  TE  polarizations.  The  real  component  of 
Ceff  is  not  included  in  Fig.  12  because  it  was  found  that  the  behavior  of  Ro(c«ir) 
did  not  change  appreciably  from  the  examples  given  in  Figs.  10  and  ll.  In  all 
three  figures,  a  classical  fluid  (PY)  was  used  to  model  particle  positions  for  both 
QCA  and  the  numerical  method.  The  particle  diameters  used  in  each  of  the 
demonstrations  range  from  K/lOikd  =  0.33),  2Ai/10(fcd  =  0.67)  to  3A,/10(fcd  = 
1.0)  as  the  plots  go  from  left  to  right  (fc  is  the  wavenumber  of  the  included 

particles). 

Referring  to  Figs.  10  through  12,  the  following  observations  are  in  order: 

1.)  Re(e^ff),  TM  polarization.  The  real  part  of  the  effective  permittivity  is  practi- 
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cally  the  same  for  the  theoretical  methods  of  PV  S.  EFA,  QCA-P'i .  QCA  HC  and 
NUM-PY  for  all  volume  fractions,  particle  size  and  both  values  of  particle  dielec¬ 
tric  loss  (Fig  10  (a)  through  (c)).  The  performance  of  EFA  and  PVS  degrades  as 
particle  size  increases,  an  effect  of  an  increase  in  scattering  by  the  larger  particles. 
Both  QCA-PV  and  QCA-HC  track  the  behavi.,  of  the  numerical  method  well 
in  this  aspect  because  of  the  inclusion  of  multiple  scattering  terms  in  the  QCA 
formulation.  Note  that  PVS  may  be  used  as  a  reference  as  particle  size  vanes 
because  particle  size  is  in  general  not  a  factor  in  mixing  formulae.  We  may  notice 
therefore,  via  PVS,  that  QCA-PY,  QCA-HC  and  NUM-PY  agree  that  phase  ve¬ 
locity  decreases  with  increasing  particle  size.  The  similarities  between  the  results 
of  Re(eeff)  for  both  low  loss  and  moderate  loss  inclusions  indicate  that  dielectric 
loss  in  the  particles  does  not  appreciably  effect  the  phase  velocity.  This  may  also 
highlight  the  effect  that  only  near  particle  interactions  effect  the  real  part  of  e^ff. 

2.)  Im(Ceff),  TM  polarization.  The  imaginary  part  of  the  effective  permittivity 
displays  a  more  complex  behavior  than  the  real  part  as  a  function  of  volume 
fraction  and  particle  size.  The  theoretical  and  numerical  methods  agree  well  at 
low  volume  fractions  with  the  exception  of  small  particle  sizes  for  moderately 
lossy  inclusions  (Fig.  10,  part  (d)).  In  this  respect,  while  it  is  known  in  the  low 
frequency  limit  that  all  the  methods  agree,  the  losses  indicated  by  NUM-PY  are 
significantly  larger  than  results  given  by  the  theoretical  methods  of  QCA-HC  and 
QCA-PY.  We  believe  that  these  differences  may  be  caused  by  an  overestimation  of 
absorption  losses  with  respect  to  the  multiple  scattering  losses  for  the  methods  of 
QCA-PY  and  QCA-HC.  That  is,  numerically,  we  detect  more  multiple  scattering 
than  QCA  does  for  moderately  lossy  particles  with  sizes  that  are  relatively  small 

with  respect  to  wavelength. 

We  may  also  note  that  QCA-PY  does  an  excellent  job  of  tracking  the  losses 
predicted  by  NUM-PY  for  the  larger  particle  sizes  shown  in  parts  (e)  and  (f)  of 
Fig.  10.  At  a  volume  fraction  of  approximately  20%  the  methods  of  QCA-PY 
and  QCA-HC  diverge  significantly  with  a  trend  reversal  seen  in  QCA-PY  due  to 
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the  contribution  from  the  pair  distribution  function.  In  both  cases  for  the  larger 
particles  we  also  see  a  significant  difference  between  EF.\.  QC.A-P^  .  QC.\  HC. 
NUM-PY  and  that  of  PVS.  an  effect  that  is  e.xpected  because  of  the  scattering 
losses  incurred  by  the  larger  particles  are  not  accounted  for  by  the  mixing  formula. 

The  change  in  Im(ceff)  is  considerably  more  noticeable  between  Fig.  10  parts 
(d)  through  (f)  and  Fig.  12.  parts  (a)  through  (c).  Proportional  to  the  PVS 
mixing  formula  the  losses  are  significantly  larger  for  e.  =  3.6  +  tO.Ol  than  for 
e,  =  3.6 +  0.1,  indicating  that  multiple  scattering  is  a  much  more  dominant  factor 
in  the  low  loss  case.  The  multiple  scattering  however  does  not  translate  into 
greater  losses  overall  as  we  can  see  that  the  numerical  method  predicts  lower 
losses  in  general  than  the  losses  predicted  for  particles  with  higher  dielectric  loss. 
What  this  means  is  that  although  the  field  in  the  e.  =  3.6  +  *0.01  case  interacts 
with  more  particles,  the  field  does  not  suffer  enough  additional  absorption  losses 
due  to  the  multiple  interactions  to  make  up  for  the  absorption  losses  incurred 
with  the  lossier  =  3.6  +  *0.1  particles.  We  also  make  a  final  note  that  QCA 
does  a  comparably  well  job  at  predicting  Im(ceff)  in  this  case  as  it  did  in  the 

previous  TM  case  when  c,  =  3.6  +  *0.1. 

3. )  Re(t,s),  TE  polarization.  The  real  parts  of  ea  for  all  methods  and  particle 
sizes  agree  well  at  the  low  volume  fractions  but  begin  to  deviate  at  a  volume 
fraction  of  about  20%  (Fig.  11,  parts  (a)  through  (c)).  This  effect  is  expected 
because  of  the  necessary  non-linear  contribution  from  electrical  dipoles  to  the 
total  field  for  the  TE  polarization.  The  trends  of  EFA,  QCA-PY,  and  QCA-HC  all 
follow  that  of  the  PVS  model  relatively  well  despite  an  even  poorer  performance 
for  the  theoretical  methods  in  the  prediction  of  scattering  losses  (discussed  below). 
We  note  that  NUM  displays  the  physically  expected  trend  of  e^r  approaching  a 
as  volume  fraction  increases  towards  unity. 

4. )  TE  polarization.  We  may  first  note  that  all  methods  agree  well  with 

respect  to  losses  at  very  low  volume  fractions  irrespective  of  particle  size.  In 
the  zero  to  twenty  percent  volume  fraction  range  it  is  evident  that  QCA-PY  and 
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QCA-HC  reflect  the  correct  trend  of  increased  scattering  loss  for  increased  particle 
size.  However,  for  this  polarization,  the  dominant  term  in  (30)  is  7,  (the  particle 
exclusion  integral)  and  not  Tj  (the  integral  dependent  on  the  pair  distribution 
function).  Thus  Im(Ceff)  becomes  unphysically  negative  be  seen  through  the  effect 
of  QC.A-PY  following  QCA-HC  into  the  non-physical  domain  of  negative  Im(£eff). 
QCA-PY  and  QC.A-HC  do  not  adequately  describe  the  multiple  scattering  losses 
at  fractional  volumes  greater  than  5%  and  in  fact  the  scattering  losses  under¬ 
predicted  by  QCA-PY  and  QCA-HC  significantly  fall  below  the  lower  limit  given 

by  the  PVS  mixing  formula. 

In  Fig.  12,  parts  (d)  through  (f)  we  illustrate  the  behavior  of  Im(c,ff)  for  low-loss 
particles  whose  permittivity  is  =  3.6  -b  iO.Ol.  Without  the  additional  support 
of  dielectric  losses,  QCA  gives  realistic  values  for  for  only  the  smallest 

of  volume  fractions.  As  with  the  TM  case,  the  losses  predicted  by  NUM-PY  are 
larger  in  proportion  to  the  losses  predicted  by  PVS  but  are  smaller  overall  than 

the  losses  shown  in  Fig.  11  (d)  through  (f). 

It  may  be  disturbing  to  see  the  poor  performance  of  QCA  in  its  ability  to  predict 
losses  for  TE  polarized  fields  (Figs.  11  and  12).  To  answer  questions  related  to 
this  effect,  it  is  useful  to  examine  the  low  frequency  behavior  of  QCA  (or  more 
specifically  QCA-HC)  for  both  the  TM  and  TE  polarizations  (Fig.  13).  Only 
the  hole  correction  formula  with  QCA  is  used  in  this  demonstration  to  examine 
the  effect  of  the  exclusion  integral,  Z,  term  in  (30).  The  results  of  QCA-HC  are 
compared  with  the  PVS  mixing  formula  (which  is  essentially  the  low  frequency 
limit  of  EFA)  so  that  a  single  curve  can  be  used  as  a  reference  for  different 
particle  sizes.  The  rekl  component  of  Ceff  for  both  polarizations  follows  that  of 
PVS  very  closely  for  all  particle  sizes  and  therefore  is  not  shown.  Only  for  particle 
diameters  of  Ai/20  and  larger  does  Im(£eff)  deviate  significantly  from  PVS  for  the 
two  polarizations,  but  the  deviation  for  the  TM  polarization  is  much  milder  than 
that  shown  for  a  TE  polarized  field  in  which  actually  becomes  negative.  We 
attribute  these  differences  to  the  higher  order  singularity  found  in  the  Green’s 
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function  for  a  TE  polarized  field  (i.e.  dipole  interactions  instead  of  mono-pole 
interactions  as  is  the  case  for  TM  polarization).  The  negative  trend  seen  for  the 
TE  polarized  field  is  much  more  difficult  for  the  I2  term  in  (30)  to  overcome  and 
it  is  for  this  reason  that  we  see  the  degraded  performance  of  the  TE  polarization 
results  shown  in  Figs.  11  and  12. 


Given  the  extensive  analysis  presented  so  far  with  respect  to  the  performance 
of  QCA.  EFA.  PVS  and  NUM.  it  is  convenient  to  present  the  results  in  a  more 
compact  form.  To  this  end,  we  present  Figs.  14  and  15  which  graphically  il¬ 
lustrate  the  differences  between  the  three  theoretical  method’s  (QCA,  EFA  and 
PVS)  and  the  numerical  method’s  (NUM)  estimation  of  in  terms  of  validity 
regions.  The  differences  used  to  determine  the  validity  regions  were  computed  in 
terms  of  errors  with  respect  to  the  numerical  method  given  by 


err  = 


theory  -  NUM  ^ 
NUM 


(43) 


The  numerical  method  is  used  as  a  reference  because  there  are  no  current  exact 
formulations  to  determine  in  the  regions  under  consideration  and  the  numer¬ 
ical  method  is  the  only  method  presented  thus  far  that  displays  the  expected 
behavior  of  Ceff  as  a  function  of  volume  fraction,  particle  size  and  polarization. 
The  validity  regions  were  drawn  to  enclose  areas  where  differences  between  the  nu¬ 
merical  and  theoretical  methods  were  less  than  20%.  The  validity  regions  shown 
are  based  on  a  grid  of  numerical  simulations  that  varied  the  volume  fraction  from 
5%  to  45%  in  5%  steps  and  varied  particle  sizes  from  kd  =  0.33  to  kd  =  hO  in 
steps  of  one  third.  It  should  be  noted  that  because  NUM  is  used  as  a  reference, 
errors  in  NUM  will  manifest  themselves  as  a  systematic  offset  in  the  presented 
validity  regions  of  QCA,  EFA  and  PVS.  Additional  regions  of  validity  have  also 
been  drawn  for  the  limiting  cases  of  low  frequency  and  low  fractional  volume 
where  all  of  the  different  methods  employed  are  known  to  converge.  Because  of 
computational  limitations,  it  was  not  possible  to  test  the  high  frequency  limits 
of  the  theoretical  methods. 


Figs.  14  and  15  illustrate  well  the  behavior  of  the  theoretical  methods  as  a 
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function  of  volume  fraction,  particle  size  and  polarization.  QCA-PY  for  the  TM 
polarization  does  well  with  the  exception  of  kd  =  0.33  sized  particles  (a  region 
which  was  discussed  earlier)  and  the  region  of  volume  fractions  extending  between 
309?  and  407r.  In  this  latter  region,  the  reduced  performance  of  QC.-\  is  most 
likely  due  to  an  enhanced  component  of  multiple  scattering  with  respect  to  the 
other  volume  fractions.  This  behavior  has  been  observed  both  numerically  and 
experimentally  [Xashashibi  and  Sarabandi,  1995]. 

As  a  final  analysis  of  QCA,  we  compare  the  numerical  method’s  evaluation  of 
with  that  of  QCA  for  the  array  of  different  particle  arrangement  methods 
presented  earlier  (Figs.  16  and  17).  To  simplify  the  treatment,  only  the  angular 
averaged  pair  distribution  functions  were  used.  At  a  volume  fraction  of  30% 
and  Ci  =  3.6  +  0.01  we  expect  multiple  scattering  to  play  an  important  role  in 
determining  Ceff-  It  can  be  noticed  that  the  exact  form  of  the  pair  distribution 
function  has  little  effect  on  the  performance  of  QCA  or  NUM  for  Re(ceff)  for  both 
the  TM  and  TE  polarizations,  with  the  possible  exception  of  the  snow  simulation. 
More  interesting  however  is  the  behavior  of  the  Im(ceff)  to  the  different  methods 
of  particle  arrangement.  Both  QCA  and  NUM  agree  in  the  increasing  trend  of 
scattering  losses  going  from  left  to  right  (note  that  the  estimate  of  Im(eeff)  can 
vary  by  as  much  as  a  factor  of  two  based  on  the  particle  arrangement  method 
alone).  The  particle  arrangement  methods  in  these  examples  were  arranged  in 
such  a  way  so  that  in  going  from  left  to  right  we  increase  the  likelihood  of  two 
particles  being  in  contact  with  one  another.  Essentially,  when  two  particles  are  in 
contact,  we  may  consider  them  as  being  a  single,  larger  particle,  thus  explaining 
the  increase  in  scattering  loss.  This  result  argues  strongly  against  the  use  of 
the  Percus-Yevick  pair  distribution  function  (which  models  a  classic  fluid)  in  the 
determination  of  extinction  for  granular  media  such  as  snow,  sand  or  soils. 
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6  Conclusions 


In  this  paper  we  have  made  a  complete  analysis  of  the  subject  of  determining 
effective  permittivity  for  dense  random  media  in  two  dimensions.  The  popular 
method  of  the  quasi-crystalline  approximation  was  derived  and  associated  results 
for  the  effective  field  approximation  and  the  mixing  formula  for  both  TM  and 
TE  polarizations  were  presented,  because  QC.A  depends  on  the  form  of  pair 
distribution  function,  used,  a  variety  of  different  particle  arrangement  methods 
were  presented.  We  then  discussed  a  numerical  method  based  on  the  method 
of  moments  which  may  also  be  used  to  determine  effective  permittivity  and  has 
been  shown  to  follow  expected  trends  from  low  to  high  density  and  from  low  to 
high  frequency.  The  behavior  of  the  methods  and  the  general  behavior  of  effective 
permittivity  were  then  studied  for  a  variety  of  different  situations,  from  which  it 
was  possible  to  determine  regions  of  validity  for  the  theoretical  methods  based  on 
the  presented  numerical  method.  Finally,  a  comparison  was  made  between  the 
effective  permittivities  found  by  the  numerical  method  and  the  quasi-crystalline 
approximation  as  a  function  of  particle  arrangement  method.  From  this  analysis, 
we  have  made  the  following  conclusions: 

10  The  real  component  of  effective  permittivity  is  essentially  the  same  for  all 
methods  up  to  a  value  of  kd  «  1.  The  TM  polarization  in  this  respect  is  valid 
for  all  volume  fractions  and  the  TE  polarization  is  vaHd  up  to  a  volume  fraction 

of  20%. 

2  )  Given  20%  error  bounds,  the  losses  predicted  by  QC  A  for  the  TM  polarization 
agree  quite  well  with  the  numerical  method  (Fig.  U).  It  is  important  however 
to  use  the  correct  form  of  pair  distribution  function  (Fig.  16). 

3.)  The  losses  predicted  by  QCA  for  the  TE  polarization  agree  very  poorly  with 
the  numerical  method  (Fig.  15).  At  volume  fractions  greater  than  15%  it  is  not 
uncommon  for  Im(e^)  to  become  unphysically  negative.  We  beUeve  th.s  poor 
behavior  is  due  to  the  strong  singularity  found  in  the  Green’s  function  for  this 
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polarization. 


4.)  The  effect  of  decreasing  absorption  losses  of  the  inclusions  has  the  expected 
effect  of  increasing  multiple  scattering  but  this  does  not  translate  into  higher 

total  losses. 

.5.)  The  pair  distribution  function  (or  similarly,  the  particle  arrangement  method) 
does  play  an  important  role  in  determining  extinction  (Figs  14  and  15).  It  is 
believed  that  this  is  due  to  the  effect  of  two  neighboring  particles  acting  together 
as  a  single  larger  particle.  Thus  it  is  inappropriate  to  use  the  Percus-Yevick  pair 
distribution  when  analyzing  a  random  medium  whose  particle  locations  do  not 

resemble  a  classical  fluid. 

The  work  presented  in  the  paper  opens  up  a  number  of  avenues  for  future  work. 
In  two  dimensions  the  effect  of  the  angular  asymmetry  in  the  pair  distribution 
function  on  QCA  can  be  explored  by  carrying  out  the  two-dimensional  integration 
in  (27).  It  would  also  be  informative  to  analyze  the  effect  of  varying  Re(e.)  on  t,it 
and  to  determine  an  empirical  method  of  determining  the  effective  permittivity 
based  on  a  combination  of  QCA  and  generalized  results  found  by  NUM.  The  most 
important  and  useful  future  work  however,  will  be  to  bring  the  presented  analysis 
and  methods  into  three  dimensions.  In  this  sense,  the  study  presented  here  offers 
an  important  set  of  methods  and  background  that  can  be  used  to  conduct  that 

investigation. 
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Figure  1;  Domain  of  integration.  Shown  are  the  three  surfaces  (5<i,  5*,  andSoo) 
and  their  inward  pointing  surface  normals  for  the  integral  in  (18). 
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Figure  2: 
are  results 


SimaUtion  of  a  classical  fluid  for  a  volume  fraction  of  30%.  Shown 
from  Monte-Carlo  numerical  simulations  and  the  PY  equation  m  wo 


dimensions  solved  by  Lado. 
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Figure  3:  Particle  arrangement  simulation  using  particle  extraction  from  a  near 
perfect  lattice  for  a  volume  fraction  of  30%.  Shown  is  the  average  par  distribution 
function  over  all  angles  and  the  pair  distribution  function  from  the  vertical  ^d 
horizontal  directions  which  accentuate  the  azimuthal  symmetry.  Bemuse  the 
basic  structure  of  the  lattice  remains  unchanged  for  different  volume  fr^tion  , 
the  pair  distribution  function  does  not  change  with  particle  number  density. 
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Figure  4:  Simulation  of  a  two-dimensional  snow-type  medium  for  a  voluine  frac¬ 
tion  of  30%.  Shown  is  the  average  pair  distribution  function  ovct  all  angles  ^d 
the  pair  distribution  function  from  the  vertical  and  horizontal  directions  whic 
accentuate  the  azimuthal  asymmetry. 
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Figure  5-  Particle  arrangement  simulation  using  a  distribution  of  disks  shrunk 
down  to  a  uniform  size  for  a  volume  fraction  of  30%.  Shown  is  the  average  pmr 
distribution  function  over  all  angles  and  the  pair  distribution  function  from  the 
vertical  and  horizontal  directions  which  accentuate  the  azimuthd  asjranw  ry. 
This  example  is  given  to  demonstrate  one  method  of  obtaining  different  particle 
arrangements  and  different  pair  distribution  functions. 
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Figure  6:  Particle  arrangement  simulation  using  ellipses  for  a  volume  fraction  of 
30%.  Shown  is  the  average  pair  distribution  function  over  all  anglw  and  the  pair 
distribution  function  from  the  vertical  and  horizontal  directions  which  accentuate 
the  azimuthal  asymmetry.  This  example  is  given  to  deinonstrate  one  method  of 
obtaining  different  particle  arrangements  and  different  pair  distnbution  functions. 
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Figure  7:  Model  for  numericcil  determining  Ceff  for  a  random  medium. 


Effective  Pormitthrity  for  TM  .Polarization  eiith  Vatyina  Particle  Size 


Figure  8:  Effective  permittivity,  e«ff,  vs.  volume  fraction  for  a  TM  polarized  field 
inddent  upon  a  random  medium.  Shown  are  results  from  the  numerical  inethod 
for  different  particle  sizes  along  with  those  obtained  by  the  Polder- Vm  Santen 
mixing  formula.  The  volume  fraction  was  adjusted  by  particle  extraction. 
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Effective  Permittivity  for  TE  -Polarization  with  Varying  Particle  Size 


Vokjiiw  Fmction 


Figure  9:  Effective  permittivity,  Ceff  vs.  volume  fraction  for  a  TE  polarized  field 
See  Fig.  7  for  details. 


Ficure  10-  Comparison  between  five  methods  of  determining  effective  permit¬ 
tivity  for  a  TM  polarized  field:  EFA  PVS  (...),  QCA-PY  (o),  QCA-HC 
(-f )  and  NUM-PY  (*).  Plots  (a)  through  (c)  illustrate  Re(c«ff)  and  (d)  through 
(e)  illustrate  Im(c«ff)  as  a  function  of  volume  fraction  using  a  model  of  particles 
(c  =  3.6  +  iO.l)  suspended  in  a  classical  fluid.  Particle  diameter  ranges  from 
\i/l0{kd  =  0.33)  (a  and  d),  2Xi/lO{kd  =  0.67)  (b  and  e),  to  3A,/10(fcd  =  1.0)  (c 


and  f). 
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kd  =  0.33  kd  =  0.67 


kd  =  1.0 


Figure  11:  Comparison  between  five  methods 

and  NUM-PY')  of  determining  effective  permittivity  for  a  TE  po  anze  e 


the  caption  of  Fig.  10  for  details. 
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kd  =  0.33 


kd  =  0.67  kd  =  1 .0 
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Figure  12;  Comparison  between  five  methods  (QCA-PY,  QCA-HC,  EFA,  P 
and  NUM-PY)  of  determining  the  effective  permittivity  for  TM  and  TE  jwlanze 
fields  The  permittivity  of  the  included  particles  is  £.•  =  3.6  +  tO.Ol.  ihe  real 
component  (not  shown)  is  essentially  unchanged  from  the  previous  example  when 
Ci  =  3.6  +  tO.l.  See  the  caption  in  Fig.  10  for  details. 
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Companson  of  QCA-hc  with  PVS  mixing  formula 


Figure  13:  Performance  of  QCA-HC  at  very  low  frequenci^. 
for  particles  with  diameter  A,7800,  A, /SO,  Ai/20,  and  A^/IO  for 
polarizations  (ci  =  3.6  -h  tO.l). 


Shown,  is  Im(£eff) 
both  TM  and  TE 
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Figure  14:  TM  polarteation  validity  regions  baaed  on  20% 
imaginary  tji  for  the  numerical  method  of  determining  £,g  (N™-PY)  ^d  the 
theoreticll  methods  of  QCA-PY  (light  gray),  EFA  (hatched)  and  PVS  (dark  gray) 
for  (a)  e,  =  3.6  +  iO.l  and  (b)  €<  =  3.6  +  tO.Ol. 
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Figure  15:  TE  polarization  validity  regions  based  on  20% 
imaginary  Ceff  for  the  numerical  method  of  determimng  (NUM-PY)  and  the 
theoretical  methods  of  QCA-PY  (light  gray),  EFA  (hatched)  and  PVS  (dark  gray) 
for  (a)  ti  =  3.6  +  iO.l  and  (b)  u  =  3.6  +  *0.01. 


TM  Polarization 


Figure  16-  Effective  permittivity  comparison  between  particle  arrangement  meth¬ 
ods.  Volume  fraction  =  30%,  =  3.6  -h  *0.01,  TM  Polarization. 
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Figure  17'  Effective  permittivity  comparison  between  particle  arrangement  meth¬ 
ods.  Volume  fraction  =  30%,  e.  =  3.6  -h  *0.01,  TE  Polarization. 
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To  answer  the  question  of  what  radar  polarimetry  has  to  offer  to  the  remote  sensing  of 
random  media,  statistics  of  the  phase  difference  of  the  scattering  matrix  ^ 

be  studied.  Recent  polarimetric  measurements  of  rough  surfaces  have  indicated 
the  statistical  parameters  of  the  phase  difference  (mean,  standard  ^  ^ 

very  sensitive  to  some  of  the  physical  parameters.  In  this  paper  the  probability  density 
function  of  the  phase  differences  is  derived  from  the  Mueller  matrix,  assuming  that  the 
elements  of  the  scattering  matrix  are  jointly  Gaussian.  It  is  shown  that  the  probabili  y 
density  functions  of  the  copolarized  and  cross-polarized  phase  differences  are  similar  in 
form,  and  each  can  be  determined  by  two  parameters  (a  and  C)  completely.  The  ex¬ 
pressions  for  the  probability  density  functions  are  verified  by  comparing  the  histogr^s, 
the  mean,  and  the  standard  deviations  of  phase  differences  derived  directly  from  polari- 
metric  measurements  of  a  variety  of  rough  surfaces  to  the  probability  density  function, 
ite  mean,  and  standard  deviation  derived  from  the  Mueller  matri^  of  the  same  da  a. 
The  expressions  for  the  probability  density  functions  are  of  special  mterest  for  noncoher¬ 
ent  polarimetric  radars  and  noncoherent  polarimetric  models  for  random  media  such  as 
vector  radiative  transfer. 


1.  INTRODUCTION 

In  the  past  decade,  substantial  effort  within  the  mi¬ 
crowave  remote  sensing  community  has  been  devoted  to 
the  development  and  improvement  of  polarinnetry  science. 
Polarimetric  radars  are  capable  of  synthesizing  the  radar 
response  of  a  target  to  any  combination  of  the  receive  and 
transmit  polarizations  from  coherent  measurements  of  the 
target  with  two  orthogonal  channels,  Polarimetric  radars 
have  demonstrated  their  abilities  in  improving  point  tar¬ 
get  detection  and  classification  [loannidis  and  Hammers, 
1979],  That  is,  for  a  point  target  in  a  clutter  background 
the  transmit  and  receive  polarizations  can  be  chosen  such 
that  the  target  to  clutter  response  is  maximum.  Also,  dif¬ 
ferent  point  targets  in  the  radar  scene  can  be  classified 
according  to  their  optimum  polarization.  Although  radar 
polarimeters  have  shown  a  great  potential  in  point  target 
detection  and  classification,  their  capabilities  in  remote 
sensing  of  distributed  targets  are  not  completely  under¬ 
stood  yet. 

Copyright  1992  by  the  American  Geophysical  Union. 
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Considering  the  complexity  involved  in  designing,  man¬ 
ufacturing,  and  processing  the  data  of  an  imaging  po- 
larimeter  as  opposed  to  a  conventional  imaging  radar,  it  is 
necessary  to  examine  the  advantages  that  the  imaging  po- 
larimeter  prpvides  with  the  targets  of  interest.  For  exam¬ 
ple,  in  retrieving  the  biophysical  parameters  from  the  po¬ 
larimetric  radar  data,  one  should  ask  whether  there  exists 
a  dependency  between  the  parameters  and  the  measured 
phase  of  the  scattering  matrix  components.  If  the  answer 
is  negative,  obviously  gathering  polarimetric  data  for  in¬ 
version  of  that  parameter  is  a  waste  of  effort.  One  way  of 
confirming  this  question  is  by  collecting  data  over  a  range 
of  the  desired  parameter  while  keeping  other  influential 
parameters  constant.  This  procedure,  if  not  impossible,  is 
very  difficult  to  conduct  because  of  problems  in  repeata¬ 
bility  of  the  experiment  and  difficulties  in  controlling  the 
environmental  conditions.  Moreover,  at  high  frequencies 
(millimeter  wave  frequencies  and  higher),  coherent  mea¬ 
surement  of  the  scattering  matrix  is  impossible  because  of 
instabilities  of  local  oscillators  and  relative  movements  of 
the  target  and  the  radar  platform  [Meads  and  McIntosh, 
1991].  At  these  frequencies,  noncoherent  radars  are  em¬ 
ployed  which  provide  the  Mueller  matrix  of  the  target. 

Another  approach  to  examine  the  dependency  of  the 
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radar  response  to  the  desired  parameters  of  the  targets  is 
the  application  of  theoretical  models.  One  of  the  most  suc¬ 
cessful  polarimetric  models  for  random  media  is  the  vector 
radiative  transfer  theory  [Tsang  et  al.,  1985].  Thb  model 
is  based  on  conservation  of  energy  and  the  single  scatter¬ 
ing  properties  of  the  constituent  particles.  The  solution  of 
the  radiative  transfer  equation  relates  the  scattered  wave 
Stokes  vector  to  the  incident  wave  Stokes  vector  via  the 
Mueller  matrix.  The  Mueller  matrix,  as  computed  by  this 
method,  is  an  ensemble-  averaged  quantity  because  of  the 
inherent  nature  of  the  radiative  transfer  theory.  Since  the 
Mueller  matrix  is  related  to  the  scattering  matrix  through 
a  nonlinear  process  and  the  components  of  the  scattering 
matrix  are  statistically  dependent,  the  information  about 
the  phase  difference  of  the  scattering  matrix  components 
cannot  be  obtained  from  the  Mueller  matrix  directly.  To 
achieve  information  about  the  phase  statistics,  one  may 
resort  to  the  Monte  Carlo  type  models  which  are  compu¬ 
tationally  inefficient  and,  in  general,  inaccurate. 

Experimental  observations  of  phase  difference  statistics 
from  a  polarimetric  synthetic  aperture  radar  at  L-band 
[Ulaby  et  al.,  1987;  Zebker  et  al.,  1987]  over  agricultural 
terrain  and  bare  soil  surfaces  indicate  that  the  statistics 
of  the  copolarized  phase  difference  depends  on  the  target 
type  and  its  conditions.  Recent  measurements  of  bare  soil 
surfaces  by  polarimetric  scatterometers  show  that  the  vari¬ 
ance  of  the  copolarized  phase  difference  is  a  function  of  the 
roughness  parameters  and  incidence  angle  but  is  less  sen¬ 
sitive  to  moisture  content  [Sarabandi  et  al.,  1991]. 

In  view  of  difficulties  in  measuring  the  scattering  ma¬ 
trix  at  high  frequencies  and  performing  controlled  exper¬ 
iments,  it  is  necessary  to  establish  a  relationship  between 
the  Mueller  matrix  and  the  statistics  of  the  phase  differ¬ 
ences  of  the  scattering  matrix  elements.  In  the  next  section 
we  derive  the  probability  density  function  of  the  copolar¬ 
ized  and  cross-polarized  phase  difference  in  terms  of  the 
Mueller  matrix  elements  assuming  that  the  scattering  ma¬ 
trix  elements  are  jointly  Gaussian.  Then  the  assumptions 
and  final  results  are  compared  with  the  experimental  data 
acquired  by  polarimetric  scatterometers  in  section  3. 

2.  THEORETICAL  DERIVATION  OF  PHASE 
DIFFERENCE  STATISTICS 

The  polarimetric  response  of  a  point  or  distributed  tar¬ 
get  can  be  obtained  by  simultaneously  measuring  both  the 
amplitude  and  phase  of  the  scattered  field  using  two  or¬ 
thogonal  channels.  If  the  incident  and  scattered  field  vec¬ 
tors  are  decomposed  into  their  horizontal  and  vertical  com¬ 
ponents,  the  polarimetric  response  can  be  represented  by 
the  scattering  matrix  S,  which  for  plane  wave  illumination 
we  can  write 

where  r  is  the  distance  from  the  radar  to  the  center  of 


the  distributed  target.  It  should  be  noted  that  in  the 
backscattering  case,  reciprocity  implies  that  =  S^.. 
Each  element  of  the  scattering  matrix,  in  general,  is  a  com¬ 
plex  quantity  characterized  by  an  amplitude  and  a  phase. 
When  the  radar  illuminates  a  volume  of  a  random  medium 
or  an  area  of  a  random  surface,  many  point  scatterers  con¬ 
tribute  to  the  total  scattered  energy  received  by  the  radar, 
and  therefore  each  element  of  the  scattering  matrix  may 
be  represented  by 

le'*”  =  ^  P,q  =  v,h  .  (2) 


Here  N  is  the  total  number  of  scatterers  each  having  scat¬ 
tering  amplitude  and  phase  0^^.  It  should  be  men¬ 
tioned  that  the  phase  of  each  scatterer,  as  given  in  (2), 
includes  a  phase  delay  according  to  the  location  of  the 
scatterer  with  respect  to  the  center  of  the  distributed  tar¬ 
get.  Without  loss  of  generadity  all  multiple  scattering  over 
the  surface  or  in  the  medium  can  be  included  in  (2).  Since 
the  location  of  the  scatterers  within  the  illuminated  area 
(volume)  is  random,  the  process  describing  the  phasor 
is  a  Wiener  process  (random  walk)  [Davenport,  1970].  If 
N  is  large  enough,  application  of  the  central  limit  theorem 
shows  that  the  real  and  imaginary  parts  of  the  scattering 
matrix  element  Spq  are  independent  identically  distributed 
zero  mean  Gaussian  random  variables.  Equivalently,  it  can 
also  be  shown  that  |5p j  |  and  iftp^  are  Rayleigh  and  uniform 
independent  random  variables,  respectively.  The  three  el¬ 
ements  of  the  scattering  matrix,  in  general,  can  be  viewed 
as  a  six-element  random  vector,  and  it  is  again  reasonable 
to  assume  that  the  six  components  are  jointly  Gaussian. 

Observation  of  polarimetric  data  for  a  variety  of  dis¬ 
tributed  targets  such  as  bare  soil  surfaces  and  different 
kinds  of  vegetation-covered  terrain  all  indicates  that  the 
cross-polarized  component  of  the  scattering  matrix  (Shv) 
is  statistically  independent  of  the  copolarized  terms 

Shh)>  Therefore  the  statistical  behavior  of  Shv  can 
be  obtained  from  a  single  parameter,  namely,  the  variance 
(«r»)  of  the  real  or  imaginary  part  of  Shv  =  .^Ts  4  iXe;  that 

is. 


1 


2t<t|  2<t2 

or  equivalently  the  joint  density  function  |S„fc|  and  is 


=  2^|s*i.|exp[— ,  (3) 

which  indicates  that  is  uniformly  distributed  between 
(-7r,-|-7r). 

Since  measurement  of  the  absolute  phase  of  the  scat¬ 
tering  matrix  elements  is  very  difRcult,  it  is  customary  to 
factor  out  the  phase  of  one  of  the  copolarized  terms,  for  ex¬ 
ample  Svv  y  ^nd  therefore  the  phase  difference  statistics  are 
of  concern  as  opposed  to  the  absolute  phases.  Since  Shv 
is  assumed  to  be  independent  of  S^^  (not  a  necessary  as¬ 
sumption)  and  both  <f>hv  and  are  uniformly  distributed. 
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it  can  be  easily  shown  that  the  cross-polarized  phase  differ¬ 
ence  =  4vh  —  ^vv  is  also  uniformly  distributed  between 

The  copolarized  elements  of  the  scattering  matrix,  how¬ 
ever,  are  dependent  random  variables  which  can  be  de¬ 
noted  by  a  four-component  jointly  Gaussian  random  vector 
X.  Let  us  define 


Svv  =  Xi  +  iXj, 


Shh  =  Xa  -I-  1X4 


and  since  Xj,  ♦ , X4  are  Gaussian,  their  joint  probability 
density  function  (pdf)  can  be  fully  determined  by  a  4  x 
4  symmetric  positive  definite  matrix  known  as  covariance 
matrix  A  whose  entries  are  given  by  [Davenport,  1979] 

A|j  =  Xji  =<  XiXj  >  *»  J  €  {1>  •  *  •  >  4) 

The  joint  probability  density  function  in  terms  of  the  co- 
variance  matrix  takes  the  following  form: 

where  X  is  a  transpose  of  the  column  vector  X.  To  char¬ 
acterize  the  covariance  matrix,  the  following  observations 
are  in  order.  First,  it  was  shown  that  the  real  and  imagi¬ 
nary  parts  of  the  scattering  matrix  elements  are  mutually 
independent  and  identically  distributed  zero  mean  random 
variables;  therefore 

All  =  A22  =<  Xi  >=<  X2  >  j  (5) 

Ai2=<XiX2>=0  ,  (6) 

A33  =  X44  =<  X|  >=<  X4  >  ,  (7) 

A34  =<  ^'3X4  >=  0  .  (8) 

Second,  it  was  shown  that  the  absolute  phase  <t>pp  is  uni¬ 
formly  distributed  and  is  independent  of  |5pp|.  Thus  the 
random  variable  -h  ^  also  uniformly  distributed 
and  is  independent  of  from  which  it  can  be  con¬ 

cluded  that 

<  ||5hh|  cos(^„„  0  1  /Q\ 

<  j5vvi|5/»h|8in(^vv  +  <l>hh)  >=  0  . 

In  fact,  the  complex  random  variable  SwShh  is  obtained 
from  a  similar  Wiener  process  which  led  to  the  rauidom 
variables  and  On  the  other  hand 

X1X3  —  ^2X4=  |StJK  j  COs(^i,t;  "F  ^/ih)  J  nol 

XiX4  +  X2X3=  |5„v||Shh|sin(^„„-f  ^  ^ 

In  view  of  (9)  and  (10)  it  can  easily  be  seen  that 

Ai3  =  A24  t  (11) 

Ai4  =  — A23  .  (12) 

The  properties  derived  for  the  entries  of  the  covariance 
matrix,  as  given  by  (5)-(8),  (11),  and  (12),  indicate  that 
there  are  only  four  unknowns  left  in  the  covariance  matrix, 


namely  Aji,  A13,  A14,  and  A33,  which  can  be  obtained 

directly  from  the  Mueller  matrix  of  the  target  as  will  be 
shown  next.  The  Mueller  matrix  relates  the  scattered 
wave  Stokes  vector  to  the  incident  wave  Stokes  vector  by 
[van  Zyl  and  Ulaby,  1990] 

=  . 

where  F**'  are  the  modified  incident  and  scattered  wave 
Stokes  vector  defined  by 

r  \E.?  1 

F  - 

'  -  23?(£:v£^;:] 

The  Mueller  matrix  can  be  expressed  in  terms  of  the  el¬ 
ements  of  the  scattering  matrix  as  follows  [Ulaby  et  al., 
1987] 


23R[5t;v5fcv] 


[20[s..s;j  20[Sh.s;,] 

In  the  case  of  a  random  medium  we  are  dealing  with  a 
partially  polarized  scattered  wave,  and  the  quantity  of  in¬ 
terest  is  the  ensemble- averaged  Mueller  matrix.  Using  the 
assumption  that  the  copolarized  and  cross-polarized  terms 
of  the  scattering  matrix  are  independent  and  employing 
the  properties  given  by  (5)-(8),  (11),  and  (12),  the  Mueller 
matrix  in  terms  of  the  entries  of  the  covariance  matrix  b 
given  by 


Ad=<M>= 


0  0 

0  0 

2Ai3  -F  2<tJ  2Ai4 

— 2Ai4  2Ai3  —  2<Tc 


Equation  (13)  provides  enough  equations  to  determine  the 
unknown  elements  of  the  covariance  matrix  and  variance 
of  the  cross-polarized  component,  i.e.. 


=  Aiix 

?  ^  aL 

All  — 


A33=:  ^ 


With  the  covariance  matrix  the  joint  pdf  of  Xi,  • ,  X4 
can  be  obtmned  as  given  by  (4).  Using  a  rectangular  to 
polar  transformation,  i.e., 


Xi  —  Pi  cos  <Pvxf 
X3  =  P2  COS 


X2  —  pi  sin  <Pvv 
X4  =  p2sin<^Ah 
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the  joint  pdf  of  the  amplitudes  and  phases  takes  the  fol¬ 
lowing  form 

/pi, ^3. (Pl  ^ 

■  exp|-|(aiPi +ajP2-2a3/>iP2]|  ,  (14) 

where 

A=  |A|=anAa3-A?3-A?,)"  , 

=  A33/\/A  ,  a2  =  Xii/y/K  , 

03  =  (Ai3  COS(^/jA  —  -I-  Xi4S\n{<ithh  ~  <t>vv)]/y/^- 

To  obtain  the  copolarized  phase  difference  statistics,  the 
joint  density  function  of  4>vv  and  <t>hh  ^  needed  which  can 
be  obtained  from 

noo 

dpidp2.  (15) 

Noting  that  ai  is  a  positive  real  number,  the  integration 
with  respect  to  pi  can  be  carried  out  which  results  in 

1  f  1  •  3 

/♦...♦*» ^Aii)  =  |—jf  p7e~'^^^dp2+ 


r  ^  ^  f  1  ^3 

Att^VA  10102  0102(0102  -  aj) 

V^l«3l  r,,  taal  . 

By  expanding  the  error  function  in  terms  of  its  Taylor  se¬ 
ries,  interchanging  the  order  of  summation  and  integration, 
and  then  using  the  definition  of  the  gamma  function,  it  can 
be  shown  that 

Jo  VoOl  y  7r(oi02  -  05) 

tan->  ( . 

\2y/aia2-alJ 

The  joint  density  function  of  and  (t>hh  is  a  periodic 
function  of  ^  =  <l>hh  —  <t>vvi  and  therefore  the  random  vari¬ 
able  after  some  algebraic  manipulation,  can  be  shown 
to  have  the  foUowing  pdf  over  the  interval  (~7r,+7r) 


2^(A„A33-Z?2) 


^A„A33  - 


where  we  recall  that 


,  (16) 

where  erf(  )  is  the  error  function  and  the  plus  or  minus 
sign  is  used  according  to  the  sign  of  03.  To  evaluate  the  in¬ 
tegrals  in  (16),  we  need  to  show  that  both  02  and  0102  ~ 03 
are  positive  numbers.  By  dehnition,  03  is  positive,  and  to 
show  0x02  “  al  is  positive,  we  note  that  A  is  a  symmetric 
positive  definite  matrix,  therefore  its  eigenvalues  must  be 
positive.  It  can  be  shown  that  A  has  two  distinct  eigenval¬ 
ues,  7i  and  72,  each  with  multiplicity  2,  and  their  product 
is  given  by 

7x72  =  A1XA33  -  Ax3  -  AJ4  >  0. 


0x02  -  fll  =  7172  +  (Aia  coe(^/,A  -  ^v„) 

-Ai4  6m{<t>kh  -  <l>vv)f 


is  positive.  After  integrating  the  first  integral  and  the  first 
term  of  the  second  integral  in  (16)  directly  and  using  inte¬ 
gration  by  parts  on  the  second  term  of  the  second  integral, 
(16)  becomes 


D  =  Ax3  cos  ^  -f  Ai4  sin  <t> 


and  the  elements  of  the  covariance  matrix  in  terms  of  the 
Mueller  matrix  elements  are  given  by 


Some  hmiting  cases  can  be  considered  in  order  to  check 
the  validity  of  (17).  For  example,  when  and  Shh  are 
uncorrelated,  then  both  Axs  and  A 14  are  zero  for  which 
/♦(^)  =  l/(27r),  as  expected.  Also,  for  the  case  of  com¬ 
pletely  polarized  scattered  wave  where  and  Shh  are 
completely  correlated,  the  determinant  of  A  is  zero,  and  so 
/«(^)  is  a  delta  function. 

It  is  interesting  to  note  that  the  pdf  of  the  phase  dif¬ 
ference  is  only  a  function  of  two  parameters  defined  by 


where  a  and  C  can  vary  from  0  to  1  and  —  tt  to  tt,  respec¬ 
tively.  In  fact,  if  the  wave  were  completely  polarized,  C 
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would  have  been  the  phase  difTerence  between  the  copolar- 
ized  terms.  The  parameter  will  henceforth  be  referred 
to  as  the  polarized  phase  difference.  In  terms  of  these  pa¬ 
rameters,  (17)  can  be  written  as 

Ui<l>)= 


2:r  [1  -  cos'^(<p  -  C)] 


C06(<^  ~  C) 

cos^(<t>  -  C) 


^r 

-  +  tan 


acos(<^-C) 

/}  -  cos^(4>  -  d 


(18) 


It  can  be  shown  that  the  maximum  of  the  pdf  occurs  at 
4>  =  C  independent  of  q.  However,  the  width  of  the  pdf 
(e.g.,  the  3-dB  angular  width)  is  only  a  function  of  a  which 
will  be  referred  to  as  the  degree  of  correlation.  The  prob¬ 
ability  distribution  function  given  by  (18)  is  the  analog  of 
Gaussian  distribution  for  periodic  random  variables  where 
<  and  o  are  the  counterparts  of  the  mean  and  variance  for 
Gaussian  random  variables,  respectively.  Figure  1  show's 
the  pdf  for  different  values  of  C  while  keeping  a  constant, 
and  Figure  2  shows  the  pdf  for  a  fixed  value  of  C  while 
changing  a  as  a  parameter.  The  calculated  mean  and  stan- 
daid  deviation  of  the  phase  difference  as  a  function  of  both 
the  polarized  phase  difference  and  the  degree  of  correlation 
are  depicted  in  Figures  3  and  4,  respectively. 

Last,  it  is  necessary  to  point  out  that  the  formulation 


(t>hh  -  <t>vv  (Degrees) 

Fig.  2.  The  probability  density  function  of  the  copolar¬ 
ized  phase  difference  for  a  fixed  value  of  C  (coherent  phase 
difference)  and  four  values  of  a  (degree  of  correlation). 


<t>hh  -  <^uv (Degrees) 

Fig.  1.  The  probability  density  function  of  the  copolarized 
phase  difference  for  a  fixed  value  of  oc  (degree  of  correla¬ 
tion)  and  five  values  of  ^  (coherent  phase  difference). 


of  the  copolarized  phase  difference  pdf,  as  given  in  (17),  is 
not  restricted  to  the  backscattering  case  or  to  the  copolar¬ 
ized  and  cross-polarized  components  being  uncorrelated. 
In  fact,  we  can  derive  the  cross-polarized  phase  difference 
statistics  in  a  similar  manner,  and  the  pdf  in  this  case  for 
the  backscattering  case  can  be  obtained  from  (17)  upon 
the  following  substitution  for  the  elements  of  the  cross- 
polarized  covariance  matrix 


All  =  , 

Ai3=  ^  . 


A33  — 

Xl4  = 


12 

2 


3.  COMPARISON  WITH  MEASUREMENTS 

Using  the  polarimetric  data  gathered  by  scatterometers 
from  a  variety  of  natural  targets,  the  assumptions  leading 
to  the  pdf  of  phase  differences  as  derived  in  the  previous 
section  are  examined.  Also,  by  generating  the  histograms, 
means,  and  standard  deviations  of  the  phase  differences 
from  the  data  and  comparing  them  with  the  results  based 
on  the  pdf  derived  from  the  measured  Mueller  matrices, 
validity  of  the  model  is  also  examined.  The  polarimetric 
radar  measurements  of  bare  soil  surfaces  were  performed 
at  L-,  C-,  and  X-band  frequencies  for  a  total  of  eight  differ¬ 
ent  soil  surface  conditions  (four  roughness  and  two  mois¬ 
ture  conditions).  For  this  experiment  we  tried  to  preserve 
the  absolute  phase  of  the  measured  scattering  matrix  by 
calibrating  the  surface  data  with  a  metallic  sphere  located 
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Fig.  3.  The  mean  value  of  the  copolarized  phase  difference 
as  a  function  of  a  (degree  of  correlation)  and  C  (coherent 
phase  difference). 


at  the  same  distance  from  the  radar  as  the  center  of  the 
surface  target.  For  each  frequency,  surface  condition,  and 
incidence  angle  a  minimum  of  700  independent  samples 
were  collected.  The  detailed  procedure  of  the  data  collec¬ 
tion  and  calibration  is  given  by  Sarabandi  et  al.  [1991]. 

By  generating  the  histograms  of  the  real  and  imaginary 


Fig.  4.  The  standard  deviation  of  the  copolarized  phase 
difference  as  a  function  of  a  (degree  of  correlation)  and  C 
(coherent  phase  difference). 


Normalized  Magnitude  Distribution 

Fig.  5.  The  histogram  of  the  real  and  imaginary  parts 
of  Svv  ^d  Shh  for  a  rough  surface  with  a  rms  height  of 
0.32  cm  and  a  correlation  length  of  9.9  cm  at  G-band  and 
at  a  30°  incidence  angle. 

parts  of  the  elements  of  the  scattering  matrix  for  all  sur¬ 
faces,  it  was  found  that  they  have  a  zero  mean  Gaussian 
distribution  as  we  assumed.  Figure  5  represents  a  typi¬ 
cal  case  where  the  histogram  of  the  real  and  imaginary 


<t>kh  ” 

Fig.  6.  The  histogram  and  pdf  of  the  copolarized  phase 
difference  for  a  rough  surface  with  a  rms  height  of  0.32  cm 
and  a  correlation  length  of  9.9  cm  at  C-band  and  at  a  30° 
incidence  angle. 


Probability  Density  (Degree’  ) 
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4^hh  4^vv 

Fig.  7-  The  histogram  and  pdf  of  the  cross-polarized  phase 
difference  for  a  rough  surface  with  rms  height  of  0.32  cm 
and  correlation  length  of  9.9  cm  at  C-band  and  at  a  30 
incidence  angle. 


0.  10.  20.  30.  40.  50.  60.  70.  80. 

Incidence  Angle  (Degrees) 

Fig.  8.  Angular  dependency  of  the  mean  of  the  copo¬ 
larized  phase  difference  for  a  dry  rough  surface  with  a  rms 
height  of  0.4  cm  and  a  correlation  length  of  8.4  cm  at  L- 
and  X-band. 


parts  of  Syv  and  Shh  of  a  dry  surface  with  a  rms  height  of 
0.32  cm  and  correlation  length  of  9.9  cm  at  C-band  has  a 
bell-shaped  distribution.  The  properties  of  the  covariance 
matrix  as  given  by  (5)-(8)  and  (11)-(12),  are  verified  by  cal¬ 
culating  the  covariance  matrices  of  the  data  for  all  cases. 
The  normalized  vocariance  matrix  of  the  surface  with  rms 
height  .3  cm  and  correlation  length  9  cm  at  Oband  is  given 
by 


1.00 

0.03 

0.75 

-0.12 

0.03 

0.90 

0.08 

0.68 

0.75 

0.08 

0.77 

0.05 

-0.12 

0.68 

0.05 

0.69 

where  it  possesses  the  mentioned  properties  approximately; 
that  is,  All  «  A22,  Ai2  «  A34  «  0,  A33  w  A44,  A13  «  A24t 
and  Ai4  «  — A23.  The  small  discrepancies  are  due  to  the 
fact  that  the  measurement  of  the  scattering  matrix  with 
absolute  phase  has  an  uncertainty  of  ±30^  . 

The  Mueller  matrix  of  the  typical  surface  at  C-band  is 
given  by 


1.000 

0.030 

0.000 

0.000 

0.028 

0.767 

0.000 

0.000 

0.000 

0.000 

0.770 

-0.11 

0.000 

0.000 

0.110 

0.711 

from  which  the  copolarized  and  cross-polarized  phase  dif¬ 
ference  pdfs  are  calculated  using  (17)  and  are  compared 
with  the  measured  phase  histograms  in  Figures  6  and  7,  re¬ 
spectively.  Similar  comparisons  were  also  made  for  the  rest 


of  surfaces,  frequencies,  and  incidence  angles,  and  it  was 
found  that  the  expression  (17)  predicts  the  density  func¬ 
tions  very  accurately.  Some  examples  of  these  comparisons 
are  shown  in  Figures  8  and  9.  Figures  8  and  9  compare 


Incidence  Angle  (Degrees) 

Fig.  9.  Angular  dependency  of  the  standard  deviation 
of  the  copolarized  phase  difference  for  a  dry  rough  surface 
with  a  rms  height  of  0.4  cm  and  a  correlation  length  of  8.4 
cm  at  L-  and  X-band. 
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the  mean  and  standard  deviation  of  the  copolarized  phase 
difference  versus  incidence  angle  at  L-  and  X-band  for  a 
surface  with  rms  height  of  0.4  cm  and  correlation  length 
of  8.4  cm  in  dry  conditions  using  the  results  based  on  the 
direct  calculation  and  the  results  derived  from  (17). 

4.  CONCLUSIONS 

Prompted  by  the  experimented  observations  which  show 
strong  dependence  of  phase  differences  of  the  scattering 
matrix  elements  on  the  physical  parameters  of  random  me¬ 
dia,  the  statistical  behavior  of  the  phase  differences  for 
distributed  targets  is  studied.  The  pdfs  of  the  phase  dif¬ 
ferences  are  derived  from  the  Mueller  matrix  of  the  tar¬ 
get.  In  derivation  of  the  density  functions  it  is  assumed 
that  the  real  and  imaginary  parts  of  the  copolarized  and 
cross-polarized  terms  of  the  scattering  matrix  are  jointly 
Gaussian  and  their  covariance  matrices  are  found  in  terms 
of  the  Mueller  matrix  elements.  The  functional  forms  of 
the  copolarized  auid  cross-polarized  density  functions  are 
similar  and  are  obtained  independently.  It  is  shown  that 
the  density  function  of  the  phase  difference  is  completely 
determined  in  terms  of  only  two  parameters.  The  assump¬ 
tions  and  final  expressions  are  verified  by  using  a  set  of 
polarimetric  data  acquired  by  scatterometers  from  rough 
surfaces. 

Acknowledgment  This  research  was  supported  by  NASA 
grant  NAGW-2151  and  ARO  contract  DAAL  0^91-G0202. 

REFERENCES 

Davenport,  W.  B.,  Probahiliiy  and  Random  ProcesseSy 

McGraw-Hill,  New  York,  1970. 


loannidis,  G.  .A  and  D.  E.  Hammers,  Optimum  an¬ 
tenna  polarization  for  target  discrimination  in  clut¬ 
ter,’  IEEE  Ttans.  Antennas  Propag.,  AP-  ^7(3), 
357-363,  1979. 

Meads,  J.  B.,  and  R.  E.  McIntosh,  Polarimetric  backscat- 
ter  measurements  of  deciduous  and  coniferous  trees 
at  225  GHz,’  IEEE  Trans.  Geosci.  Remote  5ens., 
fP(l),  21-28,  1991. 

Sarabandi,  K.,  Y.  Oh,  and  F.  T.  Ulaby,  Polarimetric 
radar  measurement  of  bare  soil  surfaces  at  microwave 
frequencies,  paper  presented  at  IEEE  Geoscience  and 
Remote  Sensing  Symposium,  Institute  of  Electrical 
and  Electronic  Engineering,  Espoo,  June  1991. 

Tsang,  L-,  J.  A.  Kong,  and  R.  T.  Shin,  Theory  of  Mi¬ 
crowave  Remote  Sensing,  John  Wiley,  New  York, 
1985. 

Ulaby,  F.  T.,  D.  Held,  M.  C.  Dobson,  K.  C.  McDon¬ 
ald,  and  T.  B.  A.  Senior,  Relating  polarization  phase 
difference  of  SAR  signals  to  scene  properties,  IEEE 
Trans.  Geosci.  Remote  Sens.,  f5(l),  83-92,  1987. 

van  Zyl,  J.  J,,  and  F.  T.  Ulaby,  Radar  Polarimeiry  for 
Geoscience  Applications,  edited  by  F.  T.  Ulaby  and 
C.  Elachi,  Chap.  2,  Artech  House,  Norwood,  Mass. 
1990. 

Zebker,  H.  A.,  J.  J.  van  Zyl,  and  D.  N.  Held,  Imaging 
radar  polarimetry  from  wave  synthesis,^.  Geophys. 
Res.,  683-701,  1987. 


K.  Sarabandi,  Radiation  Laboratory,  3225  EECS  Bldg., 
University  of  Michigan,  Ann  Arbor,  MI  48109-2111. 


WILLIAM  M.  POLIVKA  Power  Lines:  Radar  Measurements  and  Detection 

IBM  Federal  Sysicins  Corr^any  Algorithm  for  Polarimetric  SAR  Images 

Owego,  NY 


RtFERENCES 

[1]  Vorpcnan.  V  (1990) 

Simplified  analysis  of  PWM  conveners  using  the  model  of 
the  PWM  switch:  Pans  I  and  11. 

IEEE  Transactions  on  Aerospace  and  Electronic  Systems, 

26.  3  (May  M/X)).  490-505 

[2]  Malcsimovic’,  D..  and  C.'uk.  S  (1991) 

A  unified  analysis  of  PWM  conveners  in  discontinuous 
modes. 

IEEE  Transaction  on  Power  Electronics,  6,  3  (July  1991). 

[3]  C’uk.  S.,  and  Middlebrook,  R.  D.  (1977) 

A  genera!  unified  approach  to  modelling  switching  dc-io-dc 
converters  in  discontinuous  conduction  mode. 

IEEE  Pofwtr  Electronics  Specialists  Conference  Record, 

1977,  pp.  36-57;  IEEE  Publication  77  CH  12-13-8AES. 

[4]  Chetty,  P.  R.  K.  (1982) 

Current  injected  equivalent  circuit  approach  to  modeling 
of  switching  dc-dc  conveners  in  discontinuous  inductor 
conduction  mode. 

IEEE  Transaaions  on  Industrial  Eleftronics,  IE-29,  3  (Aug. 
1982),  230-234. 

[5]  Smedley,  K.  S.,  and  C’uk,  S.  (1990) 

One  cyde  control  of  switching  converters. 

IEEE  Power  Electronics  Specialists  Conference  Record, 
1990,  pp.  880-8%;  IEEE  Publication  91CH3008-0. 

[6]  C’uk,  S.  (1976) 

Modelling,  analysis,  and  design  of  switching  converters. 
Ph.D.  dissertation,  California  Institute  of  Technology, 
Pasadena,  Nov.  1976. 

[7]  Middlebrook,  R.  D.,  and  C’uk,  S.  (1976) 

A  general  unified  approach  to  modelling  switching 
converter  power  stages. 

IEEE  Power  Electronics  Specialists  Conference  Record, 
1976,  pp.18-34;  IEEE  Publication  76  CHO  1084-3AES. 

[8]  Krien,  P.  T,  Bentsman,  J.,  Bass,  R.  M.,  and  Lesicutre,  B.  C. 
(1990) 

On  the  use  of  averaging  for  the  analysis  of  power 
electronic  systems. 

IEEE  Transactions  on  Power  Elearonics,  5,  2  (Apr.  1990), 
182-190. 

[9]  Sanders,  S.  R.,  Noworolski,  J.  M.,  Liu,  X.  Z.,  and  Verghese, 

G.  C.  (1991) 

Generalized  averaging  method  for  power  conversion 
circuits. 

IEEE  Transactions  on  Power  Electronics,  6,  2  (Apr.  1991). 


Polarimetric  radar  haclcscattering  measurements  of  a  variety 
of  powerline  cables  are  presented.  The  objective  of  the  first  part 
of  the  investigation  was  to  siudy  the  effect  of  braiding  of  the 
cables  on  the  backscattcring  at  skew  incidence.  The  measurements 
were  performed  for  four  different  actual  size  powcrline  samples 
at  C-,  X%  and  Ka-band  over  a  wide  range  of  incidence  angles. 

The  data  were  collected  over  a  500  MHz  bandwidth  at  C-  and 
X-  band  with  a  1.25  MHz  increment  and  a  I  GHz  bandwidth  at 
Ka-band  with  a  2.5  MHz  increment.  Also  the  effect  of  nonuniform 
illumination  and  measurement  in  the  near  field  of  the  cables  were 
studied.  Experimental  data  shows  a  significant  radar  backscattcr 
for  W.polarization  (tr^v)  at  angles  away  from  normal  incidence. 
This  backscatter  is  proportional  to  the  number  and  diameter  of 
the  strands  on  the  surface  of  the  cables.  There  is  also  noticeable 
backscatter  for  the  HH  and  VH  components  of  the  scattering 
matrices.  Their  magnitudes,  relative  to  that  of  the  W  component, 
are  proportional  to  the  pitch  angle  of  the  helix. 

Since  detection  of  these  cables  is  an  important  safety  issue 
for  low-flying  airplanes  a  detection  algorithm  using  polarimetric 
synthetic  aperture  radar  (SAR)  images  was  developed  using  the 
knowledge  gleaned  from  the  measurements. 

The  detection  algorithm  was  tested  on  a  simulated  image  and 
worked  well,  detecting  a  power  line  whose  backscatter  power  was  6 
dB  below  the  average  background  power. 

I.  INTRODUCTION 

Detection  and  collision  avoidance  of  obstacles 
of  small  physical  cross  section  has  always  been 
an  important  problem  for  low-flying  aircrafts. 

High  voltage  powerlines  and  powerline  towers  are 
particularly  hazardous  in  this  respect. 

Many  collision  warning  techniques  have  been 
suggested  in  the  past  Among  the  most  promising 
techniques  are  laser  radar  [Savan  and  Barr,  1988] 
and  millimeter  wave  radar  (Rembold  et  aL,  1982], 
particularly  the  latter  when  used  in  the  synthetic 
aperture  imaging  mode.  Available  methods,  however, 
suffer  from  a  number  of  shortcomings.  A  major 
limitation  of  laser  systems  is  atmospheric  attenuation 
under  fog  and  cloudy  conditions,  which  would  hamper 
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larcci  detection  considerably.  The  problem  with 
microwave  and  millimeter  w3ve  radars  lies  in  the 
fact  that  current  models  used  for  characterizing  the 
scatter  by  powerlincs  are  inadcc]uate.  The  radar  uses 
a  linearly  polarized  wave  and  transmission  lines  arc 
modeled  as  long  perfectly  conducting  circular  cylinders 
(Rcmbold,  1984].  The  description  imposes  a  significant 
restriction  on  the  ability  of  radar  to  detect  powerlines. 
The  choice  of  Ircquency  and  polarization  have  not 
been  examined  in  previous  measurements  and  models 
in  order  to  optimize  the  detection  of  powerlincs  by 
radars.  The  fact  that  a  high  voltage  powerlinc  is  made 
up  of  strands  of  wires  in  a  helical  arrangement  can  be 
exploited  with  regard  to  backscattering  detection  of  the 
.powerlines.  At  high  frequencies  the  helical  geometry 
of  powerlines  becomes  an  important  factor  influencing 
the  scattering  behavior  of  electromagnetic  waves  which 
can  be  taken  advantage  of  in  detecting  powerhnes 
at  off-specular  directions.  The  surface  of  the  cables 
is  periodic  along  the  axis  of  the  cables  and  usually 
the  period  is  only  a  fraction  of  the  hehcal  pitch.  The 
effect  of  the  helicity  and  the  periodicity  of  the  surface 
in  backscatter  at  incidence  angles  away  from  normal 
incidence  is  investigated  in  this  report. 

Here  we  present  the  polarimetric  backscatter 
response  of  four  different  types  of  powerline  cables  at 
C-,  X-,  and  Ka-band.  Experimental  data  are  collected 
over  a  wide  range  of  incidence  angles  and  for  two 
different  cable  lengths.  In  one  case  the  cable  length 
is  chosen  such  that  the  illumination  is  uniform,  and  in 
the  other  case  the  cable  is  long  and  the  illumination 
is  nonuniform.  In  the  case  of  nonuniform  illumination 
on  a  cable,  the  scattering  matrix  of  a  smooth  cylinder 
of  identical  length  and  diameter  is  also  measured  for 
comparison.  First  the  measurement  setup  and  the 
radar  configurations  are  discussed  briefly  and  then 
a  polarimetric  calibration  procedure  used  in  support 
of  these  measurements  is  mentioned.  Next,  the  radar 
cross  section  measurements' and  significant  results 
are  given.  Finally,  an  algorithm  is  presented  to  detect 
power  lines  in  polarimetric  synthetic  aperture  radar 
(SAR)  images  and  it  is  tested  on  a  simulated  image. 

II.  MEASUREMENT 

A.  System  Configuration  and  Setup 

The  polarimetric  measurements  of  the  powerline 
cables  were  performed  by  C-,  X-,  and  Ka-band 
scatterometers.  The  scatterometers  are  HP  8753-based 
(8753A  for  C-  and  X-band  and  8753C  for  Ka-band) 
systems  with  both  phase  and  amplitude  measurement 
capability  and  1(X)  dB  dynamic  range.  The  ability  of 
the  network  analyzer  to  generate  the  time  domain 
response  of  the  frequency  measurements  allows  the 
removal  of  the  unwanted  short-range  signals  from  the 
desired  target  response  (known  as  software  gating).  It 
also  allows  the  separation  of  the  contributions  from 


different  scattering  points  within  the  target  under 
investigation.  The  C-  and  .\-band  seatterometers 
arc  slightly  different  from  the  Ka-band  system.  The 
C-  and  X-band  system  are  single  antenna  radars 
while  the  Ka-band  is  a  dual  antenna  system.  The 
sequence  of  polarization  selection,  data  collection, 
and  target  orientation  is  performed  via  an  HP  9tXX) 
series  computer.  A  relay  actuator  energizes  frequency 
and  polarization  switches.  .An  amplifier  and  pulsing 
network  eliminate  the  short-range  returns  from  the 
antenna  and  circulators  helps  to  increase  the  dynamic 
range  for  the  radar  cross  section  (RCS)  measurements 
[Liepa  et  al,  1989).  The  pulsing  network  is  not 
used  for  the  Ka-band  system  since  there  is  enough 
isolation  between  the  transmitter  and  the  receiver. 

In  this  scheme,  the  receiver  is  switched  off  during 
transmission  and  then  reconnected  when  the  target 
return  is  expected  to  arrive  at  the  receiver.  Since 
the  switching  is  done  at  a  much  higher  rate  than  the 
bandwidth  of  the  receiver,  the  network  analyzer  does 
not  sense  that  the  incoming  signal  is  pulsed  and  it  is 
measured  as  if  it  were  a  continuous  wave  signal. 

The  synthesized  source  of  the  network  analyzer 
spans  the  frequency  range  300  KHz  to  3  GHz  and 
therefore  up-  and  down-convertors  are  used  to 
transmit  and  receive  the  desired  frequencies.  The 
up-convertors  for  the  C-  and  X-band  units  are  very 
stable  microwave  souree.s  operating  at  6.r  a.nd  S  GH/, 
respectively.  The  frequency  range  of  the  network 
analyzer  is  set  to  1.5-2  GHz  and  1.25-1.75  GHz, 
respectively,  in  order  to  operate  the  C-  and  X-band 
scatterometer  at  4.5-5  and  9.25-9.75  GHz.  The 
antenna  for  each  system  is  comprised  of  an  orthomode 
transducer  (OMT)  and  a  dual-polarized  square  horn 
with  an  overall  cross-polarization  isolation  of  20  dB. 

The  Ka-band  scatterometer  can  operate  in  both 
the  coherent  and  coherent-on-receive  modes  [Kuga 
et  al.,  1991].  In  the  coherent  mode  the  scattering 
matrix  of  the  target  can  be  measured  and  in  the 
coherent-on-receive  mode  the  scatterometer  measures 
the  Mueller  matrix  of  the  target  directly.  In  this 
study  the  coherent  mode  of  the  scatterometer  is 
used.  The  dual  channel  capability  of  the  HP  8753C 
allows  simultaneous  measurements  of  V  and  H 
channels  in  coupled/chop  mode.  Point  by  point 
external  triggering  is  used  for  transmitting  V  and 
H  sequentially  and  for  synchronizing  a  polarization 
control  circuit  to  create  different  polarizations.  This 
scatterometer  is  a  two-antenna  system  with  at  least 
70  dB  isolation  between  the  transmitter  and  the 
receiver.  The  polarization  selection  in  the  transmitter 
is  accomplished  by  a  Faraday  rotator  and  in  the 
receiver  by  an  OMT.  The  antennas  in  both  the  transmit 
and  receive  channels  are  lens-corrected  corrugated 
circular  horns.  The  local  oscillator  is  a  32  GHz  Gunn 
diode  which  is  stabilized  by  an  injection  locking 
technique.  Table  1  gives  the  important  specifications 
of  the  scatterometer  systems. 
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TABLE  I 

Sv-sicm  Spcaficaiions  of  Scaitcromciers 


C-band 

X-band  j  Ka-band  | 

Center  Frequency  (GHz) 

4  75 

_ 9:5 _ 1 

34.5  1 

Bandwidth  (MHz) 

500 

Antenna  Gam  (dB) 

25.3 

29.5 

32.5 

Bcamwidth  (deg.) 

9 

6 

5 

Far  field  distance  (m) 

5.8 

10.5 

5.5 

CrosS'pol  isolation  (dB) 

25 

20 

25 

Output  power  1  ) 

100  ' 

lUO 

;0G 

•Minimum  detectable 
target  at  15  m  (dBsm) 

■35  (co-pol.) 
-60  ( cross- po!  ) 

•45  (co-pol) 

-65  ( cross- pol  ) 

-45  (co-pol.) 

-65  (cross- pol.) 

Ftg.  1.  Automatic  radar  cross  section  measurement  setup. 


To  measure  the  backscatter  of  the  cables  with  a 
very  good  signal  to  background  ratio  for  all  incidence 
angles,  the  cables  were  mounted  on  a  styrofoam 
pedestal  in  an  anechoic  chamber.  Positioning  of  the 
cables  with  respect  to  the  antenna  coordinate  system 
was  accomplished  by  an  azimuth-over-  elevation 
positioner  as  depicted  in  Fig.  1.  The  azimuth  turntable 
is  a  computer  controlled  stepper  motor  with  an 
accuracy  of  a  fraction  of  a  tenth  of  a  degree  and  the 
elevation  controller  is  a  precise  analog  positioner. 

B.  Calibration  Procedure 

To  obtain  accurate  measurements  of  the  scattering 
matrices  of  the  cables,  the  measured  data  must 
be  calibrated.  In  this  study  the  scatterometers  are 
calibrated  using  the  single-target  calibration  technique 
(STCT)  [Sarabandi  and  Ulaby,  1990].  The  error 
in  measurement  of  the  scattering  matrix  using  this 
technique  is  less  than  0.5  dB  in  magnitude  and  less 
than  5®  in  phase.  With  STCT  the  antenna  cross-talk 
contamination  and  channel  imbalances  are  obtained 


by  measuring  only  a  single  calibration  target,  namely 
a  metallic  sphere.  This  technique  is  immune  to  errors 
caused  by  target  alignment  with  respect  to  the  antenna 
coordinate  system. 

STCT  was  developed  for  single  antenna  radars, 
thus  its  application  in  the  Ka-band  scatterometer 
is  questionable.  However,  measurements  of  targets 
with  known  scattering  matrices  with  the  Ka-band 
system  show  that  STCT  is  capable  of  improving  the 
cross-polarization  isolation  of  the  antenna  system. 

C.  Experimental  Results 

High  voltage  transmission  line  cables  arc  usually 
constructed  from  a  number  of  aluminum  strands 
twisted  around  a  central  core  of  one  or  more  steel 
strands  in  a  helical  fashion.  The  number  of  layers 
and  diameter  of  aluminum  strands  determines  the 
current  capacity  of  the  cable.  In  a  distribution  network, 
however,  low  tension  and  high  current  cables  are  used 
which  are  made  of  either  copper  or  aluminum  strands. 
Four  different  types  of  powerline  cables  were  acquired 
for  this  experiment  and  their  electrical  and  geometrical 
specifications  are  listed  in  Tkble  II.  Also  the  geometry 
of  the  cross  section  of  the  powerline  samples  arc 
depicted  in  Fig.  2.  The  important  parameters  of 
the  cables,  as  far  as  electromagnetic  scattering  is 
concerned,  are  the  outer  surface  geometry  such  as  the 
cable  diameter,  diameter  of  each  strand,  the  pitch  of 
the  helices,  and  the  surfree  period  along  the  axis  of  the 
cable  as  shown  in  Fig.  3. 

The  powerline  cables  are  targets  of  extended 
length,  that  is  the  length  of  the  cables,  in  all  practical 
situations,  extends  beyond  the  footprint  of  the 
illumination  area.  Thus  in  reality  the  cables  are 
illuminated  with  a  tapered  wave  and  the  radar  may 
be  in  the  near  field  of  the  target  In  this  case  the 
radar  echo  is  a  function  of  not  only  the  geometry 
but  also  the  radiation  pattern  and  the  distance.  In 
contrast,  the  for  field  measurement  reveals  both  the 
main  scattering  features  and  a  unique  quantitative 
value  for  the  radar  echo  independent  of  the  radiation 
patteriL  In  this  study  we  use  cables  with  two  different 
lengths,  short  and  long.  For  short  cables  uniform 


634 


IEEE  TRANSACTIONS  ON  AEROSPACE  AND  ELECTRONIC  SYSTEMS  VOL.  30,  NO.  2  APRIL  1994 


T.^LE  II 

Eiccirical  and  Gcomcincal  Speaficaiions  of  Cables  l.'ndcr  Test 


No 

Circular 

Mils 

(MC.M) 

I  Copper 

1  I'urrent  i  ^  ’ 

D  i  <  'apacily  1  E  i  I.  i 

(cm)  j  (Amps'  !  irmi  1  If  mi  i 

Si 

d 

1  cm  1 

lf.T> 

“  : 
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Fig.  3.  Geometry  of  powerline  cable. 

illumination  and  £ar  field  criteria  are  satisfied  and  for 
long  cables  the  illumination  is  nonuniform  and  the 
radar  is  in  the  near  field  of  the  cables.  The  measured 
radiation  pattern  and  radar  cross  section  of  the  long 
cable  are  compared  with  those  measured  for  smooth 


Fig.  4.  Geometry  of  radar  system  above  powerline  cable. 

cylinders  of  similar  lengths  and  diameters  to  study  the 
effect  of  braiding  on  the  cables.  A  series  of  scattering 
matrix  measurements  of  powerline  cables  and  smooth 
cylinders  is  performed  at  C-.  X-,  and  Ka-band  over 
the  frequency  ranges  4.5-5  GHz,  9.25-9.75  GHz,  and 
34-35  GHz,  respectively.  All  the  data  presented  in  this 
report  are  measurements  at  the  center  frequencies, 
namely  4.75  GHz  for  C-band,  9.5  GHz  for  the  X-band, 
and  34.5  GHz  for  Ka-band. 

The  scattering  matrix  measurements  were 
performed  in  an  18  m  long  anechoic  chamber  at 
a  distance  of  13  m.  The  targets  are  mounted  on  a 
styrofoam  pedestal  to  get  a  minimal  background 
contribution.  The  styrofoam  pedestal  is  practically 
invisible  at  C-  and  X-band  but  at  Ka-band  its  radar 
cross  section  is  considerable  (about  —30  dBsm). 

To  remove  the  contribution  of  the  background  and 
the  effects  of  multiple  reflection  within  the  radar 
system,  the  chamber  and  pedestal  are  measured  in  the 
absence  of  targets  and  then  subtracted  from  the  target 
response.  A  30.5  cm  and  a  4.45  cm  metallic  spheres 
are  used  for  C-,  X-band  and  the  Ka-band  system  as 
calibration  targets,  respectively.  The  signal  to  noise 
ratio  was  better  than  30  dB  in  all  cases. 

The  cables  are  positioned  in  the  horizontal  plane 
(H-plane)  of  the  antenna  system  and  the  radiation 
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Fig.  5.  Radar  backscalter  cross  section  for  30  cm  long  cable,  (a)  Cable  1.  (b)  Cable  2.  (c)  Cable  3.  (d)  Cable  4.  (e)  Smooth  cylinder  of 

diameter  1.27  cm.  at  4.75  GHz, 


patterns  are  measured  in  the  principal  plane,  that  is 
the  axis  of  rotation  is  perpendicular  to  the  horizontal 
plane.  Accurate  orientation  of  the  cables  with  respect 
to  the  antenna  system  is  achieved  by  a  stepper  motor 
positioner  with  an  accuracy  of  a  fraction  of  a  tenth  of 
a  degree.  This  cable  orientation  is  similar  to  that  of 
radar  systems  mounted  on  low-flying  aircraft  where  the 
powerlines  are  in  the  horizontal  plane.  In  the  detection 
of  powerlines  using  SARs,  however,  the  results  of  this 
experiment  must  be  transformed  to  account  for  the 
different  viewing  geometry.  When  a  powerline  cable 
is  not  in  the  principal  plane  of  the  radar  antenna, 
the  circular  symmetry  of  the  powerline  cables  can  be 
used  to  obtain  its  scattering  matrix  from  the  scattering 
matrix  of  the  cable  in  the  principal  plane.  Fig.  4 
shows  the  rci.ui\e  ptisiiions  of  a  radar  system  and  a 
powerline.  The  plane  of  incidence,  which  includes  the 
cable  axis  and  the  direction  of  incidence,  intersects  the 
antenna  polarization  plane,  which  includes  the  vertical 
and  horizontal  directions  of  the  antenna,  along  a  unit 


vector  h'.  If  the  antenna  coordinate  frame  is  rotated 
by  an  angle  V  such  that  ft  and  ft'  coincide,  then  the 
horizontal  principal  plane  and  the  plane  of  incidence 
would  also  coincide  for  the  case  in  which  the  scattering 
matrix  is  known.  For  known  values  of  polar  dirertion 
of  the  cable  axis  (^)  and  incidence  angle  ((9),  the 
coordinate  frame  rotation  angle  (tp)  can  be  obtained 
from 

■  tp  =  tan"  ‘  [cos  0  tan  ^].  (1) 

The  scattering  matrix  of  the  cable  in  this  situation  S, 
in  terms  of  the  scattering  matrix  of  the  cable  in  the 
principal  plane  Sp,  can  be  obtained  from 

Svv  Syh 

Shv  Skh . 

costp  -sinip'  g  ■  cosxp  sinV’1 
sin^  cosTp,  ^  — sinV’  cos^J 

We  are  now  in  a  position  to  present  the  measured 
data.  Fig.  5(a)-(d)  shows  the  C-band  radar  ctoss 
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section  for  the  30  cm  long  cables  1  through  4.  The 
measured  RCS  of  a  30  cm  long  smooth  cylinder  with 
a  diameter  similar  to  that  of  cable  1  is  shown  in 
Fig.  5(e)  for  comparison.  The  co-polarized  components 
(W,  HH)  of  the  scattering  matrix  are  more  or  less 
similar  to  those  of  the  smooth  cylinders  except  for 
cable  4  where  Cw  is  slightly  higher  than  a**.  At 
incidence  angles  beyond  50  degrees  scattering  is 
dominated  by  the  end  cap  of  the  cables.  There  is 
also  a  rather  significant  decrease  in  the  ratio  Owlchh 
for  the  cables,  when  compared  with  the  same  ratio 
for  smooth  cylinders  at  normal  incidence  (see  Table 
111  for  RCS  of  the  smooth  cylinders).  The  reason 
for  this  phenomena  is  that  the  surface  of  the  cables 
shows  two  different  surface  impedances  due  to  the 
conugations  and  the  surface  impedance  is  higher  for 
vertical  polarization  (TE  case)  than  for  horizontal 
polarization  (TM  case)  [Sarabandi  and  Ulaby,  1991J. 
The  decrease  in  the  ratio  of  the  copolarized  terms  is 
inversely  proportional  to  the  diameter  of  the  cables.  It 
is  also  important  to  note  the  differences  between  the 
levels  of  the  braided  cables  and  the  smooth  cylinder. 
Braided  co-pol  responses  are  about  10  dB  higher 
for  nonnormal  incidence  angles.  Braided  cross-pol 
responses  are  about  30  dB  higher  for  all  angles.  These 
two  differences  are  critical  to  the  performance  of  our 
cable  detection  algorithm  for  all  incidence  angles. 

Fig.  6  gives  the  near  field  measurements  of  cable 
4  and  its  smooth  cylinder  counterpart  The  near  field 
effect  reduces  the  RCS  at  normal  incidence,  widens  the 
RCS  pattern,  and  enhances  the  increase  in  <7^  and  <7/,/,. 

Fig.  7(a)-(d)  gives  the  backscattering  cross  section 
of  30  cm  long  cables  at  X-band  and  Fig.  7(e)  shows 
the  measurement  of  the  cylinder  counterpart  of 
cable  1.  The  near  field  measurements  of  cable  4  and 
its  reference  cylinder  are  shown  in  Fig.  8.  Similar 
scattering  features,  but  more  pronounced  than  those 
observed  for  C-band,  exist  in  the  X-band  data.  The 
most  important  scattering  feature  is  the  increase  in 
at  angles  away  from  normal  incidence.  This  increase 
in  <7vv  can  be  interpreted  as  follows.  The  surface  of 
a  cable  can  be  viewed  as  a  cylinder  with  a  number 
of  parallel  slanted  narrow  grooves  on  the  surface. 

The  inclination  angle  of  the  grooves  is  equal  to  the 
pitch  angle  of  the  helices  which  is  around  15®.  The 
backscatter  from  a  metallic  groove  for  the  TE  case 
(electric  field  perpendicular  to  the  groove  axis)  is  much 


0  ' 


Incidence  Angk  (Degrees) 

(a) 


(b) 

Fig.  6.  Near  field  radar  backscalier  cross  section  for  20  cm  long 
cable,  (a)  Cable  4.  (b)  Smooth  cylinder  of  diameter  3.49  cm  at 
4.75  GHz. 

stronger  than  for  the  TM  case  (electric  field  parallel 
to  the  groove  axis)  [Senior,  et  al.,  1990],  because 
in  the  TE  case  the  groove  is  capable  of  supporting 
a  transverse  electromagnetic  (TEM)  wave  and  in 
the  TM  case  the  groove  is  incapable  of  supporting 
any  waveguide  mode.  Since  the  grooves  are  almost 
parallel  to  the  axis  of  the  cylinder  the  backscatter  for 
W-polarization  is  much  stronger. 

Fig.  9  shows  the  RCS  of  the  30  cm  long  cables 
at  Ka-band.  The  RCS  response  of  the  cables  at  all 
polarizations  has  peaks  at  approximately  10° -15°  from 
the  backscatter  direction  (see  Fig.  9).  These  peaks  are 
due  to  the  Bragg  modes  in  backscatter.  For  a  periodic 
target  the  Bragg  backscatter  occurs  for  incidence 
angles  according  to 

where  A  is  the  wavelength  and  L  is  the  period  (Fig.  3). 
Since  most  of  the  scattered  energy  is  in  the  specular 
direction,  the  higher  order  Bragg  modes  are  very  weak 
at  angles  away  from  normal  incidence. 

In  these  cables  only  one  of  the  Bragg  modes  is 
observable,  and,  as  in  the  lower  frequencies,  the 
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Fig.  7.  Radar  backscaiier  cross  seaion  for  30  cm  long  caWc.  (a)  Cable  1.  (b)  Cable  Z  (c)  Cable  3,  (d)  Cable  4.  (c)  Smooth  cylinder  of 

diameter  1.27  cm,  at  9.5  GHz. 


badtscatter  for  W-polarization  is  significantiy  higher 
than  the  other  components.  The  effect  of  curvature  on 
cable  2  has  also  been  tested  and  the  result  is  shown 
in  Rg.  11  for  a  curved  cable  with  radius  of  curvature 
of  about  10  m.  The  curvature  lowers  the  RCS  of  the 
cable  at  normal  incidence  and  the  Bragg  directions 
and  widens  the  scattering  patterns.  Also  the  near  field 
measurement  of  cable  4  and  its  t^linder  counterpart 
are  shown  in  Fig.  10. 

The  backscattering  measurements  arc  performed 
polarimetrically  so  that  the  target  response  to 
any  desired  transmit  and  receive  polarization 
configuration  can  be  synthesized  [van  Zyl  and 
Ulaby,  1990].  Obviously  for  detection  purposes  the 
desired  polarization  is  the  one  which  maximizes  the 
target  response.  It  turns  out  that  all  the  polarization 
signatures  closely  resemble  the  polarization  signature 
of  a  vertical  dipole.  Thus  the  optimum  polarization 
for  detection,  as  expected,  is  VV-polarization  when 
the  cable  is  in  the  H-plane  of  the  anteima  system.  If 


the  cable  were  not  in  the  H-plane,  then  the  optimum 
polarization  would  still  be  a  linear  polarization  with 
rotation  angle  f  as  given  by  (1). 

D.  Summary  of  Experimental  Results 

Near  field  and  far  field  polarimetric  backscattering 
measurements  of  four  powcrline  cable  samples 
have  been  presented  at  C-,  X-,  and  Ka-band  over 
a  wide  range  of  incidence  angles.  The  near  field 
measurements  of  smooth  tylinders  with  a  length  and 
diameter  similar  to  those  of  the  cables  were  also 
performed  for  comparison.  The  experimental  results 
from  the  backscatter  measurements  of  cables  and 
cylinders  indicate  the  following. 

1)  At  normal  incidence  there  is  a  significant 
decrease  in  cTw/o’/,;,  of  the  cables  in  comparison  with 
the  ratio  for  the  smooth  cylinders.  This  decrease  is 
inversely  proportional  to  the  diameter  of  the  cables. 
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Fig.  8.  Near  field  radar  backscalier  cross  section  for  120  cm  long 
cable  (a)  Cable  4.  (b)  Smooth  cylinder  of  diameter  3.49  cm  at 
9.5  GHz. 

2)  At  low  frequencies  and  for  small  diameter 
cables  (D/A  <  1)  there  is  no  significant  backscatter 
at  angles  away  from  normal  incidence. 

3)  The  cross-polarized  component  of  the  cable 
backscatter  is  very  high  over  the  entire  range  of 
incidence  angles.  The  cross-polarized  RCS  level  is 
directly  proportional  to  the  cable  and  the  cable  strand 
diameters. 

4)  When  the  cable  diameter  is  comparable  to  the 
wavelength  there  is  a  considerable  increase  in  Om  in 
off-specular  directions  and  this  increase  depends  on 
the  diameter  of  the  cable  strands. 

5)  At  millimeter  wavelengths  the  Bragg  modes 
are  observable  at  angles  close  to  normal  incidence 

{6'  <  15°).  The  W-polarized  backscatter  for  the  Bragg 
modes  is  much  higher  than  the  other  polarizations. 


ill.  DETECTION 
A.  Introduction 

For  imaging  radars  the  powerline  is  not  necessarily 
in  the  H-plane  of  the  antenna  system,  however  the 


circular  symmciry  ol  ihc  cabic^  can  be  useJ  lo  v 
the  scattering  matrix  o\  the  cable  (S).  vMih  an  arin’.ra: 
orientation  with  rcspcci  to  the  anicnna  system.  ;n 
terms  of  the  scattering  matrix  of  the  cable  in  the 
principal  plane  (S^). 

The  scattering  matrix  of  the  cable  in  ihi"  sniiatum. 
S,  in  terms  of  the  scattering  matrix  ol  the  cable  m 
the  principal  plane  Sp,  can  be  ('ibiaincd  frcim  (^).  and 
the  scattering  matrix  in  the  principal  plane  a^v.l\  trnm 
normal  incidence  can  be  approximated  b\ 


=  \/ (T /4t 


1  O' 

0  0. 


where  a  is  the  radar  cross  section  of  the  cable. 

Knowing  the  optimum  polarization  for  detection 
of  powerlines,  we  attempted  to  extract  the  location 
of  powerlines  by  applying  standard  techniques  such 
as  1)  Polarization  Synthesis  and  Optimization  [van 
Zyl  and  Ulaby,  1990],  and  2)  Speckle  Reduction 
Through  Application  of  the  Polarimetric  Whitening 
Filter,  [Novak  et  al,  1991).  Unfortunately  we  were 
not  successful  in  extracting  the  powerline  features  by 
applying  the  mentioned  methods.  One  reason  for  this 
failure  was  perhaps  the  limited  polarimetric  images 
and  the  associated  ground -truth  available  to  us.  But  the 
main  reason  is  that  the  signal  to  clutter  ratio,  for  most 
practical  purposes,  is  usually  very  low  which  makes  the 
detection  very  difficult  if  not  impossible. 


B.  Detection  Algorithm 

A  major  difficulty  in  extraction  of  powerlines 
positions  from  a  polarimetric  radar  image  is  the  lack 
of  enough  signal-to-clutter  ratio.  Here  signal  refers  to 
the  radar  backscatter  from  a  powerline  cable  alone  and 
clutter  is  referred  to  the  backscattering  coefficient  of 
the  terrain  beneath  the  powerline.  Depending  on  the 
type  of  the  terrain  the  average  signal-to-clutter  ratio 
may  vary  from  0  to  -15  dB  at  higher  microwave  and 
millimeter  wave  frequencies.  Obviously  any  detection 
method  using  single  pixels  would  fail  when  faced  with 
poor  signal-to-clutter  ratios  from  a  20  dB  variation  in 
clutter  due  to  speckle.  Any  successful  algorithm  must 
be  based  on  the  statistics  of  the  clutter,  which  can  be 
obtained  from  the  image  itself,  to  reduce  not  only  the 
speckle  but*  also  the  energy  in  the  clutter  signal. 

To  demonstrate  how  the  statistics  of  the  clutter  can 
be  exploited  in  the  detection  of  a  signal  contaminated 
by  noise,  suppose  £  is  an  operator  on  the  elements  of 
the  scattering  matrix  which  satisfies  the  following 

(£(Sc))=0  (5) 

where  Sc  is  the  measured  scattering  matrix  of  the 
clutter  and  (•}  represents  ensemble  averaging.  If  C 
is  applied  ic  a  number  of  pixels  which  include  the 
powerline  cable  all  with  scattering  matrix  Ss.  then  the 
measured  scattering  matrix  is  S  =  Sc  +  Ss-  Since  £  may 
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Fig.  9.  Radar  backscatier  cross  seciion  for  30  cm  long  cable  (a)  Cable  1.  (b)  Cable  Z  (c)  Cable  3.  (d)  Cable  4  at  34.5  GHz 


need  to  be  a  nonlinear  operator  let  us  further  assume 
that 

£(S)  =  £(Sc)  +  £(S»)  +  a(Ss)W(Sc)  (6) 

with  {W(Sc))  =  0.  If  such  an  operator  exists,  then 
(£(S)>  «  0  along  every  line  in  the  image  which  does 
not  include  the  powerline. 

In  the  electromagnetic  modeling  of  a  layer  of 
randomly  oriented  small  particles  above  a  ground 
layer,  it  is  shown  that  for  azimythally  symmetric 
particle  orientation  the  co-  and  cross-polarized 
components  of  the  scattering  matrix  are  uncorrelated 
porgeaud  et  al.,  1987;  Tsang  et  aL,  1991;  Nghiem 
et  al.,  1992).  In  other  words  {ShhSl^)  -  =  0 

which  satisfies  the  conditions  required  for  £,  noticing 
that  for  distributed  targets  (S**)  =  (Sw)  =  {Svh)  =  0- 
Based  on  our  recent  polarimetric  measurements  of 
rough  surfaces  at  microwave  frequencies,  we  may 
postulate  that  the  co-  and  cross-polarized  components 
of  the  scattering  matrix  are  uncorrelated  for  a  general 
random  medium  with  azimuthal  symmetry  [Sarabandi, 
1992).  In  fact  this  assumption  is  used  in  a  calibration 
routine  for  polarimetric  imaging  SARs  to  remove  the 
antenna  cross-talk  factors  [van  Zyl,  1989). 

C.  Results  of  Simulation 

To  verify  the  applicability  of  this  operator,  we 
used  a  portion  of  an  L-band  polarimetric  SAR 


image  to  simulate  extraction  of  a  powerline  with 
-6  dB  signal-to-clutter  ratio.  The  L-band  image  is 
from  JPL  AIRSAR  of  northern  Michigan  and  is 
fuUy  polarimetric.  The  resolution  of  each  pfacel  is 
approximately  12m  x  6.66m/ sin  0  where  6  is  the 
incidence  angle.  A  random  number  generator  picked 
a  point  with  a  distance  p  from  the  center  of  the  image 
and  the  direction  of  the  powerline  (<^)  was  chosen  to 
be  normal  to  the  line  connecting  the  point  and  the 
center.  The  scattering  matrix  of  the  cable  for  each  pixel 
was  then  calculated  according  to  (2).  The  calculated 
scattering  matrix  for  the  powerline  was  then  added  to 
the  clutter  signal  along  the  chosen  direction.  Fig.  12 
shows  a  portion  of  the  L-band  SAR  unage  without 
a  powerline  and  Fig.  13  shows  the  same  image  after 
the  powerline  is  added.  These  images  display  the  total 
power  for  each  pixel  which  is  defined  as 

p  =  \Skh\^  +  l^vvP  +  (|5*vP  +  15vaP)/2- 

No  discernible  feature  of  the  power  line  can  be 
observed  by  comparing  the  two  figures. 

Next  we  need  an  automated  algorithm  to  detect  the 
powerline  and  find  its  location  in  the  image.  This  can 
be  accomplished  by  noting  that  every  line  in  the  x  -  y 
plane  can  be  mapped  into  a  point  in  p  -  </>  plane  where 
p  is  the  disunce  of  the  origin  to  the  line  and  (f>  is  the 
angle  specifying  the  direction  as  shown  in  Fig.  14.  The 
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Fig  10.  Near  field  radar  backscaiier  cross  section  for  120  cm  long 
cable,  (a)  Cable  4.  (b)  Smooth  cylinder  of  diameter  3.49  cm  at 
34.5  GHz. 
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Fig.  11.  Radar  backscatter  cross  section  of  curved  30  cm  long 
cable  2  at  34.5  GHz  versus  incidence  angle  (radius  of  curvature 
S5S 10  cm). 


operator  £  can  be  chosen  as  given  by 

£(S)  =  Rc(5,,5;j  +  Im[5,,5:j 

and  averaging  should  be  performed  along  each  line. 
The  real  quantity  £(S)  was  computed  for  the  image 


Fig.  13.  Portion  of  L-band  polarimeiric  SAR  image  in  northern 
Michigan  with  inserted  poweiiine  whose  RCS  is  6  dB  lower  than 
average  clutter  power. 

with  inserted  powerline  for  all  values  of  p  and  (p  and 
the  result  is  shown  in  Fig.  15  in  the  transformed  p  -  0 
plane.  The  brightest  spot  represents  the  direction  and 
position  of  the  powerline.  Fig.  16  shows  the  powerline 
in  the  image  after  detection.  The  bright  spot  in  the 
p-4>  plane  is  about  5  dB  higher  than  all  other  points. 


(7)  IV.  CONCLUSIONS  AND  FUTURE  WORK 

This  simulation  encourages  further  investigations 
m  the  statistical  properties  of  distributed  targets 
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:4  Transfcrmaiinn  of  line  in  the  v  -  v  plane  to  a  point  m 
p  O  plane. 


Fig.  15.  {C(S))  of  L-band  image  in  p-4>  plane. 


at  different  frequencies  which  can  guide  us  in 
choosinc  the  best  operator  according  to  the  clutter 
type.  What  is  needed  in  the  future  is  polarimetric 
scattering  measurements  of  distributed  targets  such 
as  bare  surfaces,  grass  land,  and  surfaces  coscred 
with  shrubs  in  order  to  characterize  the  statistical 
properties  of  clutter  background  for  powerlines. 

These  measurements  would  enable  us  to  find  the  best 
operator.  £,  and  after  completion  of  this  stage  we  can 
apply  our  algorithm  to  real  cases.  For  the  final  step  we 
would  require  polarimetric  SAR  images  at  millimeter 
wavelengths  which  include  powerlines.  Of  particular 
interest  is  the  MIT  Lincoln  Laboratory  35  GHz  SAR 
system.  The  images  should  be  acquired  at  different 
incidence  angles  and  look  directions  and  ground-truth 
data  should  also  be  collected  immediately  after  the 
flights. 
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Multiple  Target  .Angle  ITaeking  Algorithm  I  sing 
Predicted  Angles 


We  modify  a  multiple  target  angle  tracking  algorithm  presenled 
by  Sword,  el  «L  The  predicted  estimates,  instead  of  the  existing 
estimates,  of  the  target  angles  are  updated  by  the  most  recent 
output  of  the  sensor  array  to  improve  the  iracking  performance  of 
the  algorithm  for  crossing  targets.  Also,  the  least  square  solution 
is  modified  to  avoid  abnormally  large  angular  innovations  when 
the  target  angles  are  very  close.  The  improved  performance  of  the 
proposed  algorithm  is  demonstrated  by  computer  simulations. 

1.  INTRODUCTION 

Multiple  target  tracking  problem  has  received 
considerable  interest  recently,  owing  to  its  various 
applications  in  sonar,  radar,  remote  sensing, 
communications,  air  traffic  control,  and  others  [1-2]. 

In  target  state  model  approach,  a  dynamic  model  of 
target  state  is  established  and  tracking  is  performed 
by  estimating  the  state  vector  using  measurements 
[S-4].  In  target  angle  tracking  approach,  tracking  is 
performed  by  estimating  the  time  delay  of  the  target 
signals  with  respect  to  sensors  in  the  array  [5].  These 
approaches  have  the  data  association  problem  in 
tracking  multiple  targets. 

An  alternative  approach  of  tracking  multiple  target 
angles  has  been  proposed  Sword,  et  al.  [6].  A  signal 
subspace  algorithm  such  as  the  MUSIC  (multiple  signal 
classification)  algorithm  [7]  is  first  applied  to  yield  the 
initial  estimates  of  the  number  of  targets,  sensor  noise 
power,  target  signal  power,  and  the  target  angles.  The 
angular  displacements  of  the  targets  during  a  sampling 
period  are  estimated  in  the  least  square  sense  using  the 
most  recent  estimate  of  the  sensor  output  covariance 
matrix.  The  target  angles  are  then  tracked  recursively 

adding  the  estimated  angular  displacements  to 
the  existing  estimates  of  the  target  angles.  This 
algorithm  has  attractive  features  of  simple  structure 
and  avoidance  of  data  association  problem.  However, 
it  has  some  drawbacks.  The  approximation  errors  in 
estimating  the  angular  displacements  are  relatively 
large,  which  are  propagat^  into  the  next  step.  More 
seriously,  it’s  poor  performance  for  multiple  targets 
with  crossing  angles  prohibits  the  general  use  of  the 
algorithm. 

Sword’s  algorithm  has  been,  modified  by  Lo  and  Li 
[8].  Lo’s  algorithm  reduces  the  propagation  enors  by 
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Abstract 

Electromagnetic  volume-scattering  theories  for  random  media  using  a  coherent  field 
approach  require  some  understanding  of  the  statistical  behavior  of  the  locations  of 
individual  scatterers  within  the  random  medium.  This  knowledge  manifests  itself 
as  the  correlation  function  or  pair  distribution  function,  which  is  used  to  charac¬ 
terize  the  medium.  This  article  presents  a  method  for  simulating  the  arrangements 
of  particles  of  arbitrary  shape  within  a  very  dense  random  medium,  thus  allowing 
for  these  functions  to  be  calculated  numerically.  To  demonstrate  the  significance  of 
the  Monte-Carlo  simulation,  the  problem  of  scattering  from  a  two-dimensional  dense 
random  medium  is  considered.  Using  a  first-order  solution  based  on  the  Born  approx¬ 
imation,  it  is  shown  that  the  approximate  theoretically  derived  correlation  function 
may  lead  to  significant  errors  in  the  prediction  of  the  backscatter  response. 


1  Introduction 

Study  of  electromagnetic  wave  interaction  with  a  collection  of  random  particles  (volume¬ 
scattering)  is  of  importance  because  of  its  application  to  a  variety  of  radar  remote 
sensing  problems.  Volume-scattering  theories  are  developed  to  determine  basic  elec¬ 
tromagnetic  properties  of  the  medium  such  as  the  effective  propagation  constant, 
the  attenuation  constant  and  the  incoherent  scattered  power.  Modelling  efforts  for 
volume-scattering  can  be  categorized  into  two  groups:  (1)  incoherent  approaches,  and 
(2)  coherent  approaches.  In  incoherent  volume-scattering  theories,  such  as  radiative 
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transfer  [Chandrasekhar,  1960],  the  effect  of  the  phcises  of  the  fields  scattered  between 
neighboring  particles  is  ignored.  These  methods  are  usually  applied  to  sparse  media 
where  single  scattering  properties  of  constituent  particles  are  used  to  formulate  the 
volume-scattering  problem.  Intensity  approaches  implicitly  maJce  the  sparse-medium 
assumption  that  individual  scatterers  are  randomly  positioned  with  respect  to  one 
another.  As  the  scatterer  density  increases,  multiple  scattering  between  particles 
becomes  significant  and  the  scattering  solution  based  on  the  incoherent  approach  be¬ 
comes  prohibitively  complex  [Tsang  and  Ishimaru,  1987].  Coherent  approaches,  on 
the  other  hand,  such  as  the  Born  approximation  and  the  Quasi-crystalline  Approx¬ 
imation  (QCA)  [Tsang,  et  al.,  1985],  account  for  the  interaction  between  particles 
through  the  inclusion  of  a  permittivity  fluctuation  correlation  function  or  a  scatterer 
center  pair  distribution  function  which  provide  statistical  descriptions  of  the  location 
of  scatterers  with  respect  to  each  other.  The  need  for  the  correlation  or  pair  distri¬ 
bution  functions  adds  another  complexity  to  volume-scattering  theories,  namely  that 
associated  with  how  to  determine  these  functions  for  the  medium  under  consideration. 
These  functions  play  an  important  role  in  determining  the  scattering  behavior  of  the 
random  medium  and  thus  must  be  characterized  accurately.  The  importance  of  this 
characterization  has  been  somewhat  overlooked  in  the  literature.  Simple  Gaussian 
and  exponential  functions  axe  usually  used  as  an  approximation  for  the  correlation 
function  since  they  are  amenable  for  algebraic  manipulation,  but  there  is  little  evi¬ 
dence  in  support  of  the  hypothesis  that  these  are  accurate  representations  of  natural 
media.  It  is  the  purpose  of  this  paper  to  (1)  present  a  numerical  technique  to  deter¬ 
mine  the  correlation  and  pair  distribution  functions  accurately  and  efficiently  based 
on  physical  modelling  of  particle  arrangements  in  a  random  medium,  (2)  demonstrate 
the  application  of  the  correlation  function  to  the  2D  Born  approximation  and  make 
a  comparison  with  theoretically  derived  results,  (3)  use  the  derived  correlation  func¬ 
tion  to  demonstrate  limitations  in  the  use  of  the  exponential  correlation  function,  (4) 
highlight  the  use  of  packing  algorithms  as  a  method  of  scattering  analysis  that  can 
be  used  to  analyze  or  enhance  existing  scattering  theories. 

The  methods  of  determining  the  correlation  function  or  the  pair  distribution 
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function  can  be  categorized  into:  (1)  experimental,  (2)  theoretical  and  (3)  numerical 
approaclies.  Experimental  determination  involves  capturing  an  undisturbed  sample  of 
the  volume  under  study  and  analyzing  it  for  the  desired  information.  This  approach 
is  quite  difficult,  very  time  consuming,  and  its  accuracy  depends  on  the  particle  size 
and  measurement  method.  A  classical  example  of  such  a  process  is  given  by  Vallese 
and  Kong  [1981]  where  a  layer  of  snow  was  infused  with  liquid  plastic.  The  final 
result  was  the  two-dimensional  correlation  function  of  the  permittivity  fluctuations 
due  to  the  two  dissimilar  dielectrics  of  air  and  ice.  The  observed  correlation  function 
for  one  sample  was  then  fit  to  a  theoretical  model  (exponential)  from  which  further 
calculations  could  be  carried  out.  Further  assumptions,  such  as  azimuthal  symmetry 
and  validity  of  the  theoretical  model,  were  required  to  estimate  the  three-dimensional 
correlation  function. 

Theoretical  methods  of  determining  the  correlation  and  pair  distribution  func¬ 
tions,  while  benefiting  from  a  greater  generality  must  use  simplifying  assumptions  to 
make  the  theories  tractable  and  easy  to  handle.  For  the  correlation  function,  it  is 
common  to  use  an  exponential  function  [Debye  et  al.,  1957]  which  is  derived  by  as¬ 
suming  that  individual  particles  are  positioned  completely  random  with  respect  to  one 
another.  Such  an  assumption  is  valid  in  the  limit  when  particle  sizes  are  distributed 
over  a  wide  range  and/or  when  the  particle  density  is  low.  This  function  will  be  the 
used  as  a  basis  of  comparison  further  in  the  paper. 

The  pair  distribution  function  of  Per cus  and  Yevick  [Percus  and  Yevick,  1958]  is 
another  such  theoretically  derived  function  commonly  used  in  conjunction  with  QCA 
and  dense  media  radiative  transfer  [Tsang  and  Ishimaru,  1987].  This  particular  dis¬ 
tribution  is  tailored  for  a  medium  consisting  of  discrete  sized  spherical  particles  which 
there  are  no  inter-particle  forces  except  exclusion,  as  in  a  classical  fluid;  external 
forces,  such  as  gravity,  are  not  taken  into  account.  For  macroscopic  media  such  as 
snow,  soils  and  sand,  the  Percus- Yevick  distribution  may  not  be  applicable  because 
particle  positions  are  dominated  by  forces  such  as  friction,  gravity  and  inertia.  It  is 
not  difficult  to  come  up  with  examples  where  the  Percus- Yevick  pair  distribution  func- 


tion  would  give  considerably  different  results  than  would  be  expected  for  macroscopic 
particles  under  the  influence  of  these  conditions.  For  instance,  if  we  were  to  create 
a  dense  assembly  of  uniform  spheres  in  their  lowest  energy  state,  a  crystal^  and  then 
randomly  remove  10-20%  of  them,  we  would  not  expect  the  pair  distribution  function 
to  change  because  the  basic  structure  of  the  crystal  still  remains.  In  a  classical  fluid 
however,  particles  are  allowed  to  rearrange  themselves  to  reach  the  lowest  energy  state, 
which  is  dependent  on  their  relation  to  one  another.  Thus,  the  pair  distribution  func¬ 
tion  in  a  classical  fluid  would  change  as  the  Percus-Yevick  distribution  predicts,  but 
there  is  no  reason  to  expect  that  the  pair  distribution  functions  of  macroscopic  parti¬ 
cles  under  a  different  set  of  forces  would  be  similar.  Thus  it  is  important  to  explore 
other  avenues  of  determining  these  functions  to  either  verify  the  validity  of  employ¬ 
ing  these  theoretical  techniques  to  specific  applications  or  to  generate  the  functions 
themselves. 

Numerical  methods  refer  to  algorithms  for  determining  the  correlation  function 
and  pair  distribution  functions  through  the  use  of  a  computer  to  simulate  the  scat- 
terer  positions  in  a  given  space.  Some  of  these  methods  are  used  to  validate  already 
existing  theoretical  distributions  [Ding  et  ah,  1992;  Broyles  et  al.,  1962]  while  others 
are  used  to  determine  the  desired  correlation  or  pair  distribution  functions  directly 
[Buchalter  and  Bradley,  1992],  Packing  algorithms  are  basically  split  into  two  groups, 
those  that  physically  model  the  deposition  of  particles  and  those  that  generate  possible 
particle  arrangements.  The  first  group  is  capable  of  investigating  properties  such  as 
local  particle  ordering  and  the  effects  of  shaking  packed  sets  of  particles.  The  algorithm 
of  Buchalter  and  Bradley  is  the  most  elaborate  of  these  methods,  it  models  collisions 
and  rotations  of  uniform  two-dimensional  ellipsoids  as  they  ^^pouP^  downward  into 
a  two-dimensional  volume  and  is  the  only  method  developed  thus  far  that  uses  ellip¬ 
tical  particles.  The  methods  of  this  set  of  algorithms  are  heuristic  and  can  become 
time  consuming  as  the  complexity  of  the  modeling  more  closely  tries  to  match  that  of 
physical  reality.  Thus  this  direction  may  not  be  appropriate  for  use  in  Monte-Carlo 
simulations. 
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For  the  scattering  problem,  we  may  be  more  interested  in  computational  (JJi- 
ciency  in  determining  possible  arrangements  of  particles  rather  than  physically  mod¬ 
elling  their  deposition.  In  this  set  of  algorithms,  some  methods  simply  find  open  spaces 
for  particles  to  fit  within  a  confined  area,  such  as  in  the  sequential  addition  method 
[Ding  et  al,  1992],  or  incorporate  an  external  force  such  as  gravity,  from  which  po¬ 
tential  energy  can  he  minimized  and  particle  stability  can  be  maximized  [Visscher  and 
Bolsterli,  1972].  While  the  existing  algorithms  of  this  type  can  be  considered  to  be 
much  more  computationally  efficient  than  the  physical  deposition  models,  up  until 
now  they  have  been  lacking  in  flexibility  to  model  arrangements  of  particles  of  differ¬ 
ent  shapes,  particularly  when  it  comes  to  the  three  dimensional  problem  (this  is  also 
a  considerable  challenge  for  the  physical  deposition  models). 

The  method  described  here  takes  into  account  the  three  important  factors  of 
determining  particle  arrangements:  non-penetration  of  neighboring  particles,  gravity 
and  particle  shape.  This  presented  method  is  a  particle  arrangement  method  that  is 
capable  of  determining  particle  distributions  in  both  two  and  three  dimensions  and  is 
computationally  efficient  enough  to  provide  a  large  sample  size  for  Monte-Carlo  sim¬ 
ulations.  The  new  method  is  not  restricted  to  spherical /elliptically  shaped  particles 
and  as  will  be  described,  may  be  used  in  conjunction  with  coherent  volume-scattering 
theories  to  explore  the  scattering  from  dense  random  media  .  In  what  follows,  first 
the  packing  algorithm  is  described  in  Section  2  and  examples  for  both  two-  and 
three-dimensional  particles  are  given.  Methods  describing  accurate  calculation  of  the 
correlation  function  and  pair  distribution  function  from  the  computer  generated  par¬ 
ticle  positions  are  given  in  Section  3.  In  order  to  demonstrate  the  importance  of  the 
packing  algorithm  to  the  problem  of  volume-scattering  from  a  very  dense  medium, 
scattering  solutions  based  on  the  Born  approximation  using  the  correlation  function 
computed  from  the  packing  algorithm  and  an  exponential  function  having  the  same 
correlation  length  are  compared  as  a  function  of  incidence  angle  and  frequency.  Be¬ 
cause  the  angular  backscatter  response  is  proportional  to  the  two-dimensional  Fourier 
transform  of  the  correlation  function,  it  is  possible  to  introduce  the  concept  of  a  “vis¬ 
ible  region”  where  we  can  gain  insight  of  how  the  choice  of  observation  frequency 
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samples  the  fourier  space  of  the  correlation  function.  This  is  done  in  second  half  of 
section  3  where  the  angular  dependence  of  the  backscaiter  response  is  demonstrated 
for  a  particular  example  at  two  different  frequencies^  one  below  and  one  aboi'c  the 
resonance  of  the  mean  particle  size. 

2  Packing  Algorithm 

We  begin  by  introducing  a  user-defined  distribution  of  particle  states,  Pp,  where  the 
state  of  a  particle  is  a  vector  representing  the  particle  size,  shape,  orientation  and  di¬ 
electric  constant.  For  the  purposes  of  demonstration,  elliptically  shaped  particles  will 
be  used,  however,  this  packing  algorithm  is  not  restricted  to  the  simplified  elliptical 
shapes.  In  two  dimensions  the  state  of  such  a  particle  is  represented  by 

Pp  =  {ap,bp,6p,ep)  (1) 

where  Cp,  bp  are  the  lengths  of  the  two  principle  axes,  9p  describes  the  orientation,  and 
Cp  is  the  dielectric  constant  of  the  particle.  To  simulate  the  particle  positions  in  two 
dimensions,  a  rectangular  region  with  j  being  the  discrete  horizontal  coordinate  and 
z  being  the  vertical  coordinate  is  considered  (Fig.  1).  Coordinates  of  the  intersection 
of  the  principal  axes  of  the  particle  p  denotes  the  position  of  the  particle,  which, 
together  with  the  particle  state,  completely  specifies  the  particle  in  the  medium.  The 
vector  state  of  a  particle  is  chosen  by  a  random  number  generator  with  a  prescribed 
distribution  for  the  different  states  Cp,  6p,^p,  and  Cp.  In  this  paper,  it  is  assumed 
that  the  principal  axes  of  the  particle  have  a  normal  distribution  {N{a,aa))  and 
the  orientation  angle  of  particles  has  a  uniform  distribution  (t/(— 7r,7r)).  The  exact 
distributions  of  the  particle  states  may  be  chosen  according  to  physical  measurements 
or  an  empirical  model.  The  particle  is  then  laid  down  via  the  packing  algorithm 
individually  into  the  region  to  be  filled.  By  making  the  limits  of  the  region  large 
compared  to  the  sizes  of  the  individual  particles  and  by  using  the  periodic  boundary 
conditions,  a  semi-infinite  layer  of  particles  can  be  simulated.  Periodic  boundary 
conditions  refer  to  making  the  spillover  of  a  particle  on  one  boundary  appear  on  the 
opposite  boundary  of  the  region. 
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The  packing  algorithm  starts  by  setting  down  an  initial  layer  on  the  bottom 
of  the  rectangular  region  such  that  the  lower  surface  is  covered  by  a  single  layer  of 
particles.  This  set  of  particles  creates  a  bumpy  solid  surface,  Sp.  Particles  are  then 
sequentially  added  to  the  region  in  the  following  manner: 

1.  A  particle  state  Pp  is  selected  from  the  distribution. 

2.  The  surface  of  the  particle  is  discretized  and  then  categorized  into  a  set  of  lower 
and  upper  surface  points  as  shown  in  Fig.  2.  The  points  of  the  lower  surface 
will  be  used  in  matching  the  surface  of  the  particle  to  the  current  surface,  Sp. 

3.  A  fitting  method  is  used  to  find  the  lowest  height,  Zp,  that  the  particle  will 
fit  to  the  surface.  This  is  equivalent  to  minimizing  the  potential  energy  of  the 
particle. 

4.  The  particle’s  position,  Vp,  and  state,  Pp  are  stored  in  a  file  and  the  surface  is 
updated  to  Sp+i  using  the  upper  surface  points  determined  in  step  two. 

5.  Return  to  the  first  step  until  the  desired  layer  thickness  is  reached. 

The  fitting  method  described  in  step  three  is  one  of  the  key  components  that 
makes  this  algorithm  computationally  efficient.  While  any  fitting  method  will  be 
sufficient  in  this  treatment,  the  one  used  here  borrows  a  concept  from  the  image 
processing  technique  of  gray-scale  morphology  [Serra,  1982;  Giardina  and  Dougherty, 
1988;  Appleton  et  al.,  1993].  In  this  packing  algorithm,  a  gray  scale  dilation  is 
used  to  find  the  minimum  height  that  a  given  shape  fits  to  the  surface.  To  describe 
this  procedure,  consider  a  particle  as  shown  in  Fig.  2.  The  surface  of  a  particle  is 
represented  by  an  upper  and  a  lower  surface  The  lower  part  of  the 

surface  determines  how  the  particle  will  fit  the  the  current  surface,  Sp,  and  the  upper 
part  determines  how  the  particle  will  contribute  to  the  new  surface,  Sp+i ,  once  the 
particle  has  been  deposited.  Given  a  parametric  equation  for  the  surface  of  a  particle, 
Zp{i),  these  surfaces  can  be  described  by 

MpPP®r(z)  =  {maXi  Zp{i)  :  —m  <  i  <  m}  (2) 
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(3) 


A^lower(-)  ^  .  -m<i<  m} 

where  for  a  normally  oriented  ellipse,  Zp{i)  =  i6p^(l  —  with  Cp  and  bp  gi\cn  in 
(1)  and  m  being  the  horizontal  limit  of  the  extent  of  the  ellipse  (m  >  max(ap,  bp)  Vp). 
Note  that  the  form  of  Zp{i)  is  used  here  only  for  demonstration  purposes  and  does 
not  constrain  the  process  once  (2)  and  (3)  have  been  determined. 

The  height  of  where  a  particle  will  rest  for  a  given  horizontal  position,  j,  along 
the  surface  Sp  is  given  by  the  morphological  dilation  (Fig.  3) 

height(j)  =  {maxi  {Sp{j  +  i)  -  :  -m  <  i  <  +m}.  (4) 

The  minimum  height  attainable  used  by  step  three  in  the  procedure  is 

Zp  =  minj  (height(j)).  (5) 

Successful  algorithms  have  been  implemented  for  both  two-  and  three-dimensional 
elliptical  particle  distributions  and  examples  are  shown  in  Figs.  4  and  5  (to  make  the 
three-dimensional  problem  more  efficient,  a  local  minimization  over  an  area  of  several 
particle  diameters  was  performed  rather  thac  global  minimization  indicated  by  Eq. 
5).  The  two-dimensional  example  clearly  shows  the  algorithm’s  ability  to  generate 
very  dense  arrangements  of  particles  in  a  short  amount  of  computer  time,  two  char¬ 
acteristics  that  make  the  algorithm  amenable  to  Monte-Carlo  dense  media  volume 
scattering  analysis.  Furthermore,  an  analogous  dense  medium  three-dimensional  ex¬ 
ample  is  given  for  non-spherical  particles  using  twenty  four  processors  of  a  parallel 
computer,  a  result  that  has  heretofore  not  been  available  or  realistic  to  perform  at 
all.  Because  the  algorithm  lends  itself  to  parallelization,  as  the  number  of  available 
processors  increase  in  the  future,  the  problem  of  solving  arrangements  of  arbitrarily 
shaped  particles  in  three-dimensions  can  be  scaled  down  in  time  proportionally. 

Results  from  the  packing  algorithm  can  be  used  to  determine  physical  char¬ 
acteristics  of  a  volume  under  study  such  as  volume  fraction,  correlation  length  and 
function,  pair  distribution  function,  etc.  Future  work  in  this  area  may  be  to  include 
impurities  such  as  water  and  determine  the  coating  of  individual  grains  through  the 
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implementation  of  simple  physical  processes  such  as  surface  tension  and  entropy  max¬ 
imization.  Other  natural  substances,  such  as  snow,  may  also  be  simulated  by  reducing 
the  minimization  of  potential  energy  constraint,  which  can  be  accomplished  b}  mak¬ 
ing  individual  particles  stick  once  they  reach  the  surface  of  the  packed  layer.  The 
simplicity  with  which  the  algorithm  can  be  changed  for  particles  with  general  cross 
section  is  demonstrated  in  Fig.  6  where  packing  of  two-dimensional  rocks  is  sim¬ 
ulated.  In  this  figure  the  standard  packing  algorithm  is  used  with  a  random  walk 
modification  of  the  individual  particle  surfaces. 

3  Permittivity  Correlation  and  Pair  Distribution 
Functions 

One  of  the  principal  uses  of  the  packing  algorithm  is  in  the  calculation  of  the  permit¬ 
tivity  correlation  and  pair  distribution  functions  which  can  be  used  in  conjunction 
with  coherent  theoretical  approaches  to  compute  scattering  in  inhomogeneous  random 
media.  One  such  classical  approach  is  the  Born  approximation  (Fig.  7)  [Tsang  et  ah, 
1985]  where  the  permittivity  fluctuations  act  as  distributed  sources  in  an  effective  ho¬ 
mogeneous  medium.  The  scattering  solution  is  then  determined  using  a  perturbation 
series.  It  is  shown  that  for  a  random  medium  where  the  variation  of  the  fluctuating 
permittivity  is  relatively  small,  the  scattering  coefficient  from  the  medium  can  be 
directly  calculated  from  the  Fourier  transform  of  the  correlation  function  given  by 

C(f-f')  =  (ey(f)ey(f'))  (6) 

where  e/(r)  is  the  fluctuating  part  of  the  permittivity  function.  The  most  commonly 
accepted  form  for  the  correlation  function  is  the  exponential  function  which  was 
derived  originally  by  Debye  et  al.  [1957]  for  a  sparse  random  collection  of  spherical 
particles  and  is  given  by 

C{r)  = 

The  corresponding  two-dimensional  power  spectral  density  is  given  by 


(7) 


Here,  the  parameter  Fq  is  related  to  the  mean  diameter  of  particles  in  the  random 
medium.  For  dense  random  media,  experimental  and  numerical  methods  have  been 
attempted  to  determine  C{f  —  f*)  from  the  recorded  samples  of  the  medium  under 
study.  For  most  practical  cases,  the  behavior  of  the  correlation  function  when  r'  is  in 
the  near  vicinity  of  F  does  indeed  resemble  that  of  an  exponential  or  Gaussian  function. 
Because  of  the  ease  with  which  these  functions  can  be  manipulated  algebraically,  their 
use  has  become  widely  prevalent  in  the  literature.  A  difficulty  that  arises  however, 
is  that  the  power  spectral  density  is  proportional  to  the  integral  of  the  correlation 
function  over  all  space  and  thus  estimation  of  the  correlation  function  for  only  small 
values  of  F  —  F'  may  not  be  sufficient  for  accurate  estimation  of  the  power  spectral 
density  for  different  ranges  of  observing  frequencies. 

The  packing  algorithm  described  in  the  previous  section  is  an  ideal  tool  for 
determining  the  validity  and  range  of  applicability  of  assumptions  made  in  the  de¬ 
termination  of  this  correlation  function.  Furthermore,  since  the  packing  algorithm 
is  capable  of  making  a  full  Monte-Carlo  realization  of  a  random  medium,  it  may  be 
used  to  enhance  the  understanding  of  the  physics  behind  the  scattering  mechanisms 
in  a  very  dense  medium.  Computationally,  it  is  much  faster  to  perform  simulations 
in  two  dimensions  to  first  develop  an  understanding  and  then  in  the  future  to  extend 
the  results  to  three  dimensions.  In  two  dimensions,  it  can  be  shown  that  the  radar 
cross  section  using  the  Born  approximation  is  given  by 

cos{9i){2ki^i)  kui 
kxi  =  ko  sin(0i) 

kizi  =  kimcos{0i)  (9) 

where  is  the  angle  of  incidence,  Xoi.  and  are  the  transmission  coefficients 

from  medium  1  to  medium  0,  fcim  is  the  mean  field  propagation  constant  due  to  the 
average  dielectric,  (e),  k'^^-  is  the  imaginary  part  of  the  propagation  constant  in  the 
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scattering  medium  and  the  power  spectral  density  (p  is 

The  unknowns  in  this  formulation  are  the  propagation  constant  and  the  correlation 
function  for  the  random  medium.  The  propagation  constant  can  be  either  the  spatial 
average  of  the  dielectric  constant  within  the  random  medium  (Born  approximation) 
or  derived  from  a  mixing  formula  (distorted  Born  approximation).  In  what  follows, 
the  Born  approximation  will  be  developed  for  a  prototypical  example  in  which  the 
described  packing  algorithm  will  be  used  to  provide  the  correlation  function.  After 
illustrating  the  two-dimensional  correlation  function  with  the  associated  power  spec¬ 
tral  density,  a  comparison  will  be  made  with  similar  results  obtained  by  using  an 
exponential  correlation  function  (7)  having  the  same  correlation  length.  In  the  calcu¬ 
lation  of  the  permittivity  fluctuation  correlation  function  from  the  collected  samples 
of  the  medium,  it  is  common  to  generate  the  auto-correlation  function  of  each  sample 
and  then  average  the  resultant  auto-correlation  functions.  However,  a  difficulty  may 
arise  from  this  procedure  in  that  the  Fourier  transform  of  the  correlation  function 
may  become  negative  over  some  partial  frequency  range.  This  is  a  result  of  poor 
estimation  of  the  tail  of  the  correlation  function  and  possible  asymmetry  in  the  sam¬ 
ple  cross  section,  both  of  which  are  a  consequence  of  the  finite  size  of  the  sampled 
medium.  To  circumvent  this  difficulty  while  keeping  the  size  of  the  sampled  medium 
within  realistic  dimensions,  the  power  spectral  density  should  be  computed  directly 
from  the  Fourier  transform  of  a  profiled  sample  of  the  random  medium.  Since  the 
correlation  function  of  the  permittivity  fluctuation  process  is  continuous,  it  implies 
that  the  process  is  continuous  in  the  root  mean  squared  sense,  which  in  turn  implies 
that  the  power  spectral  density  can  be  directly  computed  from 

2 

4iK,k.)=  lim  -^E  .  (11) 

X  -^oo  XZ  Jo  Jo 

Z  oo 

The  example  considered  here  simulates  the  observation  of  a  two-dimensional 
layer  of  sand  particles  with  permittivity  =  3.15  -|-  jO.005,  (c)  =  2.54  -|-  j0.004, 
(c^)  =  0.56  and  volume  fraction  /  =  0.8.  Individual  realizations  of  Gaussian  dis- 
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iributed  packed  particles  were  created  using  a  mean  radius  r  =2  mm  with  a  standard 
deviation  of  0.4  mm  for  the  two  principal  axes  and  a  uniform  distribution  for  the  ori¬ 
entation  angle  of  the  ellipses.  Observation  frequencies  used  for  this  discussion  will  be 
at  a  below-resonance  frequency  of  10  GHz  (A4/2  =  8.5mm)  and  an  above-resonance 
frequency  of  35  GHz  (Aj/2  =  2.4mm),  where  resonance  refers  to  the  average  half 
wavelength  (As/2)  dimension  of  the  scattering  particles.  Over  three  hundred  packing 
realizations  of  dimension  0.2  x  0.2  m  were  used  to  determine  the  power  spectral  den¬ 
sity  directly  from  the  Fourier  transform  of  the  packed  profiles  given  by  the  packing 
algorithm.  The  correlation  function  and  the  power  spectral  density  are  shown  in  Figs. 
8  and  9,  respectively,  where  the  non-axial  symmetry  patterns  are  clearly  displayed. 
The  strongest  peak  in  the  power  spectral  density  lies  along  the  diagonal  as  would  be 
expected  in  a  tightly  packed  array  of  two-dimensional  spheres  with  a  narrow  size  dis¬ 
tribution.  A  wider  distribution  would  give  a  more  axially  symmetric  two-dimensional 
spectrum. 

This  can  be  demonstrated  by  using  a  Rayleigh  distribution  to  determine  par¬ 
ticle  radius  rather  than  a  Gaussian  distribution.  Because  the  packing  algorithm  has 
a  limited  resolution  due  to  the  discretization  of  the  particle  (Eqs.  2  and  3),  the 
Rayleigh  distribution  is  truncated  at  the  very  small  scale.  Furthermore,  for  the  sake 
of  comparison  with  previous  theoretical  and  experimental  work,  particle  shapes  used 
with  the  Rayleigh  distribution  were  made  circular  rather  than  elliptical,  this  has  the 
effect  of  reducing  the  randomness  of  particle  locations,  but  this  is  an  effect  that  is 
ameliorated  by  the  wider  particle  size  distribution. 

The  probability  density  functions  of  both  distributions  are  shown  in  Fig  10, 
where  it  can  be  seen  that  the  Rayleigh  distribution  is  wider  by  about  a  factor  of  three. 
Thus  for  the  wider  particle  size  distribution  we  would  expect  that  the  correlation 
function  and  spectral  density  to  more  closely  approximate  that  of  the  exponential 
function  (which  would  be  correct  for  completely  random  particle  placement)  and 
this  is  indeed  shown  to  be  the  case.  Plots  in  Fig.  11-a  through  11-c  illustrate  the 
correlation  function  and  its  power  spectral  density  along  three  principal  axes  of  the 
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two-dimensional  volume  for  both  particle  distributions  and  the  exponential  correlation 
function.  It  can  be  seen  that  at  both  short  and  long  distances,  the  correlation  function 
of  both  particle  distributions  and  the  theoretical  exponential  function  agree  very  well, 
but  it  is  at  the  mid-range  distances  where  the  functions  can  be  seen  to  differ.  These 
differences  become  more  apparent  in  the  low  frequency  region  of  the  power  spectral 
density  for  the  derived  correlation  functions.  Note  again  a  better  agreement  of  the 
Rayleigh  distributed  particle  result  to  the  theoretical  exponential  function  but  still 
an  appreciable  error  at  the  low  frequency  region. 

Referring  to  the  Gaussian  distribution  function,  the  effect  of  the  strong  peaks  in 
the  power  spectral  density  function  along  the  XZ  axis  in  Fig.  11-b  can  be  clearly  seen 
in  the  extended  periodicity  of  the  correlation  function  along  this  axis.  Again,  this  is 
indicative  of  the  natural  ordering  of  the  system  for  tightly  packed  arrays  of  particles 
with  a  narrow  particle  size  distribution  and  we  note  that  it  is  less  of  a  feature  when  the 
particle  sizes  follow  a  Rayleigh  distribution.  An  important  consequence  of  this  lack 
of  symmetry,  however,  is  that  it  would  be  inappropriate  to  calculate  the  correlation 
function  along  one  axis  of  the  distribution  (such  as  the  function  in  Fig.  10-a)  and  to 
enforce  axial  symmetry.  The  effect  of  such  an  action  would  be  that  the  resulting  power 
calculated  through  (10)  would  not  be  positive  for  all  frequencies  because  the  chosen 
correlation  function  along  the  one  axis  is  not,  and  can  not  be,  the  correlation  function 
for  an  axially  symmetric  medium.  In  effect  then,  if  an  exponential  or  Gaussian 
function  is  not  to  be  used,  the  only  appropriate  way  to  calculate  the  correlation 
function  is  to  completely  sample  the  fluctuations  in  two-  or  three-dimensional  space. 
Furthermore,  and  more  importantly,  as  is  shown  by  Figs.  11-a  through  11-c,  the 
deviation  of  the  numerically  derived  power  spectral  density  from  the  exponential 
power  spectral  density  is  as  high  as  an  order  of  magnitude  at  the  lower  frequencies, 
which  is  precisely  the  region  of  validity  for  the  Born  approximation. 

As  indicated  by  (9),  only  a  portion  of  4>{kx-,kz)  is  “visible”  at  a  particular  fre¬ 
quency.  The  loci  of  the  spatial  frequencies  as  the  incidence  angle  varies  from  0°  to  90° 
is  an  ellipse  with  semi-axes  of  2ko  and  2k\m  as  illustrated  in  Fig.  12.  In  this  figure 
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it  can  be  seen  that  while  the  spectral  density  is  not  axially  symmetric,  the  visible 
regions  at  each  of  the  observing  frequencies  are  nearly  so.  The  effects  of  the  asym¬ 
metry  are  most  strongly  observed  at  frequencies  near  the  resonance  of  the  particles 
within  the  medium.  This  figure  can  be  used  to  understand  the  relationship  between 
observing  frequency  and  physical  structure  of  a  random  medium.  Decreasing  particle 
sizes  would  have  the  effect  of  moving  features  radially  outward  in  the  figure,  the  same 
effect  as  decreasing  frequency.  Narrowing  the  particle  distribution  would  have  the 
effect  of  increasing  the  magnitude  of  the  peaks  shown  in  the  figure  and  further  dis¬ 
turb  the  high  frequency  agreement  of  the  observed  backscatter  with  the  backscatter 
response  expected  for  a  medium  whose  particles  follow  an  exponential  function.  An¬ 
other  interpretation  of  the  figure  shows  that  the  particle  size  distribution  of  a  random 
medium  may  be  explored  by  frequency  sweeping  near  the  particle  resonance  at  angles 
slightly  greater  than  forty  five  degrees. 

Given  the  derived  correlation  function  for  a  specific  particle  size  distribution 
we  can  carry  out  the  remaining  mathematical  operations  in  (9)  to  get  the  observed 
backscattering  cross  section,  which  is  shown  in  Figs.  13  and  14.  In  Fig.  13  the 
backscattering  coefficients  of  the  medium  for  both  the  vertical  and  horizontal  polar¬ 
izations  at  10  GHz  and  35  GHz  are  shown  and  compared  with  those  derived  based  on 
an  exponential  correlation  function  for  a  Gaussian  particle  size  distribution.  Fig.  14 
is  the  same  as  Fig.  13  for  an  observation  frequency  at  particle  resonsance  (21  GHz), 
where  differences  between  observed  and  predicted  backscatter  response  are  expected 
to  be  the  greatest. 

Referring  to  Figs.  8  through  14,  the  following  observations  are  in  order:  (1)  dif¬ 
ferences  between  the  backscattering  coefficients  estimated  from  the  correlation  func¬ 
tion  derived  from  the  Monte-Carlo  simulation  and  the  exponential  function  can  be 
as  high  as  10  dB,  (2)  angular  variation  may  depend  strongly  on  the  observation  fre¬ 
quency  and  particle  size  distribution  (see  Fig.  14),  and  (3)  the  correlation  function 
and  the  respective  power  spectral  density  are  not  likely  to  be  radially  symmetric,  but 
this  may  not  have  a  strong  effect  on  the  observation  with  the  exception  of  frequencies 
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near  resonance. 


Another  statistical  function  relating  to  particle  positions  that  is  commonly  used 
in  the  study  of  random  media  is  that  of  the  pair  distribution  function,  p(rj  |r,),  which  is 
the  probability  of  finding  a  particle  located  at  a  position  r_,  ,  given  a  particle  located 
at  position  Tj.  The  knowledge  of  the  pair  distribution  function  becomes  necessary 
where  the  effective  propagation  constant  of  a  dense  random  media  is  to  be  determined 
[Tsang  et  al,  1985;  Lax  1952].  As  the  packing  algorithm  can  be  used  to  determine  the 
correlation  function,  it  can  also  be  used  to  determine  the  pair  distribution  function. 
This  has  been  done  for  the  previous  example  and  the  result  is  illustrated  in  Fig.  15. 
In  this  figure  the  function  is  shown  as  a  gray  scale  image  in  two  dimensions  where  the 
brightness  is  directly  proportional  to  the  probability.  As  expected,  a  dark  area  covers 
the  central  region  indicating  the  zero  probability  of  having  two  particles  intersecting 
one  another.  More  remarkable  is  the  ringing  effect  along  the  diagonals  of  the  image, 
indicating  periods  of  high  and  low  probability  which  is  reflective  of  the  results  obtained 
by  the  correlation  function.  Again,  this  is  a  result  of  the  dense  packing  with  a  narrow 
size  distribution.  In  comparison,  the  Percus-Yevick  pair  distribution  function  predicts 
an  axially  symmetric  function  for  single  sized  spherical  particles.  The  example  given 
here  clearly  is  not  so  and  cannot  be  so  for  mono-sized  particles  under  the  influence 
of  gravity.  This  does  not  disprove  the  Percus-Yevick  pair  distribution  function  but 
it  does  call  into  question  its  application  to  macroscopic  granular  media  under  the 
influence  of  external  forces. 

4  Conclusions 

In  this  paper  we  have  introduced  a  new  approach  to  determining  particle  arrange¬ 
ments.  The  approach  is  computationally  efficient,  flexible  and  was  demonstrated  to 
work  in  two  dimensions  as  well  as  three  for  non-spherical  particles.  A  two-dimensional 
“rocks”  example  was  also  given  that  demonstrated  the  ability  of  the  algorithm  to  work 
with  particles  of  arbitrary  shape.  The  algorithm  was  then  used  to  compute  the  corre¬ 
lation  function  for  two  different  size  distributions  of  particles,  one  Gaussian  and  the 
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other  Rayleigh  and  it  was  highlighted  that  the  proper  way  to  calculate  the  correlation 
function  was  through  an  averaged  periodogram  in  the  spectral  domain  rather  than 
averaging  individual  correlation  functions  or  assuming  radial  symmetry  from  the  out¬ 
set.  The  correlation  functions  of  the  two  particle  size  distributions  were  compared 
with  a  theoretical  exponential  correlation  function  where  it  was  shown  that  the  de¬ 
rived  functions  deviated  from  the  theoretical  at  low  frequencies  but  agreed  well  at 
high  frequencies.  It  was  also  shown  that  the  wider  Rayleigh  distribution  gave  a  better 
fit  overall  to  an  exponential  function  as  is  expected. 

Derived  correlation  functions  from  the  packing  algorithm  was  used  to  compute 
radar  backscatter  via  the  Born  approximation.  Finally,  another  application  of  the 
packing  algorithm  is  given  as  it  applies  to  the  determination  of  the  particle  pair  dis¬ 
tribution  function  which  is  a  key  unknown  in  the  quasi-crystalline  approximation  and 
an  argument  is  presented  as  to  why  the  more  common  Percus-Yevick  pair  distribution 
function  is  not  appropriate  for  use  with  granular  media. 
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new  particle,  p 


Figure  1:  Illustration  of  the  two-dimensional  packing  algorithm.  Particles  are  fit  to 
the  surface  Sp  to  find  the  minimum  height,  2:.  Once  a  particle  has  been  fit  to  the 
surface,  it  becomes  part  of  the  surface  for  the  next  iteration  of  the  process. 


Figure  2:  Illustration  of  the  lower  surface  of  a  particle,  The  particle  is 

discretized  into  a  horizontal  grid  and  the  maximum  and  minimum  heights  of  the 
particle  at  points  on  the  grid  define  the  upper  and  lower  surfaces. 
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Figure  3:  Illustration  of  equation  (4)  for  two  different  points  (ji,  ja)  on  the  surface 
S(j).  The  dilation  of  the  surface  is  shown  for  each  point  on  the  surface  where  the 
maximum  is  highlighted  by  a  circle.  This  is  the  height  of  where  the  center  of  the 
ellipse  would  lie  for  a  given  horizontal  location,  j.  The  minimum  of  these  heights 
defines  the  point  of  minimum  potential  energy. 


Figure  4:  Demonstration  of  the  two-dimensional  packing  algorithm.  Particle  radius 
is  2mm  ±  0.4mm.  In  this  case  the  volume  fraction  is  0.8.  This  particular  simulation 
took  23  seconds  on  a  Sun  10  workstation. 
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Figure  5:  Demonstration  of  the  three-dimensional  packing  algorithm.  Shown  is  one 
slice  taken  out  of  a  50mm^  cube  filled  with  ellipsoidal  particles  with  radii  of  2mm  ± 
0.4  mm.  This  simulation  using  3300  particles  took  approximately  3  hours  using  24 
processors  of  an  IBM  SP  Parallel  computer. 


Horizontal  axis,  j  (mm) 


Figure  6:  Demonstration  of  the  packing  algorithm  for  two-dimensional  rocks.  Rock 
surfaces  are  generated  by  a  random  walk  about  a  uniform  radius  2mm  ±  0.4mm. 
This  particular  simulation  took  approximately  30  seconds  on  a  Sun  10  Workstation. 
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Figure  7:  Geometry  for  a  two-dimensional  random  medium.  Medium  0  is  considered 
free  space  and  medium  1  is  a  random  media  consisting  of  particles  as  described  in 
Fig.  4. 


Figure  8:  Two-dimensional  correlation  function  for  the  particles  in  Fig  4.  The  corre¬ 
lation  function  is  not  axially  symmetric. 
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Figure  9:  The  power  spectral  density  derived  from  data  shown  in  Fig.  4.  Strong  peaks 
along  the  diagonal  highlight  the  periodicity  in  the  correlation  function  seen  along  this 
axis.  Arcs  drawn  along  a  constant  radius  are  proportional  to  the  backscatter  intensity 
as  a  function  of  incidence  angle. 


Figure  10:  Gaussian  (solid  line,  -)  and  truncated  Rayleigh  (dot  dashed  line,  .-) 
Probability  distribution  functions  of  particle  radii  used  in  the  packing  algorithm. 
Both  distributions  have  the  same  mean. 
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(c) 

Figure  11:  Slices  of  Figs.  8  and  9  taken  along  the  principal  axes  of  (a)  6  =  0°,  (b) 
0  =  45°,  and  (c)  6  =  90°.  The  solid  lines  (-)  and  the  dot-dashed  lines  (.-)  show  the 
numerically  derived  values  for  the  Gaussian  and  Rayleigh  particle  size  distributions 
respectively.  The  dotted  lines  (•  •  •)  show  the  equivalent  correlation  function  and 
spectrum  for  the  best  fit  exponential. 
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Figure  12:  Illustration  of  the  visible  region  of  the  Born  approximation  at  two  different 
frequencies  shown  overlaid  on  a  contour  map  of  the  power  spectral  density  (Fig.  9) 
for  the  Gaussian  particle  size  distribution.  Note  that  the  greatest  angular  variation 
due  to  the  packing  structure  occurs  near  resonance  at  /  =  21  GHz. 


Figure  13:  Results  of  the  two-dimensional  Born  approximation  for  both  10  and  35 
GHz  for  the  Gaussian  particle  size  distribution.  Solid  lines  (-)  are  for  vertical  polar¬ 
ization,  dashed  (-  -)  are  for  horizontal  polarization  and  the  symbols  (o  and  »)  indicate 
vertically  polarized  results  of  the  Born  approximation  using  the  best  fit  exponential 

(Fig.  10). 
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Figure  14:  Results  of  the  two-dimensional  Born  approximation  at  particle  resonance 
(/  =  21  GHz)  for  both  numerically  derived  (Gaussian  particle  size  distribution)  and 
exponential  correlation  functions.  Solid  lines  (-)  and  circles  (o)  indicate  vertical  and 
dashed  lines  (-  -)  and  crosses  (x)  indicate  horizontal  polarizations.  The  symbols 
represent  the  theoretical  exponential  curves  in  both  cases. 
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Figure  15:  The  pair  distribution  function,  p(rj|fi)  for  the  packed  array  shown  in  Fig. 
4  (Gaussian  size  distribution).  Dark  areas  indicate  low  probability  and  bright  areas 
indicate  high  probability  of  finding  another  particle  at  rj  given  a  particle  at  rj. 
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Abstract 

In  this  paper  a  new  numerical  method  for  determining  effective  permittivity  of 
dense  random  media  in  two  dimensions  is  presented.  The  core  of  the  method  is 
to  compare  the  average  scattered  field  of  a  random  collection  of  scatterers  con¬ 
fined  within  an  imaginary  boundary  with  the  scattered  field  from  a  homogeneous 
dielectric  of  the  same  shape  as  the  imaginary  boundary.  The  two-dimensional 
problem  is  aggressively  studied  here  to  provide  insight  into  the  dependence  of  the 
method’s  convergence  on  particle  size,  boundary  shape  and  boundary  dimension. 
A  novel  inverse  scattering  method  is  introduced  based  on  the  method  of  moments 
which  greatly  reduces  the  computation  time  and  increases  the  flexibility  of  the 
procedure  to  analyze  a  variety  of  geometries.  Results  from  this  two-dimensional 
method  may  be  used  directly  to  compare  with  theoretical  methods  for  determin¬ 
ing  effective  permittivity  such  as  the  Polder- Van  Santen  mixing  formula  or  field 
techniques  such  as  the  quasi-crystalline  approximation. 


1  Introduction 

A  fundamental  electromagnetic  characteristic  of  a  radar  target  is  its  permittivity 
or  equivalently  its  propagation  constant  for  a  non-magnetic  material.  Most  natu¬ 
ral  targets  at  certain  scales  can  be  considered  to  be  inhomogeneous,  consisting  of 
discrete  components  (or  inhomogeneities)  that  are  separate  from  a  uniform  back¬ 
ground  material.  A  uniform  layer  of  snow  for  instance  at  low  frequencies  may 
appear  to  be  a  homogeneous  medium,  variations  of  interest  being  differences  in 
snow  depth  or  changes  in  the  snow  wetness  on  a  scale  similar  to  the  observ¬ 
ing  wavelength.  As  the  wavelength  decreases  there  will  come  a  point  where  it 
is  necessary  to  consider  the  interaction  of  electromagnetic  fields  with  individ¬ 
ual  crystals  of  ice  that  make  up  the  snow  layer.  In  such  a  case  the  background 
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medium  may  be  considered  the  host  and  the  ice  crystals  the  inclusions.  In  both 
of  these  cases,  it  is  of  interest  to  theoretically  predict  the  elfective  permittivity 
of  the  random  medium.  At  low  frequencies,  this  is  accomplished  through  the  use 
of  a  mixing  formula  that  directly  models  the  interaction  of  electromagnetic  fields 
with  individual  scattering  particles  through  the  polarizability  tensor  of  isolated 
particles. 

The  most  commonly  used  mixing  formula  is  given  by  Polder  and  Van  San- 
ten  [3].  The  Polder- Van  Santen  mixing  formula  relates  the  combined,  effective 
dielectric  constant  of  a  collection  of  particles,  to  that  of  its  constituents.  The 
Polder- Van  Santen  model,  as  with  many  mixing  formulas,  relies  on  the  observing 
wavelength  to  be  much  larger  than  the  scale  of  the  inhomogeneities  within  the 
material  under  study. 

Approaches  where  the  field  interaction  with  the  individual  discontinuities 
are  taken  into  account  are  termed  field  models,  popular  forms  of  which  are 
Foldy’s  approximation,  strong  fluctuation  theory,  the  quasi-crystalline  approx¬ 
imation  (QCA)  and  the  quasi-crystalline  approximation  with  coherent  potential 
(QCA-CP)  [1,  10].  With  the  exception  of  Foldy’s  approximation,  these  theo¬ 
ries  include  additional  interaction  terms  that  occur  because  of  the  scattering  of 
fields  between  individual  particles  and  thereby  are  considered  to  be  more  accu¬ 
rate  than  mixing  formulas  when  scattering  from  individual  particles  becomes  a 
factor.  Theoretical  field  approaches  however  must  truncate  this  interaction  at 
some  given  order  to  make  the  theory  tractable,  through  which  an  approximation 
is  introduced.  The  validity  of  this  approximation  for  different  situations  is  often 
difficult  to  assess,  particularly  when  the  variety  of  situations  that  need  to  be 
considered  is  large. 

Validation  of  the  mixing  formula  and  field  models  is  commonly  accom¬ 
plished  through  a  comparison  with  physical  experiment.  Several  drawbacks  of 
experimental  methods  are  that  it  is  difficult  to  reduce  natural  vai labilities  in  the 
sample  under  study  and  often  it  is  not  possible  to  gather  sufficient  and  accuiate 
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ground  truth  to  fully  characterize  the  experiment.  One  such  example  is  with  the 
implementation  of  the  quasi-crystalline  approximation,  where  knowledge  of  the 
pair  distribution  function  of  particle  positions  is  required,  a  parameter  that  is 
nearly  impossible  to  measure  for  a  naturally  occurring  random  medium.  These 
variabilities  can  be  reduced  by  performing  a  controlled  experiment  in  the  lab,  one 
notable  experiment  performed  by  Mandt  [2],  where  individual  glass  spheres  where 
placed  at  computer  generated  positions  in  Styrofoam.  While  experiments  such 
as  the  one  described  here  are  an  important  component  in  analyzing  the  validity 
of  field  models  or  mixing  formulas,  errors  still  may  be  introduced  due  to  insuffi¬ 
cient  sample  sizes  or  possible  systematic  errors  made  in  the  measurement.  It  is 
of  course  also  useful  to  analyze  similar  problems  through  alternate  approaches  so 
as  to  provide  a  measure  of  validity  of  those  measurements. 

An  alternative  to  the  physical  meeisurement  process  is  to  perform  Monte- 
Carlo  numerical  simulations,  where  through  the  use  of  computers,  physical  vari¬ 
ations  can  be  eliminated.  Such  a  numerical  method  requires  the  use  of  a  packing 
algorithm  to  simulate  particle  arrangements  in  a  medium  and  an  electromagnet¬ 
ics  code  such  as  the  method  of  moments  or  the  T-matrix  method  to  solve  for  the 
fields  within  the  medium  under  study.  These  methods  are  capable  of  accounting 
for  all  multiple  scattering  terms  within  the  medium  and  therefore  can  be  con¬ 
sidered  an  exact  solution  for  the  problem.  One  such  method  uses  a  truncated 
T-matrix  approach  to  estimate  the  extinction  from  a  collection  of  up  to  4000 
spheres  confined  in  a  cubic  volume  [11].  Extinction  for  the  non-absorptive  scat- 
terers  is  calculated  by  integrating  the  incoherent  power  scattered  by  the  cubic 
volume  over  all  observation  angles  (i.e.  the  amount  of  coherent  power  attenuated 
due  to  scattering).  In  effect,  this  method  calculates  the  imaginary  component 
of  the  effective  permittivity  due  to  multiple  scattering.  Difficulties  with  this 
method  may  arise  however  due  to  the  fact  that  the  volume  is  isolated  in  free 
space,  thereby  enhancing  the  contrast  of  the  scattering  volume  being  analyzed 
from  its  surroundings;  ideally,  the  volume  under  study  would  be  immersed  in  a 
homogeneous  medium  with  a  permittivity  equal  to  that  of  the  effective  permit- 
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tivity  of  the  volume.  Furthermore,  because  of  this  contrast  problem,  it  is  likely 
that  the  calculated  extinction  would  be  dependent  on  the  shape  and  size  of  the 
boundary  walls,  an  effect  not  thoroughly  explored  in  the  paper. 

In  this  light,  we  present  a  new  method  of  determining  the  complex  effec¬ 
tive  permittivity  for  two-dimensional  dense  random  media.  The  core  idea  of 
the  method  is  to  confine  a  random  distribution  of  particles  within  an  imaginary 
boundary  from  which  the  coherent  field  may  be  determined  over  many  realiza¬ 
tions.  Using  a  homogeneous  material  whose  dimensions  are  the  same  as  the 
imaginary  boundary  used  for  the  random  distribution  of  particles,  we  adjust  the 
permittivity  of  the  material  so  that  the  homogeneous  medium  coherent  field  is 
identical  to  the  random  medium  coherent  field.  Thus,  rather  than  ignoring  the 
effect  of  the  boundary  shape  and  size,  it  is  directly  taken  into  account. 

The  two-dimensional  problem  is  rigorously  implemented  here  to  provide 
insight  and  guidance  for  future  work  in  analyzing  the  more  general  problem  in 
three-dimensions.  This  is  accomplished  by  exploring  the  convergence  effect  as 
it  depends  on  boundary  shape  and  size  and  particle  size.  The  two-dimensional 
problem  does  have  direct  application  in  modeling  field  interaction  with  fibrous 
material  such  as  muscle  tissue  or  dense  prairie  grasses.  Results  from  this  study 
can  also  provide  a  very  important  contribution  to  the  study  of  dense  media, 
that  is,  an  “exact”  solution  for  the  effective  permittivity  that  may  be  used  as 
a  benchmark  for  testing  theoretical  formulations  such  as  the  Polder-Van  Santen 
mixing  formula  and  the  quasi-crystalline  approximation. 

2  Formulation 

In  this  section  the  numerical  procedure  for  characterizing  the  effective  permittiv¬ 
ity  of  a  random  medium  containing  discrete  scatterers  is  outlined.  The  procedure 
for  determining  the  effective  permittivity  is  a  four  step  process:  (1)  the  first  step 
is  to  generate  a  collection  of  particles  with  a  specified  volume  fraction  and  parti¬ 
cle  arrangement  contained  within  an  imaginary  boundary,  (2)  given  an  incident 
field,  the  method  of  moments  [4,5]  is  then  used  to  solve  for  the  scattered  field, 
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(3)  scattered  fields  for  each  realization  of  the  collection  of  particles  are  averaged 
over  all  observation  angles  to  determine  the  coherent  scattered  field  which  is  re¬ 
lated  to  the  shape  and  size  of  the  imaginary  boundary,  as  well  as  the  ('ffeclive 
permittivity  and  (4)  the  effective  permittivity  of  the  medium  is  then  found  by 
finding  the  best  fit  between  the  coherent  field  from  the  Monte-Carlo  simulations 
and  the  field  scattered  from  a  homogeneous  medium  with  permittivity,  tefr  having 
the  same  boundary  as  the  imaginary  boundary.  This  step  is  an  inverse  scattering 
problem  for  which  a  novel  technique  based  on  the  eigen-analysis  in  conjunction 
with  the  method  of  moments  is  developed. 

The  packing  algorithm  used  here  [8]  simulates  the  arrangements  of  particles 
with  arbitrary  shape,  size  and  orientation  for  ^natural  ,  dense  media.  From  this 
arrangement  of  particles,  a  method  of  moments  solution  for  the  scattered  fields 
is  obtained  and  the  process  is  repeated  many  times  in  order  to  generate  the 
statistics  of  the  scattered  field.  This  Monte-Carlo  simulation  determines  the 
average  (coherent)  scattered  field  as  a  function  of  observation  angle,  6,  for  a 
random  dense  medium,  (^random(^))-  possible  to  retrieve  the 

incoherent  scattered  power  which  can  be  used  directly  to  provide  insight  into  the 
phase  function  used  by  radiative  transfer.  By  taking  the  coherent  scattered  field 
one  step  farther,  it  is  possible  to  determine  the  effective  propagation  constant 
which  can  in  turn  be  used  to  compare  with  QCA  or  even  to  create  an  empirical 
mixing  formula  for  the  simulated  media. 

To  characterize  the  propagation  constant  of  the  mean  field,  we  search  for 
the  dielectric  constant  of  a  uniform,  homogeneous  dielectric  whose  shape  and 
size  are  the  same  as  that  used  to  bound  the  collection  of  random  scatterers  and 
exhibits  the  same  scattering  pattern.  It  has  been  found  that  a  unique  effective 
permittivity  does  exist  such  that  the  scattering  patterns  from  both  the  homoge¬ 
neous  and  random  media  are  very  closely  matched  and  thus  the  basic  concept  of 
the  approach  is  validated.  In  the  first  case,  a  rectangular  dielectric  slab  is  used 
(Fig.  1).  The  method  of  moments  is  used  to  determine  the  scattered  field  from 
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this  uniform  dielectric  as  a  function  of  observation  angle  and  dielectric  constant. 
^uniformC^’ ^)-  ^  minimization  technique  can  then  be  used  to  find  the  best  fit 
permittivity  for  observed  scattered  field  of  the  uniform  slab  to  the  average  field 
from  the  random  scatterers: 

To  find  the  minimum  of  (1)  by  iteration  requires  calculation  of  the  volume 
currents  and  the  scattered  field  for  each  new  trial.  While  performing  these  calcu¬ 
lations  for  each  trial  entails  a  straightforward  electromagnetic  numerical  solution, 
since  the  dimensions  of  the  boundary  may  be  electrically  large,  as  required  by 
convergence  criteria,  the  procedure  can  become  very  time  consuming.  However  a 
novel  inversion  solution  is  introduced  in  which  using  the  method  of  moments,  the 
problem  may  be  solved  essentially  only  once,  additional  trials  entailing  a  simple 
matrix  multiplication. 

3  Dielectric  Inversion, 

MoM  -  Eigen-analysis  Procedure 

The  procedure  of  determining  the  scattered  field  from  a  dielectric  body  with  in¬ 
homogeneous  dielectric  profile  is  a  simple  extension  to  the  method  of  moments. 
In  this  procedure,  the  dielectric  dependence  of  the  impedance  matrix  is  explicitly 
separated  from  the  equation  where  it  is  highlighted  that  only  the  diagonal  ele¬ 
ments  of  the  impedance  matrix  depend  on  the  permittivity.  By  computing  the 
eigenvectors  and  eigenvalues  of  the  impedance  matrix,  it  is  possible  to  perform 
an  inversion  of  the  matrix  prior  to  the  inclusion  of  the  permittivity  term.  Thus, 
calculation  of  the  scattered  field  requires  only  a  multiplication  of  the  inverted 
eigenvector  matrix  and  the  dielectric  term. 

Consider  a  two-dimensional  dielectric  body  illuminated  by  a  plane  wave. 
The  incident  wave  induces  a  polarization  current  which  becomes  the  source  of 
the  scattered  field.  The  induced  current  is  proportional  to  the  total  electric  field 
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inside  the  scalterer  and  is  given  by 

J  =  -rloVo(c-l)(^'  +  ^)  (2) 

where  W  represents  the  incident  wave  and  E’^  is  the  scattered  field  given  by 

E*  =  ^  J{x\  y')  •  G{x,  y;  x',  y')dxdy.  (3) 

Here  ^(x,t/;x',y')  is  the  dyadic  Green’s  function  for  two-dimensional  problems 
and  fco  and  Vb  are,  respectively,  the  free  space  propagation  constant  and  char¬ 
acteristic  admittance.  Substitution  of  (3)  in  (2)  results  in  the  desired  integral 
equation  for  the  polarization  current. 

Solution  to  this  integral  equation  must  be  obtained  numerically.  Using  the 
method  of  moments,  the  integral  equation  is  cast  into  a  matrix  equation  of  the 
following  form 

1j=E  (4) 

where  Z  is  the  impedance  matrix,  J  is  the  polarization  current,  and  E  is  the 
excitation  vector.  The  polarization  current  can  be  obtained  by  inverting  (4)  and 
is  given  by 

7  =  l‘'(c)-E,  (5) 

where  is  an  implicit  function  of  e.  The  minimization  algorithm,  depending  on 
the  initial  guess,  usually  requires  the  calculation  of  Z  many  times,  a  numerical 
procedure  which  makes  the  inversion  algorithm  numerically  very  inefficient  for 
large  scatterers. 

In  what  follows,  a  procedure  for  the  calculation  of  the  polarization  current 
is  presented  which  does  not  require  repetitive  evaluation  of  Z  for  different 
values  of  e.  The  minimization  routine  can  be  made  efficient  by  noticing  that 
the  permittivity  appears  only  in  the  diagonal  elements  of  the  impedance  matrix. 
By  splitting  the  impedance  matrix  into  a  diagonal  term,  and  a  modified 

impedance  matrix  term,  VU ,  we  have 

1  =  W  -F  /3(c)  J  (6) 
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where  /  is  the  identity  matrix  and  ^  =  l/(e  —  1).  Note  tliat  the  W  matrix  is  de¬ 
pendent  only  on  the  scatterer  geometry  and  is  not  dependent  on  the  permittivity 
of  the  scatterer.  By  computing  the  eigenvalues,  A,  and  the  eigenvector  matrix. 
Q  of  the  W  matrix,  it  is  known  that 

W  =  (') 

Also  noting  that  the  identity  matrix  can  be  expressed  by 

(8) 

(5)  can  be  written  ae 

+  (9) 

where  the  dependency  of  the  polarization  current  on  the  permittivity  has  been 
made  explicit.  The  calculation  of  the  eigenvalues  and  eigenvector  matrix  is  per¬ 
formed  only  once  for  a  particular  scattering  geometry.  The  determination  of  the 
scattered  field  as  a  function  of  dielectric  constant  has  then  been  converted  from 
one  of  matrix  inversion  to  matrix  multiplication.  Convergence  of  the  minimiza¬ 
tion  takes  place  after  approximately  twenty  seconds  (15  iterations)  on  a  Sun  10 
workstation  for  a  SA,-  x  lA,  dielectric  slab  where  A,-  is  the  wavelength  in  a  dielectric 
slab  with  permittivity  e,.  Equivalently  this  is  300  unknowns  for  the  TM  polar¬ 
ization  and  600  unknowns  for  TE  polarization.  The  speed-up  factor  encountered 
is  roughly  two  orders  of  magnitude. 

4  2-D  Mixing  Formula 

It  is  important  to  compare  the  numerical  results  from  this  analysis  to  theoretical 
models.  At  low  frequencies,  theories  that  relate  the  effective  permittivity  of  a 
mixture  to  the  permittivity  of  its  components  are  termed  mixing  formulae,  the 
most  common  of  which  is  given  by  Polder  and  Van  Santen  [3].  The  derivation 
given  here  parallels  this  work  as  it  is  applied  to  the  two  dimensional  problem. 

We  begin  by  examining  the  interaction  of  one  particle  of  a  mixture  with 
the  surrounding  mean  field,  (E).  We  wish  to  find  the  effective  permittivity,  Ceff 
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which  is  related  to  {E)  by 


(10) 


{D)  =  c,^{E) 

The  electric  flux  density,  D  in  the  medium  may  be  written  as 

A(D)=  [  thEds  +  Y.I  c,Eds  (11) 

JAh  j  '^^3 

where  A  is  the  area,  and  e,  are  the  permittivity  of  the  host  and  included 
materials,  and  the  summation  is  taken  over  all  of  the  particles,  Pj  in  the  medium. 
After  some  manipulation  we  arrive  at 

Ceff(-E')  =  ^k{E)  + 

j  i  } 

with  the  volume  fraction  /,  =  AjjA.  If  we  assume  that  the  mean  induced  field  in 
the  particles  may  be  expressed  eis  the  scalar  product  between  a  mean  normalized 
polarizability  tensor,  (£i-CA)(S),  and  the  mean  field  in  the  medium,  we  find  that 
the  summation  in  (12)  may  be  written  as 

Eds  =  f{S)-(E).  (13) 

j 

This  substitution  would  be  correct  for  a  sparse,  tenuous  medium  where  individ¬ 
ual  particles  do  not  perturb  the  field  appreciably.  The  mean  polarizability  tensor 
in  two  dimensions  is  split  into  the  TM  and  TE  polarization.  For  the  TM  po¬ 
larization,  this  tensor  is  unity,  independent  of  particle  shape  and  size.  For  TE 
polarization,  the  polarizability  tensor  can  easily  be  obtained  for  arbitrary  parti¬ 
cle  shapes  as  outlined  by  Sarabandi  and  Senior  [6].  For  a  circular  cylinder,  the 
normalized  polarizability  tensor  can  be  obtained  analytically  and  is  given  by 

^  =  (e,-  -  th)  2  (14) 

For  radially  symmetric  particles  or  assuming  random  orientation  we  find  the 
average  polarizability  as  the  average  of  the  diagonal  terms  of  the  polarizability 
tensor.  Thus  for  the  two  polarizations  we  arrive  at  the  mixing  formulae  for 
circular  cylinders  as 

Ceff  =  +  f  (ft'  ~  f/i) 

feff  =  ■“  ,  ,  , 

Ci  +  e/i 
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(15) 

(16) 


for  the  TM  and  TE  polarizations  respectively. 


5  Results  for  a  Simple  Boundary  Shape 

Multiple  trials  of  the  presented  method  have  been  shown  to  provide  values  of 
effective  permittivity  independent  of  the  boundary  shape  and  independent  of  the 
boundary  size  once  the  size  has  passed  some  critical  limit.  This  section  describes 
the  analysis  of  one  such  shape  for  varying  particle  size.  The  following  section 
will  address  more  completely  the  problem  of  algorithm  convergence  and  shape 
independence. 

The  shape  considered  in  this  example  is  a  rectangular  3A,-  x  lA,  dielectric 
slab  where  A,  is  the  wavelength  in  a  dielectric  slab  with  permittivity  e,-  =  3.6+fl.O 
which  reflects  the  real  part  of  the  inclusion  permitivities.  The  size  is  chosen  in 
this  example  so  that  at  a  volume  fraction  of  100%,  the  discretization  of  the 
homogeneous  slab  of  10  samples  per  wavelength  will  still  be  valid.  The  mean 
particle  diameter  is  chosen  to  be  one  of  A,/10, 2A,/10,  or  3A,/10.  A  minimum  of 
100  realizations  was  performed  for  each  volume  fraction  and  the  mean  scattered 
field  determined.  From  this  mean  scattered  field,  the  forward  and  backscatter 
directions  were  used  as  sample  points  in  the  minimization  algorithm  given  by  (1). 
Other  points  might  have  been  used,  but  empirical  testing  showed  that  this  was 
not  necessary,  convergence  to  a  unique  solution  occurred  for  all  volume  fractions 
and  all  particles  sizes  used  for  both  TM  and  TE  polarizations  of  the  incident  and 
scattered  fields. 

Demonstration  of  the  ability  of  the  method  to  find  a  true  effective  permit¬ 
tivity  is  given  in  Figs.  2  and  3  for  volume  fractions  of  10%  and  80%  respectively. 
It  can  be  seen  in  both  extreme  cases  that  the  bistatic  scattered  field  from  the  ho¬ 
mogeneous  dielectric  gives  an  excellent  fit  to  the  entire  average  bistatic  scattered 
field  from  the  random  medium  even  though  only  two  points  in  the  forward  and 
backscatter  direction  are  used  in  determining  the  effective  permittivity.  This  is 
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particularly  remarkable  in  Fig.  2  (10%  volume  fraction)  where  the  locations  of 
the  scatterers  for  any  particular  realization  is  not  reflective  of  the  shape  and  size 
of  the  imaginary  boundary. 

Results  from  the  simulations  with  varying  volume  fraction  and  particle  size 
can  be  compiled  onto  a  single  plot  that  details  the  dependence  of  effective  per¬ 
mittivity  (real  and  imaginary  components)  on  these  parameters.  Comparison  can 
then  be  made  with  the  theoretically  derived  mixing  formula  of  Polder  and  Van 
Santen  given  in  the  previous  section.  This  comparison  is  shown  in  Figures  4  and 
5  for  the  TM  and  TE  polarizations. 

For  the  TM  polarization  it  is  interesting  to  note  the  exact  agreement  with 
the  mixing  formula  model  for  small  particle  size  for  real  permittivity.  This  behav¬ 
ior  indicates  that  the  mean  field  approach  taken  by  the  mixing  formula  is  indeed 
effective  for  small  particles  illuminated  by  an  E-polarized  field.  As  particle  size 
increases,  we  note  a  deviation  from  the  mixing  formula  model.  The  imaginary 
component  of  the  effective  permittivity  is  especially  illuminating  as  we  note  a 
measured  loss  term  greater  than  the  one  predicted  by  the  mixing  formula,  a 
result  that  indicates  that  the  larger  particles  are  contributing  to  the  scattering 
process,  a  factor  not  accounted  for  in  the  mixing  formula  model. 

For  the  TE  polarization  we  see  a  significant  deviation  from  the  mixing 
formula  results.  The  deviation  of  the  numerical  model  however  is  an  improvement 
over  the  mixing  formula  in  that  it  follows  the  expected  trend  towards  the  limiting 
case  of  unity  volume  fraction.  Similar  to  the  case  of  TM  polarization,  the  loss 
term  for  the  H-polarized  field  demonstrates  increased  scattering  losses  due  to  the 
larger  particle  sizes  as  is  expected. 

This  section  has  demonstrated  how  the  presented  method  can  be  used  to 
determine  the  effective  permittivity  for  a  random  medium.  The  behavior  of  the 
effective  permittivity  was  shown  to  behave  in  a  manner  consistent  with  what 
would  be  expected  for  changing  volume  fraction  and  particle  size.  An  important 
question  is  whether  or  not  the  permittivity  calculated  is  dependent  on  the  shape 
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and  size  of  the  bounding  area  used.  The  next  section  addresses  this  problem  and 
offers  answers  as  to  how  small  the  imaginary  boundary  may  be  to  still  reflect  the 
large  scale  behavior  of  the  material  parameters. 

6  Convergence  Considerations 

This  section  seeks  to  offer  evidence  for  the  convergence  of  the  solution  for  ef¬ 
fective  permittivity  and  to  test  independence  of  the  method  from  the  shape  of 
the  imaginary  boundary  used.  To  begin  this  controlled  study,  small  particles 
of  uniform  diameter  A,/ 10  are  used,  where,  as  before,  A,  is  the  field  wavelength 
within  the  included  material  whose  permittivity  is  chosen  to  be  e,  =  3.6  +  fO.l, 
the  background  material  being  free  space. 

There  are  some  important  differences  between  the  results  shown  in  this 
section  and  those  given  in  the  previous  section.  In  this  section,  the  imaginary 
part  of  the  scatterer  permittivity  is  chosen  to  be  ten  times  smaller  than  that  used 
in  the  previous  section  to  assure  that  multiple  scattering  is  allowed  to  take  place 
more  significantly.  As  a  consequence  however,  since  the  imaginary  component  of 
the  effective  permittivity  is  a  factor  of  approximately  thirty-six  times  less  than 
the  real  component,  numerical  errors  in  the  estimate  of  the  imaginary  component 
may  be  much  more  evident  than  those  for  the  real  component.  Another  difference 
of  concern  between  this  and  the  previous  section  is  that  scatterers  of  uniform 
diameter  are  used  here.  Thus  for  high  volume  fractions  in  the  range  of  50% 
to  the  limit  of  91%,  the  resulting  collection  of  scatterer  positions  will  be  nearly 
crystalline  and  therefore  anisotropic.  To  avoid  this  additional  complexity,  only 
volume  fractions  ranging  from  ten  to  fifty  percent  are  shown  here. 

Already  we  have  seen  the  ability  of  the  method  to  achieve  an  excellent  fit 
between  the  average  scattered  field  from  the  random  medium  and  the  scattered 
field  of  a  homogeneous  dielectric.  There  are  two  questions  that  will  be  addressed 
in  this  section:  1.)  How  large  should  the  scattering  boundary  be?  and  2.)  How 
many  realizations  are  required  to  determine  the  forward  and  backscatter  field 
accurately?  As  it  happens,  the  answer  to  these  two  questions  are  related;  the 
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larger  the  confining  boundary  gets,  the  larger  is  the  variation  of  the  electric  field 
in  the  forward  and  backscatter  directions.  Thus  as  the  bounded  area  increases, 
so  does  the  uncertainty  of  the  calculated  field. 

To  determine  the  convergence  of  the  method  for  changing  boundary  size, 
we  refer  to  Figure  6  which  displays  the  real  part  of  the  effective  permittiN  ily 
for  the  TM  and  TE  polarizations  as  a  function  of  boundary  size  for  differing 
volume  fractions  of  particles.  We  note  in  the  figure  that  the  solution  is  stable 
for  a  wide  range  of  boundary  sizes  (i.e.  horizontal  lines).  As  boundary  size 
decreases  farther  from  the  displayed  range,  it  is  expected  that  errors  will  increase 
due  to  an  insufficient  number  of  scatterers  located  within  the  boundary.  At  the 
other  extreme  of  a  large  boundary  size,  it  is  expected  that  the  numbers  will 
become  error  prone  due  to  the  increased  uncertainty  in  measuring  the  forward 
and  backscattered  field. 

Individual  realizations  of  the  forward  and  backscatter  field  magnitude  ac¬ 
curately  follow  a  Rice-Nakagami  distribution  (Fig.  7)  [9,  pg.  94]  where  the  mean 
value  and  standard  deviation  are  dependent  on  the  boundary  shape  and  size.  To 
explore  the  size  dependence  of  the  standard  deviation.  Figure  8  shows  the  stan¬ 
dard  deviation  of  backscatter  magnitude  for  changing  boundary  size  and  volume 
fraction  for  both  the  TM  and  TE  polarization.  It  can  be  seen  from  the  graphs  that 
the  variation  in  observed  field  is  not  strongly  dependent  on  volume  fraction,  but 
does  increase  steadily  as  the  boundary  size  increases.  If  we  make  the  observation 
that  the  standard  deviation  increases  by  a  factor  of  two  between  the  boundary 
sizes  of  1.5Ai  and  2.0Ai,  to  achieve  a  given  accuracy  of  field  magnitude,  the  larger 
boundary  would  require  four  times  as  many  simulations.  The  ideal  boundary  size 
would  then  appear  to  fall  somewhere  between  l.OA,  and  1.5 A,.  The  increase  of 
variance  as  a  function  of  boundary  size  also  highlights  theoretical  considerations 
for  determining  the  incoherent  scattered  power,  which  should  increase  quadrat- 
ically,  proportional  to  the  area.  In  the  range  of  1.5  A,  to  2Ai  this  is  not  yet  the 
case  and  therefore,  based  on  these  results,  the  boundary  is  not  yet  large  enough 


13 


to  determine  the  incoherent  scattered  field. 


There  are  three  basic  geometries  that  have  been  tested  here,  a  circular 
disk,  a  rectangular  slab  and  a  square.  Real  and  imaginary  effective  permitivities 
for  these  shapes  are  shown  in  Figure  9  (note  that  the  imaginary  component  is 
multiplied  by  a  factor  of  ten)  as  a  function  of  volume  fraction  for  both  TM  and  TE 
polarizations.  Given  also  for  comparison  are  the  mixing  formula  results  obtained 
from  (15)  and  (16).  From  this  figure  it  can  be  seen  that  there  is  essentially  an 
exact  match  between  the  real  permitivities  for  all  three  shapes  with  some  small 
deviation  being  noticed  for  the  imaginary  part  of  the  effective  permittivity.  These 
differences  are  likely  due  to  difficulties  in  estimating  an  imaginary  component  that 
is  much  smaller  than  the  real  component  of  the  permittivity  with  a  relatively  small 
number  of  realizations. 

So  far,  in  this  section  it  has  been  demonstrated  that  the  proposed  tech¬ 
nique  yields  stable  results  independent  of  boundary  shape  and  size.  It  was  also 
shown  that  the  forward  and  backscattered  field  magnitudes  accurately  follow  a 
Rice-Nakagami  distribution  whose  variance  increases  as  a  function  of  boundary 
dimension.  One  final  test  is  to  show  the  dependence  of  minimum  boundary  size 
on  particle  size.  As  particle  size  increases,  it  is  expected  that  increased  scattering 
and  reduction  in  the  number  scatterers  for  a  given  volume  fraction  will  increase 
the  minimum  boundary  dimension  for  which  the  algorithm  will  converge.  Fig.  10 
demonstrates  this  behavior  by  plotting  the  effective  permittivity  as  a  function  of 
boundary  dimension  for  three  different  particle  sizes  (Aj/10,2Aj/10,  and  SA./IO) 
at  a  volume  fraction  of  40%,  for  a  TM  polarized  field.  From  this  figure  it  is 
evident  that  the  A./IO  particles  converge  to  a  stable  value  even  at  the  smallest 
of  boundary  sizes  used.  As  particle  size  increases,  so  does  the  required  boundary 
size.  Particles  of  diameter  3A./10  require  a  boundary  equal  to  or  larger  than  two 
wavelengths  before  reaching  convergence.  Thus,  care  must  be  taken  to  insure 
that  1.)  boundary  size  is  large  enough  to  insure  convergence  and  2.)  a  sufficient 
number  of  realizations  is  used  to  sufficiently  calculate  the  coherent  field. 
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7  Conclusion 


This  paper  has  put  forward  a  new  technique  for  numerically  determining  the 
effective  permittivity  of  a  random  medium  in  two  dimensions.  A  key  component 
of  the  technique  is  a  method  of  moments/eigen-analysis  inversion  technique  that 
efficiently  calculates  the  volume  currents  for  a  deterministic  body  with  variable 
permittivity.  This  inversion  technique  was  applied  to  a  range  of  random  media 
that  varied  particle  size,  volume  fraction,  boundary  size  and  shape.  Results  from 
the  inversion  technique  where  compared  with  the  two-dimensional  Polder- Van 
Santen  mixing  formula  and  shown  to  agree  in  the  small  particle,  low  volume 
fraction  limit.  The  last  section  then  addressed  the  problem  of  boundary  size, 
particle  size  and  convergence  of  the  solution.  The  extensive  study  performed 
in  this  section  of  the  paper  will  provide  insight  as  how  to  approach  the  three- 
dimensional  problems.  The  strength  of  the  method  is  to  create  multiple  scattering 
numerical  solutions  for  effective  permittivity  for  a  group  of  canonical  situations. 
Such  solutions  can  then  be  used  to  analyze  theoretical  methods  such  as  the  Polder- 
Van  Santen  mixing  formula,  the  quasi- crystalline  approximation  or  future  models 
that  address  the  dense  random  media  problem. 
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Figure  1:  Model  for  determining  the  effective  permittivity  for  a  random  collection 
of  scatterers. 
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10%  Volume  Fraction 


TM  Polarization 


Figure  2:  Algorithm  results  for  10%  volume  fraction.  Shown  here  is  a.)  a  sample 
collection  of  particles  confined  within  an  imaginary  boundary,  b.)  average  scat¬ 
tered  TM  field  (solid  line)  and  the  scattered  field  from  a  homogeneous  dielectric 
with  permittivity,  Ceff  (dashed  line),  c.)  average  scattered  TE  field  (solid  line)  and 
the  scattered  field  from  a  homogeneous  dielectric  with  permittivity,  Ceff  (dashed 
line). 
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TM  Polarization 


Figure  3:  Algorithm  results  for  80%  volume  fraction.  See  Fig.  2  for  description 
of  individual  sub-figures. 


19 


Effective  Permittivity  for  TM  -Polarization  with  Varying  Particle  Size 


Figure  4:  Simulation  and  mixing  formula  results  for  TM  polarization.  Real  (solid 
line)  and  imaginary  (dashed  line)  components  of  the  effective  permittivity  derived 
from  the  Polder- Van  Santen  mixing  formula  compared  with  effective  permittivity 
obtained  by  numerical  simulation.  Symbols  indicate  different  particle  diameters 
of  Ai/10  -  X,  2A,/10  -  o,  and  3A,/10  -  *.  Inclusion  permittivity  is  e,-  =  3.6  +  il.O 
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Real  and  Imaginary  Effective  Permitivity 


Effective  Permittivity  for  TE  -Polarization  with  Varying  Particle  Size 


Volume  Fraction 


Figure  5:  Simulation  and  mixing  formula  results  for  TE  polarization 
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Dependence  of  Real  Effective  Permitivity  on  Boundary  Dimension 


Figure  6:  Solution  dependence  on  boundary  dimension  for  TM  and  TE  polariza¬ 
tions.  Different  lines  on  the  graph  represent  the  average  permittivity  for  a  given 
volume  fraction  of  f  =  0.1,  0.2,  0.3,  0.4  or  0.5. 


Magnitude  distributions  for  forward  and  backscatter  directions 


Figure  7:  Forward  and  backscatter  field  magnitude  distributions.  Numerical 
simulations  (bar  graph)  follow  the  Rice-Nakagami  distribution  (solid  line).  This 
example  is  for  a  square  box  of  dimension  1.5A  x  1.5A,  40%  volume  fraction,  TE 
polarization. 
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Standard  Deviation  of  Back  Scattered  Magnitude 


Figure  8'  Standard  deviation  of  backscattered  field  magnitude  for  three  different 
volume  fractions  (0.1,  0.3  and  0.5),  and  both  TM  and  TE  polarizations.  Similar 
behavior  was  observed  for  the  forward  scattered  field  as  well. 
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Figure  9:  Effective  permittivity  compaxison  for  differing  boundary  shapes.  Shown 
are  the  real  and  imagaxy  permitivities  for  three  different  boundary  shapes; 
o  —  circular  disk  (diameter  =  2A,),  +  —  rectangular  slab  (3 A,-  x  A,)  and  and 
X  —  square  box  (l.SAj  x  l.SAj).  The  imaginary  part  of  the  effective  permit¬ 
tivity  is  multiplied  by  ten  so  that  both  parts  of  the  effective  permittivity  may 
be  displayed  on  the  same  graph.  Lines  indicate  results  from  the  two-dimensional 
Polder- Van  Santen  mixing  formula. 
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Boundary  Dimension  (wavelengths) 


Figure  10:  Real  part  of  effective  permittivity  versus  boundary  dimension  for  three 
different  particle  sizes:  A^/IO  -  x,2A,/10  -  o,3A,/10  -  *  and  a  volume  fraction 
of  40%,  TM  polarization. 
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Abstract 

An  exact  solution  for  scattering  by  inhomogeneous,  dielectric,  random  surfaces  does 
not  exist  at  the  present  time.  This  paper  presents  an  efficient  numerical  technique  for 
computing  the  scattering  by  inhomogeneous  dielectric  rough  surfaces.  The  inhomoge¬ 
neous  dielectric  random  surface,  which  is  intended  to  represents  a  bare  soil  surface,  is 
considered  to  be  comprised  of  a  large  number  of  randomly  positioned  dielectric  humps  of 
different  sizes,  shapes,  and  dielectric  constants,  lying  on  an  impedance  surface.  Clods  with 
non-uniform  moisture  content  and  rocks  are  modeled  as  inhomogeneous  dielectric  humps 
and  the  underlying  smooth  wet  soil  surface  is  modeled  as  an  impedance  surface.  In  this 
technique  an  efficient  numerical  solution  for  the  constituent  dielectric  humps  is  obtained 
using  the  method  of  moments  in  conjunction  with  a  new  Green’s  function  representation 
based  on  the  exact  image  theory.  The  scattered  field  from  a  sample  of  the  rough  surface 
is  obtained  by  summing  the  scattered  fields  from  all  the  individual  humps  of  the  surface 
coherently,  ignoring  the  effects  of  multiple  scattering  between  the  humps.  The  behavior 
of  the  scattering  coefficient  is  obtained  from  calculations  of  the  scattered  fields  for 
many  different  surface  samples  of  the  same  process.  Numerical  results  are  presented  for 
several  different  roughnesses  and  dielectric  constants  of  the  random  surface.  The  numer¬ 
ical  technique  is  verified  by  comparing  the  numerical  solution  with  the  solution  based 
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on  the  smaJl-perturbation  method  and  the  physical-optics  model  for  homogeneous  rough 
surfaces.  This  technique  can  be  used  to  study  the  behavior  of  the  scattering  coefficient  of 
rough  soil  surfaces. 

1  Introduction 

Investigation  of  the  radar  scattering  response  of  natural  surfaces  is  an  important  problem 
in  remote  sensing  because  of  its  potential  in  retrieving  desired  physical  parameters  of  the 
surface,  namely  its  soil  moisture  content  and  surface  roughness.  Soil  moisture  is  a  key 
ingredient  of  the  biochemical  cycle  and  an  important  variable  in  hydrology  and  land  pro¬ 
cesses.  Although  the  problem  of  electromagnetic  wave  scattering  from  random  surfaces 
has  been  investigated  for  many  years,  because  of  its  complexity,  theoretical  solutions  exist 
only  for  simple  limiting  cases.  These  include  the  small  perturbation  method  (SPM)  [1] 
and  the  Kirchhoff  approximation  (KA)  [2],  both  of  which  are  applicable  for  homogeneous 
surfaces  over  restricted  regions  of  validity.  Numerous  techniques  based  on  the  basic  as¬ 
sumptions  of  the  SPM  and  KA  have  been  developed  in  the  past  in  an  attempt  to  extend 
the  regions  of  validity  of  these  models;  however,  they  all  have  the  basic  limitations  of  the 
original  models  [3].  Other  theoretical  models  are  available  also,  such  as  the  full  wave  anal¬ 
ysis  technique  [4],  the  phase  perturbation  technique  [5],  and  the  integral  equation  method 
[6],  but  they  are  not  applicable  for  inhomogeneous  surfaces  and  their  regions  of  validity 
have  not  been  fully  determined  yet.  Several  numerical  solutions  of  the  scattering  problem 
have  been  proposed  to  identify  the  regions  of  validity  and  accuracies  of  these  theoretical 
models.  A  scattering  solution  for  a  perfectly  conducting  random  surface  using  the  method 
of  moments  has  been  suggested  by  Axline  and  Fung  [7]  who  used  a  tapered  incident  field 
as  the  excitation  to  eliminate  the  edge-effect  contribution  due  to  the  boundaries  of  the 
illuminated  area.  A  numerical  solution  for  homogeneous  dielectric  random  surfaces  has 
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recently  been  reported  [8]  where  again  a  tapered  illumination  is  used  to  limit  the  size  of 
the  scattering  area.  The  accuracy  of  the  numerical  solution  with  tapered  illumination 
decreases  with  increasing  incidence  angle.  To  our  knowledge,  a  solution  for  scattering 
from  an  inhomogeneous  rough  surfaces  does  not  yet  exist. 

Analysis  of  microwave  backscatter  observations  by  Oh  et  aL  [9]  reveals  that  the  exist¬ 
ing  theoretical  models  cannot  adequately  explain  the  scattering  behavior  of  soil  surfaces. 
The  deviation  between  theoretical  predictions  and  experimental  data  is  attributed  to  three 
factors.  First,  the  roughness  parameters  of  some  surfaces  are  often  outside  the  region  of 
validity  of  the  theoretical  models.  Second,  the  autocorrelation  functions  associated  with 
the  measured  height  profiles  of  natural  surfaces  are  very  complicated  and  are  not  Gaus¬ 
sian  or  exponential  functions.  Finally,  the  most  important  reason  is  that  in  most  cases 
natural  surfaces  are  not  homogeneous  dielectric  surfaces,  i.e.,  the  moisture  content  is  not 
uniform  in  depth.  The  top  rough  layer,  which  includes  clods  and  rocks,  is  usually  dry  and 

the  underlying  soil  layer  is  moist  and  smooth. 

In  this  paper  we  model  a  soil  surface  as  an  inhomogeneous  dielectric  random  surface 
comprised  of  a  large  number  of  randomly  positioned  two-dimensional  dielectric  humps  of 
different  sizes,  shapes,  and  dielectric  constants,  all  lying  over  an  impedance  surface.  At 
microwave  frequencies,  the  moist  and  smooth  underlying  soil  layer  can  be  modeled  as  an 
impedance  surface,  and  the  irregularities  above  it  can  be  treated  as  dielectric  humps  of 
different  dielectric  constants  and  shapes.  For  the  field  scattered  by  a  single  dielectric  hump 
over  an  impedance  surface,  we  have  an  available  efficient  numerical  solution  that  uses  the 
exact  image  theory  for  the  Green’s  function  in  conjunction  with  the  method  of  moments 
[10].  In  the  solution  of  a  single  hump,  it  has  been  shown  that  the  bistatic  scattered  field 
is  very  weak  at  points  in  close  pproximity  to  the  impedance  surface;  thus,  the  effects  of 
multiple  scattering  between  humps  can  be  ignored.  In  this  case  the  scattered  field  from  a 
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collection  of  randomly  positioned  dielectric  humps  can  easily  be  obtained  by  summing  the 
scattered  field  of  all  the  constituent  humps  coherently.  The  scattering  coefficients  (ct°)  is 
obtained  by  a  Monte  Carlo  simulation. 

2  Monte  Ccirlo  Simulation  of  Rough  Surface  Scat¬ 
tering 

Monte  Carlo  simulation  of  scattering  by  a  rough  surface  comprised  of  a  finite  collection  of 
dielectric  humps  involves  the  execution  of  five  major  steps,  as  shown  in  Fig.  1.  The  first 
step  is  to  choose  the  type  (size,  shape,  and  dielectric  constant)  and  number  of  constituent 
humps.  The  second  step  deals  with  generating  a  surface  sample  by  positioning  a  large 
number  of  humps  with  a  prescribed  probability  distribution  function.  The  third  step  in 
this  algorithm  is  to  compute  the  inverse  impedamce  matrices  for  all  constituent  humps 
using  the  numerical  method  explained  in  the  previous  section.  Next,  the  scattered  field 
from  the  surface  is  computed  by  coherent  summation  of  the  scattered  fields  from  all  of  the 
humps  in  the  surface  sample.  Finally,  the  scattering  coefficient  <t“  is  obtained  by  repeating 
the  fourth  step  for  a  large  number  N  of  independently  generated  surface  samples.  For 
example,  N  is  chosen  to  be  around  100  to  reduce  the  standard  deviation  associated  with 
the  estimation  of  mean  backscattered  power  (<7®).  The  standard  deviation  of  estimated 
O’”  is  inversely  proportional  to  \/N  [11]. 

The  types  of  constituent  humps,  in  addition  to  their  probability  of  occurrence,  fully 
characterize  the  statistics  of  the  random  surface.  Figure  2  shows  the  geometry  and  dielec¬ 
tric  profiles  of  different  types  of  dielectric  humps  that  can  be  handled  by  this  algorithm. 
For  example.  Fig.  2  (a)  shows  a  typical  hump  arrangement  for  a  dry  clod  above  a  moist 
and  smooth  underlying  soil  layer  (co  <  ci  <  £2),  and  Fig.  2  (b)  shows  the  same  hump 
when  the  clod  and  underlying  layer  are  both  moist  (a  homogeneous  surface).  The  hump 
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itself  may  be  considered  to  be  inhomogeneous  as  shown  in  Fig.  2  (c).  Isolated  irregular¬ 
ities  such  as  rocks  above  a  flat  surface  can  be  represented  by  the  hump  example  shown 
in  Fig.  2  (d)  where  the  bump  occupies  only  a  part  of  the  total  width  allocated  to  an 
individual  hump.  When  the  surface  is  very  rough  with  a  short  correlation  length,  the 
geometry  of  the  humps  axe  more  complicated.  Two  examples  of  such  humps  are  shown 
in  Figs.  2(e)  and  2(f).  The  profiles  of  Figs.  2  (a)-(e)  used  in  this  paper  are  given  by  the 
following  functionals;  for  (a)-(c) 


W 

- <  X  <  —  , 

2  -  -  2  ’ 


(1) 


for  (d) 


y(a:)  =  A 


—B  <  X  <  B,  B  <W  ^ 


(2) 


and  for  (e) 


y(x)  =  A  Fi{x)  +  B  F2{x)  , 


with 

F2(x)  =  cos"  (f  -  l)  (l  -  f  )”* 
where  A  and  B  are  constants,  n  and  m  are  integers,  and  W  is  the  width  of  a  hump.  The 
set  of  constituent  humps  for  a  surface  can  be  constructed  by  choosing  a  finite  number  of 
parameters  and  desired  dielectric  constants  in  the  desired  functionals.  The  profile  of  Fig. 
2  (f)  is  very  complicated  and  should  be  obtained  numerically  by  the  procedure  outlined 
in  [12].  In  this  procedure  the  hump  profile  is  obtained  from  a  sequence  of  independent 
Gaussian  deviates  with  zero  mean  and  unit  variance  which  are  correlated  by  a  set  of 
weighting  factors  derived  from  the  desired  correlation  function. 


0  <  X  <  VF  , 
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Suppose  the  set  of  individual  humps  includes  K  different  humps  (including  size,  shape, 
and  dielectric  constant)  and  the  profiles  of  the  humps  in  the  set  are  represented  by  /i(a:), 
i  =  1,  if.  Then  a  sequence  of  random  numbers  ranging  from  1  to  A  ,  which  is  generated 
by  a  random  number  generator  with  the  prescribed  probability  distribution  function,  is 
used  to  position  a  large  number  of  humps  randomly  to  construct  a  surface  sample.  If 
the  total  number  of  humps  (Ai)  in  the  surface  sample  is  much  larger  than  the  number  of 
constituent  humps  {K)  and  the  random  number  generator  has  a  uniform  distribution,  the 
probability  of  occurrence  of  each  hump  in  the  surface  will  be  about  M/if.  A  functional 
form  of  the  generated  surface  profile  can  be  represented  by 

m=l  \  i=l  / 

where  im^U  ^  represents  the  width  of  the  hump  of  the  z/th  type.  The 

roughness  parameters,  rms  height  s,  correlation  length  /,  and  rms  slope  m  [13],  can  be 
computed  either  numerically  or  analytically  from  the  surface  profile  given  in  (4).  The 
analytical  computation  is  possible  for  simple  functional  forms.  The  average  height  of  the 
surface  can  be  computed  from 

1  ^  rWi 

j/(®)  =  T£p./  (5) 

where  L  =  PiWi  and  is  the  probability  of  occurrence  of  the  hump  of  type  i.  The 

rms  height  s  and  the  rms  slope  m,  respectively,  can  be  evaluated  from 

1 

i  r  1  ^  r^i  o  1  ^ 

S  =  ^(y(x)-r/(x)f)*  =  {Pifiix)-y{x))  dx  ,  (6) 

and 
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Assuming  the  surface  has  a  Gaussian  correlation  function,  the  correlation  length  I  is 
related  to  rms  height  and  rms  slope  by, 

l  =  V2  —  .  (8) 

m 

It  is  often  required  to  generate  a  random  surface  of  a  specified  rms  height  s  and  corre¬ 
lation  length  1.  In  that  case,  the  required  surface  can  be  obtained  by  an  iterative  process 
where  some  initial  values  for  the  hump  parameters  are  chosen.  Then  the  roughness  pa¬ 
rameters  are  calculated  and  compared  with  the  desired  ones.  Depending  on  the  difference 
between  the  calculated  s  and  /  and  the  desired  ones  the  hump  parameters  axe  modified 
and  this  process  is  repeated  until  the  difference  becomes  smaller  than  a  tolerable  error. 

Once  the  set  of  individual  humps  for  a  random  surface  with  given  s  and  /  is  formed,  the 
impedance  matrices,  ■  *  *»  can  be  computed  using  the  method  of  moments. 

Since  the  scattered  field  of  a  hump  near  the  impedance  surface  is  very  weak  [10],  the  effect 
of  multiple  interaction  between  humps  in  a  surface  sample  can  be  ignored.  Therefore  by 
inverting  and  storing  the  impedance  matrices  of  the  constituent  humps,  the  scattered 
field  of  any  surface  sample  comprised  of  M  humps  (Af  K)  can  be  computed  very 
efficiently  for  any  incidence  and  observation  directions.  For  a  given  direction  of  incidence 
the  polarization  currents  in  the  jth  hump  for  the  vertical  and  horizontal  polarizations, 
respectively,  are  given  by 

--If 

12.)  _  |Z..!  IZr.)  [V.l 

12,1  [2^1  12.,1  ,  iV,l 

Jj  L 

12.1^  =  12..);;’  [vj, ,  (10) 

where  j  e  {!,•  •  •,  M}  and  ij  €  {!,•  •  representing  the  hump  of  the  ith  type.  The 
excitation  vector  [V]j  is  computed  from  incident  and  reflected  fields  where  the  position 
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vector  p  is  specified  by  the  discretization  procedure  and  the  profile  function  (4).  The 
electric  polarization  current  induced  inside  the  surface  sample  can  be  represented  by 

where  [Zp],-  is  the  p-poltirized  current  inside  the  ith  hump.  The  radiated  far  field  can  be 
evaluated  from 


EL  = 


s  ^  pp  =  hh  or 


where  Spp  is  the  far-field  amplitude  given  by 

^  n=l 

Sv.  =  Ax,Aj,e-*"“*-  {Mx„y.)cose. 

^  n=l 

-Jy{xn,yn)sme,  (e-.*ocose,y„  ^  ,  (14) 

Here  Nt  is  the  total  number  of  cells  in  the  surface  sample. 

The  statistical  behavior  of  the  scattered  field  is  obtained  from  evaluation  of  for 
many  independent  surface  samples.  For  a  sufficiently  large  number  of  surface  samples 
(JV,),  the  incoherent  scattering  coefficient  is  computed  from 


_o  _  i-„  ^  Iris  ^  ^  ^  ri 


,  pp  =  hh,  vv, 


where  Lav  =  E^i  Lj,  and  Lj  is  the  total  length  of  the  jth  random  surface. 


3  Numerical  Results 


To  demonstrate  the  performance  of  the  technique  proposed  in  this  paper,  we  shall  use  it 
to  compute  the  scattering  for  some  sample  surfaces  and  then  compare  the  results  with 
those  predicted  by  the  available  theoretical  scattering  models,  when  conditions  apply. 
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First,  we  consider  a  surface  with  homogeneous  dielectric  humps  as  shown  in  Fig.  2(a). 
The  functional  form  of  the  humps  are  given  by  (1)  where  the  parameters  A  and  W  are 
varied  to  generate  the  set  of  the  constituent  humps.  Keeping  /i  as  a  constant  controlling 
the  height  and  varying  W,  a  set  of  similar  humps  can  be  generated.  A  random  number 
generator  with  output  i  €  {!,-  •  -jiir}  selects  the  parameter  VF,  =  BXi,  where  B  is  a. 
constant  controlling  the  width  of  the  humps  and  A  is  the  wavelength.  In  this  example  the 
hump  parameters  were  chosen  according  to  Table  1  and  the  random  number  generator 
was  given  a  uniform  distribution  with  K  =  10.  Before  presenting  the  statistical  scattering 
behavior  of  the  surface,  it  is  useful  to  demonstrate  the  validity  of  the  assumption  regarding 
the  significance  of  the  effects  of  multiple  scattering  among  the  humps.  Figures  3  (a)  and 
(b)  show  the  bistatic  echo  width  of  a  squared-cosine  hump  with  W  =  0.72A,  H  =  0.07A, 
Cl  =  15  -f  t3  above  a  surface  with  r)  =  0.254  — 10.025  (which  corresponds  to  €2  =  15  +  i3) 
at  5  GHz  when  the  incidence  angle  6i  =  0“  and  6i  =  45°,  respectively.  It  is  shown  that 
the  bistatic  echo  widths  at  the  large  scatter  angles  (near  the  surface)  are  very  weaJc  which 
implies  that  the  effect  of  multiple  scattering  between  humps  can  be  ignored.  In  order  to 
illustrate  the  effect  of  multiple  scattering,  a  surface  segment  comprised  of  three  squared- 
cosine  hunaps  with  Ci  =  15  -f  i3  above  an  impedance  surface  with  rj  =  0.254  —  i0.025 
was  considered  (see  Fig.  4).  Dimensions  of  three  humps  are,  respectively,  given  by; 
Wi  =  0.8A,  Hi  =  0.08A;  W2  =  l.OA,  H2  =  O.lA;  and  W3  =  0.6A,  H3  =  0.06A.  The 
backscatter  echo  widths  of  the  surface  segment  were  computed  twice.  In  one  case  the 
scattered  field  was  computed  from  the  polarization  current  of  isolated  humps  (ignoring 
the  effect  of  mutual  coupling)  and  in  other  case  the  polarization  current  of  the  three-hump 
structure  was  obtained  directly  from  the  method  of  moments  solution  (including  the  effect 
of  mutual  coupling).  Figures  4(a)  and  4(b)  show  that  the  effect  of  multiple  scattering  is 
negligible  for  both  polarizations.  As  long  as  the  ratio  of  rms  height  to  correlation  length  of 


9 


the  surface  (s/l)  is  small,  this  approximation  provides  accurate  results.  For  most  natural 
surfaces  s/l  <  0.3  which  satisfies  this  condition  [9].  However  if  the  ratio  {s/1)  is  relatively 
large,  the  hump  type  of  Fig.  2  (f )  must  be  used  to  include  the  effect  of  multiple  scattering 
at  the  expense  of  computation  time. 

The  rms  surface  height  s  and  the  rms  surface  slope  m  for  this  surface  can  be  computed 


from  (6)  and  (7)  respectively  and  axe  given  by 

1 


A 


m  = 


TT 

y/2A 


(16) 

(17) 


where 


y=  ,  Sw?. 

2  A  Lw  i^i  t=i 

It  should  be  noted  that  the  rms  surface  slope  m  of  this  surface  depends  only  on  the 
constant  A.  Therefore  for  a  fixed  value  of  A,  both  the  rms  height  and  the  correlation 
length  increase  at  the  same  rate  with  increasing  B.  Table  1  shows  several  values  of 
roughness  parameters,  s  and  /,  corresponding  to  different  values  of  A  and  B. 

A  random  number  generator  was  used  to  select  and  position  4000  squared-cosine 
humps  over  the  impedance  surface  (j;  =  0.254  —  i0.025).  Then  this  surface  was  divided 
into  100  segments  to  obtain  100  independent  surface  samples  each  having  40  humps.  The 
length  of  the  surface  segment  was  chosen  to  be  about  44A  to  154A  depending  on  the  cor¬ 
relation  length  of  the  surface  which  corresponds  to  the  size  of  individual  humps.  In  the 
method  of  moments  solution  of  individual  hump,  the  size  of  a  discretized  cell  was  chosen 


such  that  Az  =  Ay  =  A/15  (where  A  =  Xo/y/^).  Table  2  summarizes  the  characteristics 
of  the  surfaces  and  their  constituent  humps  used  in  the  examples  considered  in  this  study. 

The  backscattering  coefficients  for  the  surface  at  5  GHz  with  ks  =  0.12  and  kl  =  2.13 
(Case  1  in  Tables  1  and  2)  are  computed  by  the  Monte  Carlo  simulation  technique  for 
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a  homogeneous  surface  with  ci  =  Cj  =  15  +  *3  (Fig.  2(b)),  and  compared  with  the 
analytical  results  based  on  the  SPM  as  shown  in  Figs.  6(a)  and  5(b).  For  the  SPM 
solution,  the  scattering  coefficient  cr®  is  proportional  to  the  roughness  spectrum  (Fourier 
transform  of  the  correlation  function).  Both  the  actual  and  Gaussian  correlation  functions 
are  used  in  the  calculation  of  the  backscattering  coefficients  using  the  SPM.  It  is  shown 
that  the  Monte  Carlo  simulation  agrees  very  well  with  the  SPM  prediction  when  the  actual 
correlation  function  is  used.  The  discrepancies  between  the  Monte  Carlo  simulation  and 
the  SPM  with  Gaussian  correlation  function  indicate  the  importance  of  the  tail  section 
of  the  correlation  function  in  the  estimation  of  <r®. 

The  numerical  simulation  was  also  performed  for  a  surface  at  5  GHz  with  ks  =  0.42, 
kl  =  7.49  (Case  3  in  Tables  1  and  2),  and  cj  =  C2  =  15  +  z3.  The  roughness  parameters 
of  this  surface  fall  within  the  validity  region  of  the  physical  optics  (PO)  model;  therefore 
the  numerical  solution  can  be  compared  with  the  PO  solution.  The  scattering  coefficient 
predicted  by  the  PO  model  using  the  actual  correlation  function  agrees  very  well 
with  the  results  computed  by  the  numerical  technique,  as  shown  in  Fig.  6.  In  this 
figure  the  PO  solution  using  a  Gaussian  correlation  function  with  the  same  correlation 
length  as  the  actual  correlation  function  is  also  compared  with  the  numerical  simulation. 
It  is  shown  that  the  agreement  is  good  only  for  low  incidence  angles  (0,-  <  20°)  and 
the  discrepancy  between  the  two  solutions  becomes  very  significant  for  higher  incidence 
angles.  In  this  case,  similar  to  the  previous  case  (SPM),  it  is  shown  that  the  tail  of  the 
correlation  function  plays  an  important  role  in  determining  the  angular  patterns  of  the 
backscattering  coefficients. 

With  the  success  of  the  Monte  Carlo  simulation  in  predicting  the  scattering  behavior 
of  rough  surfaces  in  the  small  perturbation  and  physical  optics  regions,  the  numerical 
model  can  be  used  to  study  complex  surfaces  with  intermediate  roughness  parameters 
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(Case  2  in  Tables  1  and  2  for  example)  and  inhomogeneous  dielectric  profiles. 

4  Conclusions 

In  this  paper  an  efficient  Monte  Carlo  simulation  technique  is  proposed  for  computing 
electromagnetic  scattering  by  inhomogeneous  one-dimensional  rough  surfaces.  The  sur¬ 
face  irregularities  are  represented  by  inhomogeneous  dielectric  humps  of  different  shapes 
and  the  underlying  layer  is  represented  by  an  impedance  surface.  A  moment-method 
procedure,  in  conjunction  with  the  exact  image  theory,  is  used  for  calculation  of  the 
field  scattered  by  the  dielectric  humps.  It  was  shown  that  the  scattered  field  near  the 
impedance  surface  is  weak  ,  and  hence  the  effect  of  multiple  scattering  between  humps 
can  be  ignored. 

To  check  the  validity  of  the  Monte  Carlo  simulation,  the  numerical  results  were  com¬ 
pared  with  the  existing  analytical  solutions  for  surfaces  at  extreme  roughness  conditions. 
A  smooth  surface  that  satisfies  the  validity  region  of  the  SP  M  and  a  surfaice  that  satisfies 
the  validity  region  of  the  PO  model  were  considered,  and  in  both  cases  excellent  agreement 
was  obtained  between  the  analytical  results  and  those  computed  using  the  proposed  tech¬ 
nique.  It  was  found  that  away  from  normal  incidence  the  tail  of  the  correlation  function 
plays  2in  important  role  in  the  determination  of  the  backscattering  coefficients. 

The  analysis  presented  in  this  paper  is  only  for  one-dimensional  surfaces  and  therefore 
is  incapable  of  predicting  the  cross-polarized  scattering  coefficients.  A  numerical  sim¬ 
ulation  for  a  two-dimensional  rough  surface  using  a  similar  method  is  computationally 
tractable. 
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Table  1:  Roughness  pareimeters  corresponding  to  constants  A  and  B. 


Case 

A 

B 

Approx,  t 

s  1 

in  cm 

Exact  t 

s  1 

in  cm 

At  5  GHz 

ks  kl 

Remarks 

1 

30 

0.20 

0.115  2.21 

0.115  2.03 

0.12  2.13 

SPM  region 

2 

30 

0.36 

0.208  3.98 

0.207  3.63 

0.22  3.80 

3 

30 

0.70 

0.405  7.74 

0.405  7.15 

0.42  7.49 

PO  region 

t  Approximation  by  equations  (16-17)  and  (8), 
i  Ntimerical  evaluation  with  4000  humps, 
s  :  rms  surface  height, 

I :  correlation  length. 


Table  2:  Constants  used  in  the  numerical  computations. 


Individual  hump  size 

No.  of  humps 

Length  of 

No.  of 

Case 

Width 

Height 

for  each 

surface 

segments 

No. 

min. 

max. 

min. 

max. 

surface 

segment 

for  a 

(A) 

(A) 

(A) 

(A) 

segment 

(A) 

surface 

1 

0.2 

2.0 

0.0066 

40 

44 

100 

2 

0.36 

3.6 

0.012 

40 

79 

100 

3 

0.7 

7.0 

0.023 

40 

154 

100 

15 


Figure  1:  Flow  chart  of  the  Monte  Carlo  simulation  for  the  rough  surface 
problem. 
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Incidence  Angle  (Degrees) 


Figure  4:  Multiple  scattering  effect  on  the  backscatter  echo  width  of  a  surface  segment 
consisting  of  hump-4  ,  hump-5,  and  hump-3,  corresponding  to  the  roughness  of  ks  = 
0.36,  kl  =  2.2,  with  e-i  =  15  -f  i3  over  an  impedance  surface  of  r?  =  0.254  —  i0.025 
at  (a)  hh-polarization  and  (b)  vv-polarization  at  /  =  5  GHz  . 
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(a) 


Incidence  Angle  (Degrees) 


(b) 


Incidence  Angle  (Degrees) 


Figure  5:  Backscattering  coeflBcient  <7“  of  the  random  surface  with  ks  —  0.12, 
kl  =  2.13,  and  Ci  =  C2  =  15+i3  as  computed  by  the  SPM  and  the  numerical 
technique;  (a)  fe/i-polarization  and  (b)  uu-polarization. 
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Incidence  Angle  (Degrees) 


Figure  6 :  Backscattering  coefficient  of  the  random  surface  with  fcs  =  0.42, 
kl  =  7.49,  and  Ci  =  C2  =  15  + 13  as  computed  by  the  PO  model  and  the 
numerical  technique  for  Afe-polaxization. 


21 


